MATHEMATICS - |

(Calculus and Linear Algebra)

For Computer Science Engineering Branches

KHANNA BOOK PUBLISHING CO. (P) LTD.
PUBLISHER OF ENGINEERING AND COMPUTER BOOKS
4C/4344, Ansari Road, Darya Ganj, New Delhi-110002

Phone: 011-23244447-48 Mobile: +91-99109 09320
E-mail: contact@khannabooks.com

Website: www.khannabooks.com




Dear Readers,

To prevent the piracy, this book is secured with HIGH SECURITY HOLOGRAM on the front
title cover. In case you don’t find the hologram on the front cover title, please write us to at
contact@khannabooks.com or whatsapp us at +91-99109 09320 and avail special gift voucher for

yourself.

Specimen of Hologram on front Cover title:

How to avail this SPECIAL DISCOUNT:
Step 1: Scratch the hologram

Step 3: Logon to www.khannabooks.com

Step 5: Enjoy your reading!

SCAN QR CODE TO

KN RE
E 3
KP000001 %@%@%mﬁ%@é/:

Moreover, there is a SPECIAL DISCOUNT COUPON for you with EVERY HOLOGRAM.

Step 2: Under the scratch area, your “coupon code” is available

Step 4: Use your “coupon code” in the shopping cart and get your copy at a special discount

ISBN: 978-93-91505-27-1
Book Code: UG012EN

MATHEMATICS - |

(Calculus and Linear Algebra) For
Computer Science Engineering Branches

by Reena Garg
[English Edition]

First Edition: 2021

Published by:

Khanna Book Publishing Co. (P) Ltd.
Visit us at: www.khannabooks.com
Write us at: contact@khannabooks.com
CIN: U22110DL1998PTC095547

[=] 34 (=]
To view complete list of books, e ;
Please scan the QR Code: O

KPH

Printed in India.

Copyright © Reserved

No part of this publication may be
reproduced, stored in a retrieval system or
transmitted, in any form or by any means,
electronic, mechanical, photocopying,
recording or otherwise without prior
permission of the publisher.

This book is sold subject to the condition
that it shall not, by way of trade, be lent,
re-sold, hired out or otherwise disposed
of without the publisher’s consent, in any
form of binding or cover other than that in
which it is published.

Disclaimer: The website links provided by
the author in this book are placed for
informational, educational & reference
purpose only. The Publisher do not
endorse these website links or the views of
the speaker/ content of the said weblinks.
In case of any dispute, all legal matters
to be settled under Delhi Jurisdiction only.




R w1, ARG WER)
FoHT R A, T4 g, 7 feh-110070
N : 01126131498
*;h aﬁa :‘__ﬂ— -\qga-ga $-3d : chairman@aicte-india.org
’ i ALL INDIA COUNCIL FOR TECHNICAL EDUCATION
eI

(A STATUTORY BODY OF THE GOVT. OF INDIA)

H (Ministry of Education, Govt. of India)
Prof. Anil D. _SahasrabUdhe Nelson Mandela Marg, Vasant Kunj, New Delhi-110070
Chairman Phone : 011-26131498

E-mail : chaiman@aicte-india.org

FOREWORD

Engineering has played a very significant role in the progress and expansion of mankind and
society for centuries. Engineering ideas that originated in the Indian subcontinent have had a
thoughtful impact on the world.

All India Council for Technical Education (AICTE) had always been at the forefront of assisting
Technical students in every possible manner since its inception in 1987. The goal of AICTE has
been to promote quality Technical Education and thereby take the industry to a greater heights
and ultimately turn our dear motherland India into a Modern Developed Nation. It will not be
inept to mention here that Engineers are the backbone of the modern society - better the
engineers, better the industry, and better the industry, better the country.

NEP 2020 envisages education in regional languages to all, thereby ensuring that each and
every student becomes capable and competent enough and is in a position to contribute
towards the national growth and development.

One of the spheres where AICTE had been relentlessly working from last few years was to
provide high-quality moderately priced books of International standard prepared in various
regional languages to all it's Engineering students. These books are not only prepared keeping
in mind it's easy language, real life examples, rich contents and but also the industry needs in
this everyday changing world. These books are as per AICTE Model Curriculum of Engineering
& Technology — 2018.

Eminent Professors from all over India with great knowledge and experience have written these
books for the benefit of academic fraternity. AICTE is confident that these books with their rich
contents will help technical students master the subjects with greater ease and quality.

AICTE appreciates the hard work of the original authors, coordinators and the translators for
their endeavour in making these Engineering subjects more lucid.

(Anil D. Sahasrabudhe)
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Preface

athematics is a necessary avenue to scientific knowledge which opens new vistas of

mental ability. Engineering mathematics offers a balance of theory and practice, which is
intellectually stimulating. Learning the craft of applying mathematics to real world problems allow
an Engineering student to find the solutions of the problem.

Calculus and Linear Algebra is intended mainly for undergraduate students of B.Tech (CSE)
of 21st century with the aim to provide a sound understanding in the subject of mathematics..
This book is strictly aligned with AICTE model curriculum incorporating student centric and self-
learning activities as per New National Education Policy based on OBE and Bloom Taxonomy. The
topics are well organized to create interest among readers to study and apply the mathematical tools
in engineering and science disciplines. The book mainly emphasizes on the practical applications
of the concepts discussed in the units which will help the students to incorporate a deliberate focus
on problem - solving skills.

The book consists of 5 units. For more understanding of the topic, a good number of relatively
competitive problems are given at the end of each unit in the form of short questions, HOTS,
assignments, MCQs and know more. Practical/Projects/Activity also given in each unit for
enhancing the student’s capability and to increase the feeling of team work. To clarify the subject,
the text has been supplemented through Notes, Observations and Remarks. An attempt has been
made to explain the topics through maximum use of geometries wherever possible.

Unit-1 deals with the application of derivatives, curvature, definite and improper integrals,
Beta-Gamma functions with their properties,

Unit-2 is concerned to find the solution by using Rolle’s theorem, Mean value theorem, Taylor’s
and Maclaurin’s theorems, L’'Hospital Rule and Maxima-minima for one variable.

Unit-3 deals with matrices, determinant, solution of linear system of equations with various
methods, rank, Crammer’s Rule, Gauss Elimination method and Gauss Jordan method with
examples.

Unit-4 focuses on vector space, dependence, independence of vectors, basis, dimension,
Inverse of a linear transformation, rank- nullity theorem, composition of linear maps with matrix
associated with it.

Unit-5 discusses eigen values, eigenvectors, diagonalization, Inner product spaces, Gram-
Schmidt orthogonalization and theorems based of symmetric and skew-symmetric matrices.

Mathematics is a subject that can be mastered only through hard work and practice. Practice is the only
key word in the learning process of mathematics.

I hope this book will meet the requirements and expectations of all the engineering students.
Although every care has been taken to avoid misprints and mistakes, yet it is difficult to claim
perfection. I will gratefully receive and acknowledge every comment and suggestions from the
teachers and the students leading to improvements in the text as well as in solved examples.

Reena Garg
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Outcome Based Education

For the implementation of an outcome based education the first requirement is to develop an
outcome based curriculum and incorporate an outcome based assessment in the education
system. By going through outcome based assessments evaluators will be able to evaluate whether
the students have achieved the outlined standard, specific and measurable outcomes. With the
proper incorporation of outcome based education there will be a definite commitment to achieve
a minimum standard for all learners without giving up at any level. At the end of the programme
running with the aid of outcome based education, a student will be able to arrive at the following
outcomes:

PO-1.

PO-2.

PO-3.

PO-4.

PO-5.

PO-6.

PO-8.

PO-9.

Engineering knowledge: Apply the knowledge of mathematics, science, engineering
fundamentals, and an engineering specialization to the solution of complex engineering
problems.

Problem analysis: Identify, formulate, review research literature, and analyze complex
engineering problems reaching substantiated conclusions using first principles of
mathematics, natural sciences, and engineering sciences.

Design/development of solutions: Design solutions for complex engineering problems
and design system components or processes that meet the specified needs with appropriate
consideration for the public health and safety, and the cultural, societal, and environmental
considerations.

Conduct investigations of complex problems: Use research-based knowledge and
research methods including design of experiments, analysis and interpretation of data, and
synthesis of the information to provide valid conclusions.

Modern tool usage: Create, select, and apply appropriate techniques, resources, and
modern engineering and IT tools including prediction and modeling to complex engineering
activities with an understanding of the limitations.

The engineer and society: Apply reasoning informed by the contextual knowledge to
assess societal, health, safety, legal and cultural issues and the consequent responsibilities
relevant to the professional engineering practice.

Environment and sustainability: Understand the impact of the professional engineering
solutions in societal and environmental contexts, and demonstrate the knowledge of, and
need for sustainable development.

Ethics: Apply ethical principles and commit to professional ethics and responsibilities and
norms of the engineering practice.

Individual and team work: Function effectively as an individual, and as a member or
leader in diverse teams, and in multidisciplinary settings.

(ix)



PO-10.

PO-11.

PO-12.

Communication: Communicate effectively on complex engineering activities with the
engineering community and with society at large, such as, being able to comprehend and
write effective reports and design documentation, make effective presentations, and give
and receive clear instructions.

Project management and finance: Demonstrate knowledge and understanding of the
engineering and management principles and apply these to one’s own work, as a member
and leader in a team, to manage projects and in multidisciplinary environments.

Life-long learning: Recognize the need for, and have the preparation and ability to engage
in independent and life-long learning in the broadest context of technological change.

()



Course Outcomes

After completion of the course the students will be able to:

CO-1:

CO-2:

CO-3:

CO-4:

CO-5:

Apply Differential and Integral Calculus to notion of curvature, Centre of curvature and
evaluate improper integrals using correct mathematical limit notation. Apart from these
applications they will have a basic understanding of Beta and Gamma Functions

Examine the behaviour of function for a given interval and expansion of trigonometric and
transcendental functions

Formulate, analyse, solve and apply the concept of matrices on the problems based on
linear system of equations and relate them with linear transformations.

Classify linear Independence and linear dependence of vectors and explain the concepts of
rank, basis and dimension of vector Space, in addition of this, also learn to composition of
linear maps and association with matrices.

Apply essential tool to solve numerical problems based on Eigen values, Eigen vectors,
Eigenbases, diagonalisation and orthogonalisation with the help of, linear algebra. Also
deal with various properties of Eigen values which are used to solve many complex
problems in various branches of engineering. In addition to that aware with the concept of
norm of a vector , orthonormal and orthogonal vectors

Mapping of Course Outcomes with Programme Outcomes to be done according to the matrix

given below:
Expected Mapping with Programme Outcomes
Oi?g;sr:e (1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)
PO-1 | PO-2 | PO-3 | PO-4 | PO-5 PO-6 | PO-7 | PO-8 PO-9 | PO-10 PO-11 | PO-12
CO-1 3 2 2 1 1 - 2 - - - - -
CO-2 3 2 2 2 - - - - - - - 1
CO-3 3 3 3 1 2 2 - - 1 1 - 1
CO-4 3 2 1 1 1 1 - - - - - -
CO-5 3 2 2 2 2 1 - - - - 1 -

(xi)



Abbreviations and Symbols

SYMBOLS AND FORMULAE

Number System

TOETONZ

set of natural numbers
set of integers

set of rational numbers
set of irrational numbers
set of real numbers

set of complex numbers
set of n-tuples

Greek Letters

o> o= ™R

ADasSeeTET >0~
[

beta
gamma
capital gamma
delta

capital delta
epsilon

iota

theta
lambda

mu

phi

psi

eta

rho
kappa

Notation in sets

> Cwmom

— o~
—_—
|

RN
[

belongs to
not belongs to
Union
Intersection
open interval
close interval
subset

not subset

(xii)

alpha 4.

pi 5.

—  proper subset

— not a proper subset
— superset

set

-
|

empty set

—  strictly less than

—  strictly greater than
— less than or equal to

MNIAV AS—U QN
|

—  greater than or equal to
Some Other Useful Symbols

— equivalent to

— interchange

— infinity

— integral

— factorial

implies

— forall

— implies and implied by

g <y T g
|

norm
— modulus

— colon

; — semicolon

[A : B] or [A/B] — Augmented Matrix
Nature of Roots of an Quadratic equations
If ax? + bx + ¢ = 0 is quadratic, then

—b+4/b* —4ac

2a
(b) the sum of the roots is equal to —b/a

(a) itsroots are given by

(¢) product of the roots is equal to c/a

(d) b2—4ac=0 = theroots are equal

(e) b2—4ac>0 = theroots are real and
distinct

()i b2—4ac<0 = therootsare complex

(g) If b% — 4ac is a perfect square, then the
roots are rational.



6. Properties of Logarithm
(a) log,1=0,log,0=-xfora>1,

log,a=1

log,2 = 0.6931

log, 10 = 2.3026, log,y e = 0.4343

log, p +log, g =1log, pq
p

(b)

(c) log,p—log,q=1log,

(d) log, p1=qlog,p

7. Nature of Trigonometric Ratios in Quadrant

90°

(Il quadrant) (I quadrant)

sin 6 and cosec 0
are +ve

All trigonometric
ratios are +ve

180° 0°

(I quadrant) (IV quadrant)

cos 0 and sec 6
are +ve

tan 6 and cot 0
are +ve

270°

8. Product and Sum Formulae for trigono- :

metric functions

(a) sin (A + B) =sin A cos B + cos A sin B
(b) sin (A—B) =sin A cos B—cos A sin B
(¢) cos (A + B) =cos A cosB—sin Asin B

(d) cos(A—B)=cosAcosB-+sinAsinB
(¢) tan (A +B) = tan A +tanB
¢ ~ 1—tan Atan B
tan A —tan B
tan (A - B) = ———
") ( ) 1+tan A tan B
(g) sin2A=2sinAcosA = _2tanA
1+ tan® A
(h) cos 2A = cos?A —sin2 A
=1-2sin?A 5
—2cos?A—1=1-tan" A
1+ tan® A

(i)

()
(k)

0

(m)

(n)

(0)

(p)

(q)

(r)

»)

sin2A 2tan A
cos2A - 1—tan® A
sin3A=3sinA—-4sin’ A
cos 3A =4 cos3A -3 cos A
3tanA—tan’ A

tan 2A =

tan 3A = >

1-3tan" A
. ) . A+B A-B
sin A + sin B=2sin cos 5
. . . A-B
sin A —sin B=2 cos sin
cosA+cosB:2cosA+Bco5A_B

2 2
. . B-A

cos A—cos B=2sin sin

sin A cos B= — [sin(A + B) +sin(A-B)]

1

2
. 1 .

cos Asin B= > [sin(A + B) —sin(A — B)]

1
cos A cosB= > [cos(A + B) + cos(A—B)]

sin A sin B= % [cos(A —B) —cos(A + B)]

) sinx=0&x=nn,ne”Z

sinx=x1<x=0Unx1) E,neZ

cosx=0x=02n+1) T ez
2

cosx=t1<x=2nmand x= (2n+ 1)m,
neZz
e (0, VxeRaeR

9. Basic differentiation formulae

(a)

(b)

(c)

(xiii)

d .

— (sinx) = cos x
dx

4 (cos x) = —si
7, (cosx) =—sinx
i (tan x) = sec2x
dx



()
()
)
()
(h)

(1)

(k)

— (cot x) = —cosec? x

dx

i (sec x) = sec x tan x
dx

d

— (cosec x) = —cosec x cot x
dx

d

— (e = eX

. (e)

d

—(a*) =a*log, a
dx( ) g

—d (log, x)= !

dx xloga
d 1
— (log, x)=—
dx( 8 %) X

4 (ax+b)" =na(ax +b)" !
dx

0) i(sin‘lx)z ,x#+1
dx 1-x*

(m) i(cosflx)z—;,xiil
dx 1-x°
d _ 1

(n) —(tan'x)=
dx(an < 1+ x?
d _1 -1
R t =

(0) x(co %) 1+ x°

(p) —(sec_lx): ! ,x#0,%1
x xyxt =1

(q)

(r)

()

d
—F,x#0,
dx x\/xz—l

i (sin hx) =cos hx
dx

i (cos hx) =—sin hx
dx

10. Basic Integration Formulae

(a) Jsinxdx =—cosx+c

(b) Jcosxdx =sinx+c

(xiv)

) jtanxdx =-logcosx + c=logsecx+c
(d) Jcotxdx =logsinx + ¢

(e) J.secx dx =log (secx+tanx) + ¢

() Jcosec x dx =log (cosec x —cotx) + ¢
€9 Jseczx dx =tanx+c

(h) J.coseczx dx =—cotx+c¢

(1) Jexdx =er

X

(0 J.ﬂxdx= +cga>0,a%1

log, a
(k) J.idx =log, x +¢

n+l

() Jx”dx=x 1+c,n¢—1
n+
dx 1 -1
(m) J.a2+x2 —;tan ; +c
dx 1 a+x
(n) =—1Ilo +c
'[az—x2 a 8

() J.—dx —sin' X + ¢
a
(@) j—zsinh—”‘

d _
(r) I—x2=COSh 12

(s) Je“" sinbx dx =— (a sin bx
a +b
— b cos bx)
(1) Je“x cosbx dx = . (a cos bx
a +b .
+ b sin bx)



lim

ie.,
fo(a)
sup.
Inf.
Lf'(a)
Rf'(a)
Lf (a)
Rf(a)

ABBREVIATIONS

limit

therefore

because of

that is

nth derivative of (f) at ‘@’
supremum

infimum

left hand derivative of ‘f” at ‘@’
right hand derivative of ‘f” at ‘a’
left hand limit of f” at ‘@’
right hand limit of /f at ‘@’

()

diag.
L.H.S.
R.H.S.
dim
adj (A)
min.
max.
L.C.
L.D.
L.L

diagonal

left hand side

right hand side
dimension

adjoint of matrix A
minimum
maximum

linear combination
linear dependence

linear independence
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Guidelines for Teachers

To implement Outcome Based Education (OBE) knowledge level and skill set of the students
should be enhanced. Teachers should take a major responsibility for the proper implementation of
OBE. Some of the responsibilities (not limited to) for the teachers in OBE system may be as follows:

Within reasonable constraint, they should manipulate time to the best advantage of all
students.

They should assess the students only upon certain defined criterion without considering
any other potential ineligibility to discriminate them.

They should try to grow the learning abilities of the students to a certain level before they
leave the institute.

They should try to ensure that all the students are equipped with the quality knowledge as
well as competence after they finish their education.

They should always encourage the students to develop their ultimate performance
capabilities.

They should facilitate and encourage group work and team work to consolidate newer
approach.

They should follow Blooms taxonomy in every part of the assessment.

Bloom’s Taxonomy

Teacher should Student should be Possible Mode of
Level Check able to Assessment
Creating (S;:::; nts ability to Design or Create Mini project
Evaluating it;ijignts ability to Argue or Defend Assignment
Analvsin Students ability to Differentiate or Project/Lab
ysing distinguish Distinguish Methodology
Aoplvin Students ability to use Operate or Technical Presentation/
pplying information Demonstrate Demonstration
Studgnts ab.”'ty to Explain or Classify Presentation/Seminar
explain the ideas
Students ability to Define or Recall Quiz
recall (or remember)

Guidelines for Students

Students should take equal responsibility for implementing the OBE. Some of the responsibilities
(not limited to) for the students in OBE system are as follows:

Students should be well aware of each UO before the start of a unit in each and every
course.

Students should be well aware of each CO before the start of the course.
Students should be well aware of each PO before the start of the programme.
Students should think critically and reasonably with proper reflection and action.

Learning of the students should be connected and integrated with practical and real life
consequences.

Students should be well aware of their competency at every level of OBE.

(evii)
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UNIT SPECIFICS

This unit elaborately discusses about the topics curvature, radius of curvature, centre of curvature, circle
of curvature, evolutes, involute, envelope, definite and improper integrals, beta and gamma functions and
their properties, applications of definite integrals to evaluate surface areas and volumes of revolutions.
All the above topics have been discussed with ample examples so as to make theory application crystal
clear to the students. Figures also included wherever required to make students visualize the topics.

RATIONALE

Involute and Evolute is a part of Differential geometry,which isitself a very important concept for students
who are working in the field of Science, Artificial Intelligence and Robotics. It has many applications in
day-to-day real life also.

One of the major application of Involute of circle is in designing of gears for revolving parts where
gear tooth follow the shape of involute.

The basic application of involute usage is in winding clocks and toys where a winding key is used to
motion the spiral spring in a circular involute.

We use definite integrals to calculate the force exerted on the dam when the reservoir is full and
we examine how changing water levels affect that force. Indefinite integrals are used to find areas and
volumes of curves of bounded bodies.

Gamma function is used in gamma distribution which is used to determine time based occurrence,
such as life span of an electronic component.

PRE-REQUISITES
1. Basic knowledge of integration and differentiation.
2. Understanding of different curves like circle, ellipse, hyperbola etc.
3. Familiar with the concept of factorial.
4. Use integration to find out the area enclosed by two or more curves.

UNIT OUTCOMES

After completion of this unit, students will be able to:
U1-01: Explain the concept of curvature and radius of curvature; also find the evolutes of curve
with the help of centre of curvature.
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U1-02: Apply integral test on various functions to find their nature in terms of convergence and
divergence.

U1-03: Familiarise themselves with the concept of Beta-Gamma functions and apply these to
evaluate various integrals.

U1-04: Evaluate the surface area and the volume of solids of revolution for cartesian, parametric
and polar curves.

MAPPING OF UNIT OUTCOMES WITH COURSE OUTCOMES

EXPECTED MAPPING WITH COURSE OUTCOMES
Unit 1 (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
Outcomes
CO-1 CO-2 CO-3 CO-4 CO-5
U1-01 8 1 - - 1
U1-02 2 3 - - -
U1-03 3 - - — -
U1-04 2 - - - 1
HISTORY

Apollonius (c. 262-190 BC) “calculated” curvature of conic
sections implicitly when solving the problem of drawing normals
to them in book V of Conica, but he did not think of it as a
property of a curve, and his “calculations” are constructions of
segments. The first person to “see” curvature was Oresme (c.
1320-1382), Descartes’s precursor in introducing coordinates. He
described it as a local measure of curve’s bending, and christened
it with the Latin “curvitas”. Later he proposed that for circles it
can be quantified by the reciprocal of the radius, our modern
convention. Kepler vaguely suggested how to define curvature
for general curves by considering the “closest” circle at a point,
named osculating circle by Leibniz in 1680s. But it was Huygens, :
who first found a way to calculate curvature for general curves, €Verything probably.”

and Newton who gave the concept its modern form. —Christiaan Huygens

“I believe that we do not
know anything for certain

1.1 CURVATURE A

In the Fig. 1.1, it can be seen that the given curve AMNB bends more sharply at the
point M as comparison to the point N. The bending of a curve at a particular point is
called the curvature of the curve at that point. So the curvature at M is more than the
curvature at N. It will give a definite numerical measure of the sharpness of the bending
of the curve at the point. B

Fig. 1.1
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In Fig. 1.2, let P be any point on a given curve and Q be a 4Y

neighbouring point of P such that the arc PQ is concave towards its

chord. Let the normals at P and Q intersects at N. G
When Q — P, N tends to a definite position C, called the centre
of curvature of the curve at P. The distance CP is called the radius N y
of curvature of the curve at the point P and is denoted be p (rho).
The circle with centre at C and the radius B, is equal to CP, is called P
the circle of curvature of the given curve at the point P. Any chord of
the circle at curvature drawn through the point P is called the chord o %
of curvature. The reciprocal of the radius of curvature is called the
curvature of the curve at the point P and is denoted by «. Fig. 1.2
1.1.1 Mathematical Definition of a Curvature
Let AB be a curve and P, Q be two neighbouring points on this Y
curve. Let an arc AP = s and the arc AQ = s + Js. ‘A’ is a fixed point B\ [y,
on the curve from which arcs length are measured. Let the tangents Q 7/
at P and Q makes an angle y and y + Sy respectively with a fixed 8s
line, i.e., x-axis, then A~_s P
i.  The angle dy through which the tangent turns as its
point of the contact travels along the arc PQ is called the
total bending or total curvature of the arc PQ. vVt Sy
.. . dy . 0 X
ii. Theratio — is called the mean or average curvature of .
Ss Fig. 1.3
the arc PQ.
ili. The limiting value of the mean curvature which Q — P is called the curvature of the curve at
the point P.
Thus, the curvature (k) at point Pis Lt v _ Lt dy _dy .

Q—->P 3s &—-00s ds

iv. The reciprocal of the curvature of the curve at P, provided this curvature is not zero, is called

1 d
the radius of curvature of the curve at P and is denoted by pi.e. p= —= d—s .
K oay
Remarks: (1) A straight line does not bend at all (as  is constant, so il is zero).

Hence curvature of a straight line is zero.

(2) Curvature of a circle is constant and equal to the reciprocal of its radius.

ds

1.1.2 Radius of Curvature

The reciprocal of the curvature at any point is called the radius of curvature at that point. Obviously
the curvature at any point should not be zero for defining radius of curvature at that point. It is usually

denoted by p. Hence
1 ds ¢P
= —=— atP.
P K dy
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Graphically v D
For the curve CD, if p is the radius of curvature at point P, we draw normal Q
at the point P and then O'P is the distance equal to radius of curvature at
Pwith O". C
X
Fig. 1.4
A. Radius of Curvature for the Cartesian Curve
We find the expression for p, when the equation of curve is given in cartesian co-ordinates.
To find p for the curve y = f(x)
If y is the angle which the tangent at P (x, y) on the curve makes with x-axis, then we have
. dy dx
siny= —,cosy=— andtany = —
v ds v ds V=
So from the last relation, we have
v = tan~! (y;) where y, = =
. - dx
Differentiating w.r.t x, we have ¢
dy _ 1 . _dz_y dx
—_— = > )2 O
de  1+x dx Fig. 1.5
1
Now, _:d_\y:d_\v.d_x: yzz.cosw
p ds dx ds 1+
_ N 1
1+ J1+ 97
Ccosyo L= ~ 1 1
secy \/1 +tan’y \/l + (dyldx)? \/1 +y7
1 y
SO’ —_ = —2
p (1+ y12 )3/2
14+ 272
p= ey where y, # 0
Y2

B. Radius of Curvature for Parametric Curve

To find p for the curve x = f{t), y = ¢(¢) i.e., when the parametric equation of the curve is given.

Here x = f(t) and y = ¢(#), t being parameter
_dx | dy
“a) T ar

We know, x
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d*x d*y
Also, X'= —,y'=—=
FERCAY
dy
dy _dr _Y
Th > = ===
o N dx dx X
dt

Differentiating (1) w.r.t. x, we have

U U

B .X,')/ _yx ﬂ_xlyﬂ_y!xll

Ve x!Z dx xr3
[+ )’12 ]3/2 '
We know, p = ————— so0, after putting all values, we have
V2

. (x12+y12)3/2

x/yn _ yrxu

C. Radius of Curvature for Polar Curve
To find p for the curve r = f(0) or f(r,0) =0

Let ¢ be the angle which the tangent at P(r, 0) makes with OP,
then we have

rdo rdo dr
tanp = —, inp=—y> and = ..(1)
¢ dr sin ¢ ds cos ds
Again if y be the angle which the tangent P(r, 6) makes with

OX. then

y=0+¢
dy _do_ d
ds ds ds
_ 49 d 49
ds do ds
= @[H@} ..(2)
ds do
o r
From (1), tan ¢ = r.Z—Z
do
or tan ¢ = L where r; = dar
n d

Differentiating both side w.r.t 6, we have

sec? § . @ _ 71~712_r7’2
do n

do rl2 =11 1

do r “sec? ¢

o 7P(r, 0)

Fig. 1.6
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_ r12 =11 1
n? 1+tan® ¢
e R [ tanq):L}
2 2,2 ’ r
n no+r 1
2
L)
== ..(3)
no+r
. a . 1
A fi 1 ZZ =sin¢p=
gain from (1) r o ¢ cosecd
1 1 1
= 4 _ -. = ..(4)
ds 1 \/1+cot2(|) \/r2+r12
From (2), (3) and (4), we have
dy o1 [, w-m
ds \/r2 +7? notr
1_2i4rom { 1 :d_‘V}
P (r2 + 712 )3/2 p ds
~ dS B (T'Z +1"12 )3/2
p= dy 2r12 +7? —rr,
SOME SOLVED EXAMPLES
Example 1.1. Find the radius of curvature at the given point of following curves:
. . L \/— . 11
a. y=4smx—sm2xatx:E b. X+\/;:1atthepomt on
Solution. (a) Given, y = 4 sin x —sin 2x ..(1)
Differentiate (1) w.r.t x
d_y =4 cos x—2 cos 2x
dx
d’y . .
and —5 =—4sinx+4sin 2x
dx
302
dy :
1+ 5 73/2
dx [1+(4cosx—2c052x) ]
We know, p= =

d*y —4sin x +4sin 2x
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5,32
1+(4cosn—2cos n]
2 1+4)**

p at E = —
2 —4sin = —4
2
5302
=~ (Answer)
4
b. Given, Jx + y =1
Differentiating the equation (1) w.r.t x
1 1 dy
2Ux 2\/; dx
1
= AN ]
dx 1 x
Jr
)
= — 1 at —,—
4 4
1 d 1
N R
4 2 [y dx 2/x
Similarly, we have —)2} = \/;
dx X

(ignoring the negative sign)

2y Vx) o2 2 2Jx
Bl X a X
_( 1)
ey |2 WLl
T 2xdx (2 1 1) ’
4°2
S
P 3/2
{IJ{?’J} 3/2 32
X _
We know, p= = 1+ :2_ —
d*y 4 4

dx?
Example 1.2. Find the least value of | p | for y = log x, x > 0.
Solution. Let y = log x
Differentiating (1) w.r.t x, we have

2
[ N S

dx X dx? x?

1
— (Answer)

NG
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312
3/2
1+—
1+ y2 ( j
We know, p= [ ! ] - X

Ve 1
x2

— (2 1)

- x
(x2 + 1)3/2

Let lp|=fx)=

To find the least value of f (x), we find f'(x)
x.é(x2 + )" 2x — (x4 1)

f1(x) = i

X
3x%yx? +1—(x* +1)*2
X2
NG - -] X +102x-1)
X2 x2

1
Equate f'(x) =0, we get x =+ 5
and also f"(x) is positive for x = € (students can check)
2
Hence | p | is minimum for x = x (v x>0)
2
312
1
(x* +1)*2 _ (2 + 1)
| P |min = x x:i L
2
3/2
3 343
)t
2 2

.. .3
Minimum value of | p | is - . Answer

Example 1.3. Find the radius of curvature for Rectangular hyperbola xy = ¢2 at the point (x, y).
2 (2 + y2)2

Solution. Hint: Take y = £ . Answer: >
x 2c
Example 1.4. Find the radius of curvature at the origin of the two branches of the curve given by

x=1-1,0=1-atx=0
1=1¢

x=1-2y=t-1£
Solution. At origin (0, 0) two common value for tare 1 and 1. [
t=+1]

Hence for two branches of the curves, value of t are 1 and -1
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Given,x=1-1,y=1—1

Differentiating the above w.r.t ‘f, we get

4
dt

4
dx

Again differentiating (1) w.r.t. X

dy _
>
We find, (d—yj =
x )y -y
2
and d_}’ -
dx* o
Similarly, (d_yj =
dx )i -
dzyj
and (_2 =
dx A
So, (p)tzlz
and (Pi=o1 =

1-3, P~y
dt
1- 3¢ 1 3
=——+2t (1)
=2t 2t 2
x, we get
1.3
(L) o
22 2) dx -2t
—1_3
43 4t
1 3
——+=1
2 2
1
L S
4 4
1 3
A |
2 2
l+2:1
4 4
23/2
.
X 1
(1+1) _ 3
d*y -1
72
I: 2:|3/2
( 3/2
a+D =2+/2 (Answer)
J 1
dx*

x
Example 1.5. Prove that the radius of curvature for the catenary y = ¢ cos h " is equal to the portion

of the normal intercepted between the curve and the x-axis and that it varies as the square of the ordinate.

Solution. Try yourself.

Example 1.6. If p; and p, be the radii of curvature at the ends of focal chord of the parabola y? = 4ax,

2/3

then prove that pfm +p,
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Solution. The equation of parabola is y? = 4ax, which in parametric form is x = af2, y = 2at.

If (atlz,Zatl) and (at§,2at2)

are the two extremities of a focal chord of the parabola, then

tltZ = —1 y 2
2
For x=atl,y=2at (at, , 2at,)
dx dy
We have, — =2at, — =2a
v dt dt
@ 1
dc (0, 0) (a 0) X
nd dy 1 dr 1
a — = . —=——
dx* 2 dx  2at?
(at,’, 2at,)

We know, p=

p at (atlz, 2at,)

and pat (at;,2at,) =

-2/3 -2/3
) )

(P +(p,

2
Example 1.7. Show that the radius of curvature at the end of the major axis of an ellipse x_Z + )
a

e 3/2 W
][]
dx £ Fig. 1.7

—2a (t* +1)*?
—2a (2 +1)*2

—2a (t2 +1)*?

[2a(t2 +1)* ]72/3 +[2a (e +1)? ]72/3

2 2
_ t+1+t +1
— (2a)2/3|: 1 + 1 :| — (Za) 2/3|: 2 1 :|

tH+1 5 +1 t+ 1)t +1)

2, ,2

+t) +2

= (20)_2/3{ 3 tlz tz )2 =(2a)_2/3 Proved. [ (i, =—1]
th 45+ (=1 +1

2
Yy _
_2_1

is equal to the semi-latus rectum of the ellipse.

Solution. Equation of an ellipse in parametric formisx =a cos t,y = b sin t

and the ends of major axis a

re (xa,0)

Differentiating w.r.t. t, we get

dx
dt
dy
dx

&y

d
an 12

. d

z—asmt,—y =bcost
dt
- -b cott
a
dt b
= — cosec’t — = — cosec? t X l‘
x a —asint

-b

— cosec? t
a
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a’sin’t

312
b? cos® t}
+ -

Radius of curvatureis, p= = b
ey — cosec’t
dx* a

3/2

1 .
p (a® sin’ t + b* cos’ 1)
a

(ignoring the negative sign)

1
p at (a,0) is P (a? sin20 + b2 cos20)3/2
a

2

L (Semi-latus rectum of the ellipse)
a

Example 1.8. Find the radius of curvature for the curve x = c log (s ++/s° +¢?), y =/s° + ¢

Proved.

x= clog (s+ s +c%)
Differentiating w.r.t. s, we get

Solution. Given,

dx _ ¢ s 2s R
ds sy 24 ¢? 2\/52+c2 \/sz+c2
and d_y _ 2s _ s
ds 2\/52+c2 \/52+c2
dy
dy  gs s
So, =8 = (1)
de dx ¢
ds
We know, tan y = d_y
dx
So, s=ctany [from (1)]
d
Radius of curvature, & csec?y
dy

¢ (1 + tan? )

2
c 1+S—2
c

2, 2
T +s

(Answer)

c
Example 1.9. Prove that in the curve r? = a2 sin 20, the curvature varies as the radius vector.

Solution. Try yourself.
Example 1.10. If p; and p, are the radii of curvature at the extremities of any chord through the pole of

2
the cardioid r = a (1 — cos ©), show that p;? + p,* = 169“ .
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Solution. The cardioid r = a(I — cos 0) is as shown in Fig. 1.8.

If the point P is (1, 0), then P, would be (5, 0 + 1) as P, and P, are the extremities of the chord
through pole.

then, % =r,=asin0
d2
and —;zrzzacose
do -2
th (2 + 72" ; i
en, =
P 4 2r12 — 11, 9
6=0
3 [a®(1 - cos 0)* + a® sin® 9]3/2
a?(1—cos 0)* +2a* sin* 0 —a*(1— cos ) cos O P,
1 0 3/2 2
= a”(Lcos 0) 2 02\/_ 2 (1-cos 9)?
3a* (1—cos 0) 3 Fio. 1.8
ig. 1.
p; = ia(l cos 0)"2
242
and, pr= T\/_ all—cos (0+n)]?
2
= i a(l+ cos 9)1/2
8a” 164
P2+ p2= %(1—cose+1+cose) = 9a

16a*

P12+ pt= Proved.

EXERCISE 1.1

Find the radius of curvature at the given point of the following curves:

a a 3a 3a
1. \/;+\/7=\/Eat(z,zj 2. X3+ y3=3axyat (7,?j

a’ (a—x) ) . . a
3. y*= —— at(a,0) (Hint: Equation of curvature is x = ———
X y +a

X%y = a(x? + y2) at (24, 2a)
5. Find the radius of curvature of the curve y = e* at the point where it crosses the y-axis.

6. Find the radius of curvature at any point (0, ¢) of the catenary y = c cos h X
c

7. Show that for the parabola y2 = 4ax, p2 varies as (SP)3, where p is the radius of curvature at any point
P of the parabola and S is the focus of the parabola.

8. The tangent at two points P, Q on the cycloid x = a (6 —sin 0), y = a (1 — cos 0) are at right angles:
show that if p;, p, be the radii of curvature at these points, then PL+P3 = 16a2.
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9. Prove that the radius of curvature at any point of the astroid x2/3 + y2/3 = g2/3 is three times the
length of the perpendicular from the origin to the tangent at the point.

2 2 2.2
10. Prove that for the ellipse —+-5 =1,p= ab” where P is the perpendicular from the center upon
a

P
the tangent at (x, y).

. . . . . 13
11. Find the points on the parabola y? = 8x at which the radius of curvature is 71— .
12. Show that for the curve; x = a cos 0 (1 + sin 0), y = a sin 0 (1 + cos 0), the radius of curvature at
0=""1isa.
4
Find the radius of curvature for the following curves:

13. r=acosnb 14. rm = g™ sin m0O
15. 72 cos 20 = a?
a

16. Show that radius of curvature at any point of the curve r = a cos nf, where r=a is -
1+n

2 2
. r°—a .
17. Show that radius of curvature for the curve 0 = X" = _ ¢! A isryrr—a* .
a r

18. Show that the radius of curvature of the lemniscate r2 = a2 cos 20 at the point where the tangent is

.. N2
parallel to x-axis is 5 a.

Answers

4
NG
5. 2\/5 6. ¢ 11. [2,3jand(§,—3]

(? +a*n? —rin2)>? a”

13. n-1 15.

14. " —
r* —r*n® +2a°n* (m+1) a’

1.1.3 Centre of Curvature, Circle of Curvature

1.1.3.1 Centre of Curvature

The centre of curvature at any point P of a curve AB is the point which lies on the positive direction of
the normal at P and is at a distance equal to the radius of curvature from it.

1.1.3.2 Circle of Curvature

If ‘C’ is the centre of curvature, then the circle with centre ‘C’ and radius of curvature ‘p’ passing through
the point P, is called the circle of curvature.
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Let p be the radius of curvature and (X, ) be the coordinates of the centre of curvature at a given
point, then the equation of the circle of curvature is given by (x — %)% + (y — 7)2 = p%.

1.1.4 Coordinates of the Centre of Curvature

Let (X, ¥) be the coordinates of the centre of curvature C, lying on the normal at P(x, ) on the curve such
that PC = p.

From the figure 1.9, we have

Y
X=0L=0OM-LM C\Vp
= OM - PQ ( - LM = PQ) Q—' P(x, y)
Now OM = x e ’
PQ = PCsin y =psin y
X=x—psiny (1)
Similarly, 7y=CL=CQ+QL
=CQ+PM (~+ QL=PM)
Now CQ=PCcosy=pcosyand PM=y v
. J=y+pcosy L2 O T LM X
As tan y = d_y =n Fig. 1.9
dx
sin y = tan . cos Y
tan tan y . Y1
= = or Sln\Jr/ =
secy 1+ tan® y NES
Using the above values of sin y and cos y in equations (1) and (2), we get
¥ — N 7= p
X=x-p——=2L_ and y=y+
\}14‘}/12 \'1"‘}/12
2\3/2
But, as we know p= Aty
Y2
So, we have, x=x-21(1 +912) ..(3)
)
and Foy+ 2 ey (4)
Y

are the required coordinates of the centre of curvature.

If we eliminate x, y between the equations (3) and (4) and the equation of the curve, we obtain a
relation between X and ¥ which is the equation of the evolute.

HISTORY

Huygens named the locus of the centers of curvature to a curve its evolute, and showed how to
construct a perfect pendulum, whose period does not depend on its amplitude. The construction was
based on the fact that evolute to a cycloid is congruent to it.
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1.1.5 Evolute

Corresponding to each point on a curve we can find the curvature of the curve at that point. Drawing
the normal at these points, we can find Centre of Curvature corresponding to each of these points. Since
the curvature varies from point to point, centre’s of curvature also differ. The totality of all such centres
of curvature of a given curve will define another curve and this curve is called the evolute of the curve.

The Locus of centres of curvature of a given curve is called the evolute of that curve. The locus of
the centre of curvature C of a variable point P on a curve is called the evolute of the curve. The curve
itself is called involute of the evolute.

Here, for different points on the curve, we get different centre of curvatures. The locus of all these
centres of curvature is called as Evolute. The external curve which satisfies all these centres of curvature
is called as Evolute. Here Evolute is nothing but an curve equation.

To find Evolute, the following models exist.

If an equation of the curve is given and if we have to prove, L.H.S = R.H.S., then following steps
should be followed:

1. First find Centre of Curvature, C(X, 7) where X = x — [y;(1 + ,2)1/y5, 7=y + [(1 + y,2)]1/ys,

and then consider L.H.S: In that directly substitute X in place of x and 7 in place of y. Similarly
for R.H.S. and then show that L.H.S = R.H.S.

2. Ifacurveis given and if we are asked to find the evolute of the given curve, then do as follows:
First find Centre of curvature C(X, ¥) and then
re-write as x in terms of X and y in terms of ¥
and then substitute in the given curve, which
gives us the required evolute.

3. If a curve is given, which is in parametric form,
then first find Centre of curvature, which will be
in terms of parameter. Then using these values
of X and 7 eliminate the parameter, which gives

us evolute.
Pictorial representation of Evolute and Centre of Fig. 1.10
Curvature in Fig. 1.10.

1.1.6 Involute

A curve that is obtained by attaching a string which is imaginary and then winding and unwinding it
tightly on the curve given is called involute in differential geometry. Involute or evolvent is the locus of
the free end of this string.

For more Clarifications: The evolute of an involute of a curve is referred to that original curve. In
other words, the locus of the center of curvature of a curve is called evolute and the traced curve itself is
known as the involute of its evolute.

Remark: This is a part of a special branch of geometry called differential Geometry of Curves. It
talks about the smooth curves which lie in Euclidean space and has applications of different methods of
integral and differential calculus on them. The shapes related to some other curves are called involutes.
This was discovered by Christine Huygens in 1673. He was a Dutch mathematician and a physicist.
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1.1.6.1 Involutes of the Curves
Here we will see the involutes of the different curves as shown below:
e Involute of a Circle
e Involute of a Catenary
e Involute of a Deltoid
e Involute of a Parabola
e Involute of an Ellipse

1. Involute of a Circle: It is similar to the Archimedes spiral.

()

Fig. 1.11. Involute of a Circle
2. Involute of a Catenary: It is a curve which is similar to hanging cable supported by its ends. So,
it is a U shaped hanging chain which looks like a parabola. The tractrix is the involute of the
catenary through the vertex.

N
N
N
S

Tractrix
Catenary . S

\
\
’

Fig. 1.12. Involute of a Catenary
3. Involute of a Deltoid: It is a tricuspid curve with three cusps. It resembles greek letter delta.

L ==/
’
Vi

X~ ——
N
\

Deltoid

Fig. 1.13. Involute of a Deltoid
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4.

5.

Involute of a Parabola:

\ 1
\ I
\ !
\ 1
\ 1

A} 1
Parabola\\///
Semicubical \ /

Parabola N
A 4

Fig. 1.14. Involute of a Parabola
Involute of an Ellipse:

Ellipse

Ellipse Evolute

Fig. 1.15. Involute of an Ellipse

The following equations are used for defining the given:

Circle Involute
Catenary Involute
Deltoid Involute
Parabola Involute
Parabola Involute

Circle Involute: x = r(cos t + tsin t), y = r(sin t — f cos t), where, r = radius of the circle, t = parameter
of angle in radian.

Catenary Involute: x = t — tanh ¢, y = sech t, where f be the parameter.

Deltoid Involute: x = 2r cos t + r cos 2t, y = 2r sin t — r sin 2¢

where, r = radius of rolling circle involved in formation of deltoid.

Parabola Involute: x3 = ay2.

1.1.7 Envelope

A curve which touches each member of a given family of curves is called envelope of that family.

Procedure to find envelope for the given family of curves:

CASE 1: Envelope of one parameter family of curves.

Let us consider y = f(x, o) to be the given family of curves with ‘o’ as the parameter.

Step 1: Differentiate w.r.t to the parameter o partially, and find the value of the parameter.
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Step 2: By substituting the value of parameter a in the given family of curves, we get the required
envelope.

SPECIAL CASE: If the given equation of curve is quadratic in terms of parameter, i.e. Ao2 + Ba +
¢ = 0, then the envelope is given by discriminant = 0 i.e. B> — 4AC = 0.

CASE 2: Envelope of two parameter family of curves.

Let us consider y = f(x, a, B) to the given family of curves, and a relation connecting the two
parameters o and B, g(a, B) = 0.

Step 1: Consider a as independent variable and  depends on a. Differentiate y = f(x, o, ) = 0 and
g(a, B) = 0 w.r.t. the parameter o partially.

Step 2: Eliminating the parameters a, B from the equations resulting from step 1 and g(a, ) =0,
we get the required envelope.

SOME SOLVED EXAMPLES

Example 1.11. Show that the centre of curvature and equation of circle of curvature at the point (g , g)

3 3 3 Y 3V a
on the curve \/;+\/;=\/; is (ZQ’ZQJ and [x—zaj +(y—2aj ==,

2
Solution. Here, the equation of the curve is

Jx+y = Ja (1)

Differentiating (i) w.r.t. ‘x, we get

I ip 1 p iy
—x ey =0 . (1)
5 > y 4!
Differentiating (i7) w.r.t. ‘x, we get
L 5p 1 5p L
——X - — YL Y = . =0 (m
1 ety ey (i)

a a
From (ii), at the point (Z > Z) , we have

12,12 -
2'\/2 2'\/;)’1
= n=-1

From equation (iii), at the point [% , %)

142 142 a2
4 a \/Z 4 a \/; 2 \/; 2
4 1
= —m+$y2 =0
= J’zzg
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(1+y12)3/2 _ (1+l)3/2
Vs 4/a

:2\/5221
4

V2

_ a a
Let (X, ¥) be the centre at curvature at [Z ) Z) , then

Now, p (at the given point) =

1+y/}
F= x_)’l( )
Y2
_a —(1+1)
4 4/a
a a 3
= — —=—q
4 2 4
2
Similarly, y=y+ 1-:/)/ 1
2
_a  1+1
4 4/a
~8,8.3
4 2 4

Equation of the circle at curvature is,
(x=%)2+ (y-y)?=p?

e (o e
ie. 1 y 1 —Ea . (Proved)
Example 1.12. Show that the equation of the evolute of the tractrix x = c cos t + ¢ log tan L, y=csin
2

t is the catenary y = ¢ cosh x.
c

Solution. Given equation of curve is
x = ccost+ clogtan L,yzcsint

Differentiating w.r.t. ‘t, we have

dx . c 1 2t
— = —csint+——.—sec” —
dt r 2 2
tan —
2
t
€ COS— )
=—csint+ .
sin— 2cos’ —
2 2
=—csint+

2 sin — cos r
2 2
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. Cc
=—-csmt+ —
sint

_o(l- sin’ 1) B ccos’t

sin t sin t
and d_y =ccost
dt
Thus’ V1= d_}/ - M
dx dx/dt
sin t
=ccost. ——— =tant
ccos” t
dzy 2 dt
and = ——=sec”t.—
V2 e Ix
1 sin t

cos’ t ccos’t
_sint

ccos*t

Let (%, y) is the centre of curvature at any point on the curve, then
2
_ 1+
=x-2 1A+
Y2

cos*t sint 1

t
=ccost+clogtan ——¢c——. =
2 sint cost cos”t

t
ccos t + clog tan 7 —ccost

clog (tan %) ..(1)

o 1+y12
V2

el
Il

or

and

=
Il

1+tan®t
sin t

csint+

C COS4 t

4
ccos t )

csint+ sec” t

sint

. ccos’ t
=csmt+ ———
sin t

_ c(sin® £ +cos® t)

sin t
_ c . ..
y = nt {-+ sin?2t+ cos?t=1} (D)
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Evolute of the given curve is the locus of (X, ¥). Let us eliminate ‘¥ between (i) and (if).

;o=
From (i), logtan — = x
2
t x/c
= tan — = e
2
From (i) y _ 1 _ l+tan’t/2
c sin t 2tant/2
y 1 1
Y=- +tan£
c 2\ tant/2 2
[ - =
= —|e c +ec
2
= y= ccosh™

Changing X to x, ¥ to y, the locus at (X, ¥) is
y=ccosh x R
c
which is the equation of evolute.
Example 1.13. Find the coordinates of centre of curvature at any point for the given curve x3 + y*/3
= a?3. Also find the values of radius of curvature (p) and equation of evolute.
Solution. The parametric equation of given curve is

X = acos’t, y=asin3t (1)
Differentiating w.r.t. ‘¢, the above equation gives,
d_x =—3acos?tsint, d_y =3asin?tcost
dt dy dt
dy g+ 3asin’tcost an t
==t =— - _tan
N7 ik dx  _3gcos’ tsint
dt
_dy_d (d_y)
2 dx*  dx\dx
d
= —(—tant
T ( )
dt
= —sec’ t —
dx
—sec’ t _ 1

—3acos’tsint 3asintcost

Radius of curvature (p) =
Ve

= (1 + tan2? )32 X 3a sin t cos* t
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_ 3asint cos* t
T (cos? 1)
= 3asin t cos t
Now, the centre of curvature (X, y) at the point ‘¢, is given by

We have, X =x—-psiny
2
e 7nd+y7)

Y2

=x+tant (1 + tan? ¢) X 3a sin f cos* ¢

= X =x+3asin?tcost
=acos?t+ 3asin?tcost ..(2)
[+ x=acos’t]
. 1+ y,2
Similarly, y = y+w
Y2
_ (1+tar12 t)
VEyr—

3asint cos* t

=y+ (1 +tan?¢) (3asin f cos* 1)

=y + 3asin t cos? ¢

= asind t+ 3asin t cos? t ..(3)
Eliminating x, y and ¢ from equation (1), (2) and (3), we get

X+y =a(cos?t+sin’ t+ 3 sin? t cos t + 3 cos? ¢ sin ¢)

= a(cos t + sin t)3

or (X +7)*? = a3 (cos t + sin 1)? .(4)

Similarly, (x - )7)2/3 = a23 (cos t —sin t)? ...(5)
Adding (4) and (5), we have

(x+ ?)2/3 +(x - )_/)2/3 = a23 (cos? t+sin2 t+ 2 cos tsin t + cos? t + sin? t — 2 cos t sin )
= a23(2) = 2a2/3

So, the locus of (X, ¥) i.e., the equation of evolute is

(x + )2 + (x — y)23 = 20213
and the coordinates of the centre of curvature are [(a cos® t + 3 sin? t cos t), (a sin3 t + 3 sin t cos? t)].
Example 1.14. For the given rectangular hyperbola xy = a2 (i.e. x = at, y = a/t)
i.  find the radius of curvature (p)
ii. find the coordinates of centre of curvature (i.e. X,y )
iii. shows that the evolute of given curve is (x + y)?? — (x — y)?/3 = (4a)?.
Solution. i. To find radius of curvature, we have

2
a

Xy = az, or y=_—
X
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dy —a’ d*y  2a4*
Therefore, =2 -~ andy,= L ="
1 dx x2 V2 d_xz x3
14+ .22
Thus, p= L+ y7)
Y2
A 3/2
1+
2
e
3/2
- 3 [ x*+a
P 24 xt

ii.  To find coordinates of centre of curvatures, we have

1+ y,°
}_C:x_)ﬁ( yl)
V2

3t e x2y2
We have #:éx_,_y_
2x 2 2x

Similarly, y=y+ ——

[Since xy = a?]

[Since xy = a?]
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2, .2 2 2 2
+ +3
=y+ x Ty X Y - i y+ £
2y 2y 2 2y
Thus, the coordinates of the centre of curvature are

3x y2 3y x?

X%7) = | —+—,

(x.7) [ 2 2%’ 2 2y

iii. Further, to show the equation of the evolute of the given curve is (x + )23 — (x — )23 = (4a)23,

we have
(x+y) = ZL[)C3 +y° +3x7y +3xy°]
xy
1 3 1 3
= —(x+y)=—(x+
2y (x+y) > (x+y)
1
and d(), (J_C + _)2/3 = W (x + y)Z { Xy = a2]
1
Similarly, x-y)7"° = W (x—y)
Therefore, we have
_ _ 1
x+y)° -x-y)" = Wuxwf ~(x=y)]
a

1 1
= BT (4xy)= RYACE (4a*) = (4a)2/3

Thus, the locus of (%, y) is
Example 1.15. Find the centre of curvature of the following curves:
i y=x3-6x2+3x+1at(l,-1)
ii. the parabola y? = 4ax at (x, y). Also find the equation of the evolute of the given curve.
22
iii. the ellipse 2—2 + 2/—2 =1 at (x, y). Also find its evolute.
Solution. i. The given curve is
y=x3-6x2+3x+1

Therefore, Y1 = & =3x* —12x+3
dx

SO yat(l,-1)=-6
2

and y2=d—)2/=6x—12
dx

yrat(l,-1)=-6

_ 71+ y7°)
Y2

Thus, X=x
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_ 2
_ . GO+ L
—6
2
Similarly, y= y+(1—:/¢)
2
iy
_1+u:—£
—6 6

Hence the centre of curvature are (x, y) = (36, -43/6).
ii. The given equation of the parabola is y2 = 4ax.

Therefore, y= 2Jax N — \/,
f
dzy 1 _
and :—=——\/;x 3/2
7 dx? 2
Therefore, ¥= x_2 I+x7)
)
i
—x— 2 X =x+2(x+a)
_1\/;x—3/z
2
=3x+2a ..(1)
1+,
and y= )’+( N )
V2

X
1 —
- \jax 312

sz e ( y=2dax |

2\/5\/5(1—’:“)

3/2
_ L, X (2)

N

Hence the centre of curvature of the given curve is

2532
(x%,7)=|3x+2a,———
Ja

y+

X —2a
3

From (1), we have x=
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Putting this value in (2), we have

3
or 27 a)_/z =4(x - 2a)3
Therefore, the locus of the centre of curvature (x, ) is 27ay? = 4(x — 2a)3, which is the required
evolute.
iii. The given equation of the ellipse is,

x )
—+—= =1 y
a> b
d —b2 2 14
Therefore, y, = A8 5 a and y, = d_y: b a_yp
dx ay de a2y3 b
Therefore, (X, y) centre of curvature are, b
1 2
)_C: x_@ a_g X
2 0 a
_bzix 1+b4x2
_ aly\ a'y’
= x v
a2y3
= x— X (a*y? +b*x2)
= % Y Fig. 1.16
= x— s [a2b2(a2_x2)+b4x2]
a’b
2 72
a _b 3
= x (1)
2t
. — 1+ y,
Similarly, y=y+
V2
4.2
1+b4x2
ay
- y+ i
_a2y3
- Y 402 3 By
=y- 2 (a%y? + b*x?)
a

_ V4 [a%y? + b2a2(b? — y2
=y- Y2 + b2a?(b? - y?)]
Y a’b?
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=5 7 -(2)
From eqn. (1), we have

and from eqn. (2), we have

IENTE
b4y
y= 0 -a

Substituting these values in equation of ellipse, we have

4 23 4 23
1( ax +L by _1
a?\a® = b v -a?

or (ax)23 + (by)23 = (a2 — b2)23
Therefore the locus of the centre of curvature (X, ¥) is
(a%)3 + (by)3 = (a2 — b2)23
which is the required evolute for the given ellipse.
Example 1.16. Find the envelope of the family of straight line y = mx + \Ja*m® +b* , m is the parameter.
Solution. Given equation of family of curves

y=mx+ \Ja’m’ +b’
(y—mx) = Jatm® +b?

f—t
= (y — mx)? = (a?m? + b2)
= Y+ m?x? - 2mxy = a*m? + b2
= m2(x?—a?)-2mxy+ (y2-0*) =0

Differentiate partially w.r.t the parameter (i.e. m)

= 2m(x2—a?) —2xy=0
Xy
Substituting the value of m in the given family of curves
= m2(x2—a?) = 2mxy + (2= b2) =0

2
= (L] (xz—az)—ZnywL(yz—bz) =0

(x2—a2) (xz_az)
= xfzj/zlz - jzxiy; +(F b7 =0
= —x’jz_y; +(P =) =0
= S AR
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= x292 = (xz — a2)(y2 — bZ)
= x2y2 = x2y2 — x2b2 — a2y? + a2b?
= X202 + a2y? = a2b?
2 2
= x_2 +£—2 =1
a

The envelope of the given family of straight lines is an ellipse.
Example 1.17. Find the envelope of y = mx + amP where m is the parameter and a, p are constants.

Solution. Given, y = mx + amp (1)
Differentiate the equation (1) w.r.t. parameter #1, we get
0 = x +pamp-1
L
—x \p-1
N m= |~ (2)
pa
Using (2) and eliminates m from (1)
L P
—x |p-1 —x |p-1
y=|— x+a|l —
pa ( pa j
_ 2\
= yp_lz _x xp_1+ﬂp_1 _x
pa pa
ie. apyP=t = (=x)P + a2 (—x)P

which is the required equation of envelope of (1).

Problems Based on Envelope of Two Parameter Family of Curves:

Example 1.18. Find the envelope of family of straight lines ax + by = 1, where a and b are parameters
connected by the relation ab = 1.

Solution. Given, ax+by=1 (1)
and ab=1 ..(2)
Differentiating (1) w.r.t ‘a’ (considering ‘a’ as independent variable and ‘b’ depends on a).
db
x+—y =0
da Y
. [ —— -(3)
da y
Differentiating (2) w.r.t ‘@’
b+a b _ 0
da
. db _ -b
Le. = = ..(4)
da a
From (3) and (4), we have
x b
Y a
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i ax by _axtby 1
1 1 2 2
1
a= — and b= — ...(5)
2x 2y

Using (5) in (2), we get the envelope as 4xy = 1.
Example 1.19. Find the envelope of family of curve \/E + \/; = 1, where a and b are parameters
a

connected by the relation Ja+b =1.

Solution. Given, \/g + \/% =1 (1)
a

and Ja+b =1 -(2)

Differentiating (1) with respect to ‘@’
Jx  r av
2a ) — vt b3/2 dﬂ

b —Jxb”"?

Differentiating (2) with respect to ‘@’
11 db_
2Wa  24b da
ie. db _ b (4)

=

da
From (3) and (4), we have

Jx b

X2 o

Jya

S ey
S

g

a= Jx andb= \/; ...(5)

Using (5) in (2), we get the envelope as x!/4 + yl/4 = 1.

Sm\x

2 2
Example 1.20. Find the envelope of family of straight line x—2+}b'—2 = 1, where a, b are two parameters
a
which are connected by the relation a + b = c.
Solution. Given equation of family of straight lines is
.Y
| 1
P (1)
Also given, at+b=c

= b=c—a ..(2)
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Substituting (2) in (1), we get
X,y
a c—a

Differentiate w.r.t. a partially, we get

= £:1+\/Z
a

_Vxty
o Jx
cvx
- ‘- Vx+.fy

Now, substitute the valueof ainb=c—a
= b=c- i
Jx+4y
ey -cdx
= \/;+\/;

_ Y
Vre+\y
Yy _

. . . . x
Now, substitute the values of a and b in the given family of curves = +Z =1, we get
a

U
Q|

X

+ 4 =1
cv/x oy
o) [#5)
W +fy)  yWx+y)
Jx oy

1
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Problems Based on Evolute as Envelope of its Normals:

sWx+y)  yWx )
Jx b
-l

= Wx+y) Wx+y)
= Wx+y)?
= (\/;-i-\/;)

C

c

Je s the required envelope.

Example 1.21. By considering the evolute of a curve as the envelope of its normal, find the evolute of

x=cosO+0sinB,y=sin0—-0cos 0.
Solution. Given x = cos 0 + 0 sin 0, y = sin 6 — 0 cos 0, then

04
dy _ 4o ©sinB
- === =tan 0
dx dx  Ocos o
do

Equation of normal line to the hyperbola is

(y— (sin 0 — 0 cos 0)) = _le (x —(cos 0+ 0 sin 0))

= ysin®—sin2 0+ 0sin 0 cos O = —x cos O + cos? O + O sin O cos O
i.e. ysin® +xcos®=1
Differentiating (1) with respect to the parameter 6, we have
ycosB—xsin@=0
Multiplying (1) by cos 8 and (2) by sin 8 and then subtracting, we have
Xx=cos 0
Similarly, we get, y=sin0

Eliminating 6 between (3) and (4) we get the required evolute as x2 + y2 = 1.

2 2

Y

Example 1.22. Determine the evolute of hyperbola x_2 g = 1 by considering it as an envelope of its
a

normal.

1.

2.

Solution. Try yourself.

EXERCISE 1.2

Find the radius of curvatures and the centre of curvatures for the curve y = tan x at the point where

x=m/4.
2P
Find the centre of the curvatures for the hyperbola —-—

b_2:

1, and also obtain its evolute.
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3. Show that the evolute of the cycloid x = a(0 — sin 6), y = a(1 — cos 0) is another equal cycloid.

4. Show that the evolute of the curve x = a(cos 0 + 0 sin 0), y = a(sin 6 — 0 cos 0) is x2 + y2 = a2

5. Determine the envelope of x sin 0 — y cos 6 = a0, where 0 being the parameter.

6. Find the envelope of x sec? 0 + y cosec? 0 = a, where 0 is the parameter.

7.  Find the envelope of family of straight lines A % = 1, where a, b are parameters, connected by the
a

relation a2b3 = ¢°.

7

8. Find the envelope of the family of circles whose centres lie on the elhpse —+ ol = 1 and which

a*
passes through its centre.

9. Determine the equation of the envelope of family of elhpse — + Z—z = 1, where the parameters ‘@’
a’
2B
and ‘b’ are connected by the relation 7 +— = 1,land m are non-zero constants.
m
Answers

ﬁ’(n—lo 9]

4 4 4

3,0 3
acos” 0 cos” O

a’ +b* —sin’ 0 (a® +b2)j

2. Hint: x =asec 6,y = b tan 0 centre of curvature (

evolute (ax)?3 — (by)?3 = (a? + b2)253.

5. x=a(sin 0 + cos 0),y = a(sin 6 — 0 cos 0) 6. x2+y2—2xy—2ax—2ay+a*=0
7. x*p3= 2 ¢’ 8. (x2+y?)? = 4(a’x? + b¥?) 9. X4V =1
3125 I m

INTERESTING FACT

Have you ever observed the machines or the toys that contains a winding key, such as those instrument
playing monkeys? The inside spiral spring undergoes a motion in a “circular involute”.

VIDEO REFERENCES

Curvature and

Evolutes

USES OF ICT

http://kmr.csc.kth.se/wp/research/math-rehab/learning-object-repository/geometry-2/metric-
geometry/euclidean-geometry/geometry/plane-curves/evolutes/
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APPLICATIONS TO REAL LIFE

e They are used in mechanical industries, especially the teeth industries, where teeth of revolving
machines and gears are made, to minimize the vibrations as much as possible.

e Scroll and Gas compressors are two such machines used to pump, compress or pressurize fluids.
There shape is an application of this concept, which makes sure that they are efficient and less noisy.

o The road safety needs to be kept in mind while designing road curvatures, and similarly the size of
grinding wheel also needs to be considered. The concept of curvature comes into play at that time.

1.2 EVALUATION OF DEFINITE AND IMPROPER INTEGRAL
1.2.1 Definite Integral

b
A definite integral is denoted by L f(x)dx where ‘@’ is called the lower limit of the integral and ‘b’ is

called the upper limit of the integral. The definite integral is introduced either as the limit of a sum or if
it has anti-derivative F in the interval [a, b], then its value is the difference between the values of F at the
end points i.e., F(b) — F(a). The definite integral has a unique value.

1.2.1.1 Definite Integral as the Limit of a Sum

Let f be a continuous function defined on close interval [a, b]. Assume that all the values taken by the
function are non-negative, so the graph of the function is a curve above the x-axis.

b
The definite integral L f(x)dx is the area bounded by the curve y = f (x), the ordinates x = a,x = b
and the x-axis.
When we evaluate this area, it is equal to

b
[ F@dx = (b-a) tim L (@) +fla+m+..+fla+(n-1)h
n—>oo 11
b—-a

n

where h= —>0asn—>o

The above expression is known as the definition of definite integral as the limit of sum.

SOME SOLVED EXAMPLES

2
Example 1.23. Find J.o (x> + D dx as the limit of a sum.
Solution. By definition

Lbf(x)dx —(b—a) lim L [f(a)+f(a+h)+ ..t fla+ (n1)hl,

n—o#
b—a

n

where h
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Therefore, J'Oz(xZ +1)dx = 2 lim l f(0)+f(%j+f[%j+"'+f(2(n_l)ﬂ

n—won

1] (22 e 21— 2)
= 2 lim — 1+(—2+1j+[—+1J+...+(#+1H
n—>o n n n

.1 1
2 lim — (1+1+...+1)+—2(22+42 +o.+02n-2)7
n—son | ————r n
n tumes

.1 2 5, 2
2 lim — n+—2(1 +2°+..+(n-1)
n—>oo n

= 2 lim 1 n+i2—n(n—1)(2n—l)}
n—won | n 6

= 2 lim 1 n+z—(n—1)(2n—l)}
n—won | 3 n

im0

3 3

2
Example 1.24. Evaluate Io e“dx as the limit of a sum.

Solution. By definition

.1 -
J'zexdx =(2-0) lim —[eo +etm et g e 2”"}
0 n—>o n

Using the sum of # terms of a G.P., where a = 1, r = e/,

2n
2 . 1lem -1
We have, Jo edx = 2 lim —| —
n—on £
e —1
1| & -1
=2lim .- ¢
n—o>o n 62/”_1
20 -1)
1 -
= > =e2-1 using lim =1
. e’ —1 h—>0 h
lim 2
n— oo 2/n
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FUNDAMENTAL THEOREM OF CALCULUS

1.2.2. First Fundamental Theorem of Integral Calculus
If f(x) is defined in the interval [, b], then the definite integral of f(x) is defined as

[[ s = [Fo), = Fb) - Fla)

where iF (x) =flx)
dx

The definite integral defined above denotes the area bounded by the curve y = f(x), the x-axis and
two ordinates at x = g and x = b.

SOME SOLVED EXAMPLES

2
Example 1.25. Evaluate jo x* dx .

3
X

2 3
_.{QL4%
o 3

. . 2 2
Solution. Given, Io x° dx 3

_8
3
Example 1.26. Evaluate J'ZTECOS xdx-
0

Solution. jzn cosxdx = | —sin x |2n
0 0
=[-sin2nt+sin0]=[-0+0]=0
3
Example 1.27. Evaluate _[2 (x+1)dx.

. . 3 x? ’
Solution. Given, L (x+1)dx = > +x
2

|[F o)
2 2
(9

:ZE+Q‘G+4}
(595
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1.2.3 Second Fundamental Theorem of Integral Calculus

Second fundamental theorem of calculus states that if f{x) is continuous in the interval [a, b] and F is the
indefinite integral of f(x) on [g, b], then

F'(x) = flx)
Mathematically, if F(x) = Lx f(e)dt
then, F(x)=f(x)

Remark: As anti-derivatives and derivatives are opposites to each other, if you derive the anti
derivative of the function, you will get original function.

Example 1.28. Solve the given with the help of 2nd Fundamental theorem of Integral Calculus

Flx) = jo 2 +1)dt

Solution. Given F(x) = J;3 (t* +1)dt
30 271
- {% " %L = F(x) - F(0)
Fo= | &) 6D (007
3 2 3 2
9 6
=37

F'(x) =3x8 —3x5
F'(x) = 3x2 ((x3)% + (%))
3x2 is the derivative of the upper limit x3 and ((x3)2 + (x3)) is the same as (2 + 1).

By the end of this equation, we can see that the derivative of F(x), which is the integral of f(x), is
equivalent to the original function f(x). The functions of F'(x) and f(x) are extremely similar.

Example 1.29. Solve the given F(x) = J:C (t +7)"*dr with the help of 2nd Fundamental theorem of

Integral Calculus.

Solution. Given F(x) = J:z (t +7)dt
_[20+77" }
3
L 0
= F(x2) — F(0)
Bl = | 26747 ] . [2(0 * 7)}3’2
3 3

~ 2(x2 +7)3/2 _2(7)3/2
3 3
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F'(x) = 2x (x2 + 7)12
2x is the derivative of the upper limit x2 and (x% + 7)1/2 is same as (¢ + 7)1/2.

Jx
Example 1.30. Solve the given F(x) = J‘73 (3t =30)dt with the help of 2nd Fundamental theorem

of Integral Calculus.

_[¢ _30t]f - F(Jx)~ F(-3)

Fx) = [(Vx)® =30(x)] - [(-3)° —30(-3)]
3 1 15
PR

Vx
Solution. Given F(x) = J. s (3t* =30)dt

F(x) =

1
F(x) = m (3x—30)

1
T is the derivative of the upper limit Jx and (3x—30) is same as (3t2 — 30).
x

1.2.4 Properties of Definite Integrals

Here we define some properties of definite integrals which are very useful in evaluating them.
1. If fi(x) and f,(x) are continuous and bounded functions over the interval [a, b] and k; and k,
are two constants, then

b b b
[RA®+hf0) de =k [ fiode+k, [ f(0dx
This is called linearity property.

2. [[ e = [ fwyde
Both sides are equal to F(b) — F(a), it shows that variable in integration is dummy.
3. [[fde = = [ flodx
For F(b) — F(a) = —{F(a) — F(b)}
b c b
4. j flx)dx = j £(x)dx *L £(x) dx

Here, ‘¢’ is defined asa < ¢ < b.
R.H.S. is equal to F(c) — F(a) + F(b) — F(c) which is equal to F(b) — F(a).

5. [[fxdx = [ fa—x)dx

This is known as invariance property and can be prove as on putting a — x = t, we have — dx = dt.

[l ra-xydx = - j° fwyde=]" fwyde [By Property (3)]

J-: f(x)dx [By Property (2)]
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6. j_ flx)dx = 2 jo fx)dx  if flx) is even ie. fi—x) = f(x)
=0 if fix) is odd .e. fi—x) = —f(x)
Proof. f_f (x)dx = f F(x)dx + fo Fx)dx (1)
Putting x = —t in the first integral on the right, we have
fi) fdx = — [ fe-ryde=[" f-t)r [By Prop. (3)]
= [" e ax [By Prop. (2)]

Substituting this in (1), we have

faf(x) dx = j:{f(x)+ f(=x)}dx

_ 2 if f-x)= ()
0, if f(=x)=—-f(x)

Function like x*, cos x etc. for which f(—x) = f(x) are even functions.
Functions like x3, sin x etc. for which fl—x) = —f(x) are called odd functions.
7. joz fydx =2 fode  iff2a-x) = fix)

=0, if f(2a — x) = f(x)

The property can be proved in a manner similar to property (6).

SOME SOLVED EXAMPLES

/2
Example 1.31. Evaluate jon log sin x dx.
. /2 .

Solution. Given I= Jo log sin x dx

/
Then, I= jon : log cos x dx [By Property (5)]
Adding the two value of I, we get

m/
2= Jo 2(log sin x + log cos x) dx
n/
= Jo 2{log (2 sin x cos x) —log 2} dx

/2 . 1
= Jo logsm2xdx—5nlog2

1 ¢m 1
=~ | logsinudu—=mnlog2, wherex= X
ZJ.O B 2 & 2

/2 1
= Jo log sin u du — 5 nlog2, [By Property (7)]
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1
=]—- —mnlog2
5 g

Therefore, I

1
—— mlog 2,
> g

/2 1
i = —— mlog?2.
J.o log sin x dx > g

© xtan x
Example 1.32. Evaluate j ———dx,
0 secx+tan x
. n  xtanx
Solution. Let [= | ————dx

0 sec x +tan x

©  (m—x)tan(n—x)
= Jo sec (m—x)+tan (T —x) dx [By Property (5)]

©—(n—x)tan x
gt LLES
0 —secx—tan x

tan x dx
- JO S

sec x +tan x

tan x
2= jo Tk

sec x +tan x

dx

J-rr tan x (sec X —tan x)

SCC x—tan X

nsec x tan x — tan® x
= n_[ dx
0 1

T
n_[o (sec x tan x —sec” x +1) dx

n[secx—tan x+x]g =7(n—2)

i
or I== (T[ -2
5 )
Therefore,
T xtanx T
[
sec x +tan x 2
Example 1.33. Evaluate || — oo
33, 1 5
xample valuate ) [+ co x
T oxsinx
Solution. Let I= -[o 1+—2dx
cos” x
(m—x)sin x ) .
Then = | —————dx [+ sin(n-x) =sinx, cos (T —x) = — cos x]

0 1+
cos® x [By Property (5)]
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Adding the two values at I, we get
n(m—x+x)sin x

2= > dx
0 1+cos” x
T sinx
=n| ———dx
IO 14 cos® x
= [tan lcosx]TE
o
1 1
= —|-——n——=x
4 4
2
au=2p = 1=K
4 4
T xsinx 2
Therefore, J.O H—zdx -
cos” x 4

n/2 3 . 4
Example 1.34. Show that jo cos” 2x.sin” 4x dx=0.

12
Solution. Let I= Jn cos® 2x.sin? 4x dx
0
Putting 2x = ¢, we get

1
I= —J‘ﬁcos3 t.sin* 2t dt
2 Jo
1 .
= —Jn24 .cos’ t.sin* t.cos* t dt
2 Jo
=8 J.Onsin4 t.cos’ tdr=0 [By Property (7)]

1
Example 1.35. Evaluate Jo cot™ (1—x+ x) dx.

Solution. The given integral can be written as
1 1
I= | tan”'| ——— |dx
JO (1 —x+x° j
= J dx
1+ x(x 1)
= [an 22D
1+ x(x—1)
1
= Jo [tan”! x —tan™! (x —1)]dx

I L
—J-Otan xdx—J.Otan (x—1)dx

1
But Jol tan”! (x—1)dx = Jo tan”' (1—x—1)dx
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1
= _ Io tan™! x dx [By Property (5)]

1
I1=2 jo tan™! x dx

Integrating it by parts, taking ‘1" as a second function, we have

_ 1 1 _ 1 x
I= Z[tan x.xl) 2 0 T3 2 dx
_ T 2\
=2.1. Z—[1og(1+x )],
b
= ——log2
> g
Therefore,
1
J cot ' (1—x+x*)dx = E—log2-
0 2
EXERCISE 1.3
Evaluate the given definite integrals as limit of sums:
b 5
i. Ia xdx ii. IO (x+1)dx
3 4
1. L x* dx iv. J.l (x* —x)dx
1 X
V. I_le dx
Evaluate the definite integrals:
1 2
i. J‘il (x+1)dx il. L (4x° —=5x% + 6x +9) dx
) /4
iii. jo cos 2x dx iv. jo tan x dx
1 dx .3 dx
V. Io - Vi. '[2 .
1-x x
3 1
vii. | ";dx viii, [ xe* dx
2 x"+1 0
/4 1
iX. J. (2sec’ x+x° +2)dx X. I (x e* +sinﬂ) dx
0 0 4
tlog 1+ x
Evaluate Inlog (14 cos x) dx. 4. Evaluate j Lz) dx.
0 0 I+x

.2
m2  sin” x m ) T T
Evaluate jo mdx. 6. Showthat J.O x f(sin x) dx =7 -[0 f(sin x) dx.

T
Evaluate j sin® x cos” x dx.
0
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Answers
oL A i 22 i v, 27
NG 3
1
V. e——
e
2. i 2 i & iii. 0 iv. Llog2
3 2
.1, 3 L1 1
V. — V. —log — vil. —log?2 vil. —(e—1
2 2 %85 ;%8 2( )
4
IX. +£+2 X. 1+i—&
1024 2 -
1
3. —nlog2 4. Tlog2 5. —log(1+~2) 7.0
8 NG

1.2.5 Improper Integral

b
The integral J. f(x)dx is an improper integral if

i.  either the interval of integration [a, b] is not finite i.e. either ‘@’ or ‘b’ or both ‘a’ and ‘b’ are
infinite.

ii. orthe integrand f(x) is not bounded on [a, b].
iii. neither the interval [a, b]is finite nor f(x) is bounded over it.

1.2.6 Types of Improper Integral
Improper integral is of three types, which are explained as follows:

a. Improper Integral of First Kind:

b
The definite integral j f(x)dx is an improper integral of first kind if either ‘a’ or ‘b’ or both

are infinite but f{x) is bounded.
For example: J.DOd—x , IO e** dx are improper integrals of first kind.
N

In this case, we define

i [T feode = Lt j;f(x)dx,(»a)

The improper integral J-oc f(x) dx will be convergent if the limit on the right hand side exists finitely

and will be divergent if the limit is + oo or — co.

i 1 feode = Lt [[fdc (t<b)
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b
The improper integral J. f (x) dx will be convergent if the limit on the right hand side exists finitely

and will be divergent if the limit is + o0 or — oo

[" fwdx = [ fyde+ | foxdx [For every ]
= Lt jf(x )dx + Lt I f(x)dx [t <c< )]

The improper integral r’ f(x)dx is said to be convergent if the limit on the right hand side exists

finitely and will be divergent if the limit is + 0 or — o0

SOME SOLVED EXAMPLES

Example 1.36. Examine the convergence of the improper integral J. ax .

t dx Vx
f

= lim J. x V2 dx
t—>oo

Solution. Here I = tlgr:o j

lim I:le/z ]Z

t—oo

= lim 2Vt -2] =

t—> oo

Hence, the given improper integral is divergent.

Example 1.37. Solve the improper integral J.i) e

0
Solution. Here IO e Xdx = lim j e~ dx
—o0 t— —oo vt

lim ¢
t——oo —lt

lim [-(1-¢™)]

t——oo

=-l+e*=

Hence, the given improper integral is divergent.

Example 1.38. Check the convergence of the following improper integral J
=1+ x>

o dx J‘O dx +_|:° dx

Solution. Here j
—= ]+ x? 1+ x2

R

t, dx
lim + lim
h—o—eodh 14 x>0 14 x2
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lim [tan_1 x]? + lim I:tan x}

ty —> —o0 1 t) —>oo

lim [tan_1 0—tan' ¢t } + lim [tan 't,—tan™! 0]

t,——oc0 t, =00

—[tan! (-0)] + [tan! ()] = 24 D=t
Hence the given improper integral is convergent. 2 2
b. Improper Integral of Second Kind:

b
The definite integral J. f(x) dx is said to be improper integral of second kind if both ‘a’ and ‘b’

are finite and f(x) is not bounded (i.e. f(x) has one or more points of infinite discontinuity).

11 4 dx
For example: jo ” dx, jl m

are improper integrals of second kind. In this case, we define
b b
i J. f(x)dx = lim J f(x)dx, if ‘a’ is the only point of infinite discontinuity of f(x)
a e—0"Jate
If the limit on the R.H.S. exists finitely, then it is convergent otherwise it is divergent.

b b-¢
j f(x)dx = lim J- f(x)dx,if b’ is the only point of infinite discontinuity of f(x)
a e—0"Ya

If the limit on the R.H.S. exists finitely, then it is convergent, otherwise, it is divergent.
iii. If flx) becomes infinite at some point ‘¢’ only with a < ¢ < b, then

b c—g b
[ fde = tim |7 fo)de+ lim [ flx)dx
a g —0"va g, =07 vcte

In general, if ¢}, ¢, ¢3, ......, ¢, are some finite number of points of infinite discontinuity of f(x) on [a,
b], where a < ¢; < ¢; < ¢35 wunene < ¢y < ¢, < b, then

[ feyds = [ G+ [ fedrt ot jb Fx)dx

If the limit on R.H.S. exists finitely, then the improper integral will be convergent otherwise it will
be divergent.

SOME SOLVED EXAMPLES

1d
Example 1.39. Test the convergence of the integral '[0 Tx
x

Solution. The given integral is of second kind and ‘0’ is the point of infinite discontinuity on [0, 1].

1
Therefore, Jld—x = lim x V2 dx

0/x  eo0tJ0+e
lim [2\/7]

e—0"

lim 2(1-+/¢) =2 (finite)

e—0"

Hence given integral is convergent and converges to 2.
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Example 1.40. Test the convergence of the integral J~12d—x
0x"=3x+2

Solution. The given integral is of second kind and ‘1’ is the only point of discontinuity of f(x).

Therefore, by definition,

1 dx . 1-¢ dx
J.z— = lim -
O0x°—3x+2 e-0"70 x"—3x+2
1- d
— lim I X
e-0"70 (1-x)2—x)

. 1-¢ 1 1
lim -
g—0" 70 L—x 2—x}

lim [~log(1-x)+log(2— x)]o
£—0"

lim [-loge+log(1+¢)—log2]

e—0"
1
[log e log 2}
€

2]

= log () —log (2) =

lim
e—0"

lim
e—0"

Hence, the given integral is divergent.

1
Example 1.41. Test the convergence of the integral _[ ld—f .
“1x

1-¢

[By Partial fraction]

Solution. The given integral is of second kind and ‘0’ is the only point of infinite discontinuity in

-1, 1].
Therefore, by definition,
T e

2 2 2
“1x -1y 0x
. 0-¢ dx . 1 dx
= lim —+ lim —
g —0"Y-1  x g, =07 Y8 x

lim
g —>0"

=1
i [
|

. o
= + lim [—x ]
g —0" g —0" 3}
. 1
= lim |—-1|+ lim |-1+—
g 07| & g —0" €

=

Hence, the given integral is divergent.
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c. Improper Integral of third kind (or Mixed kind):

The definite integral jb f(x)dx is said to be improper integral of third kind if either ‘@’ or ‘b’

or both are infinite and f(x) is also unbounded.

For example: jwi dx, Jm L dx are improper integrals of third kind.
o Jx —el-x

EXERCISE 1.4

1. Examine the convergence of the following improper integrals and if convergent, find their values:

Joo dx B Jw x dx J‘O dx . J""’ dx
> Ylogx i 112 1il. ‘“—p2+ q2x2 . |5 x ,—x2 .
V. J.lm tar;zl X dx vi. _[: cos x dx

2.  Examine the convergence of the following improper integrals and if convergent, find their values

also.
. J‘Z x4 . JZ dx J-nlz OSX_ J-4 dx
i X i. | —— iii. ——dx iv.
Lx—1 Usla? =1 0 Jl-sinx 0 x(4—x)
ndx .ol
V. J. - VL Ilogxdx
0 sin x 0
Answers
. g T . i
1. i divergent ii. divergent iii. convergent; ——  iv. convergent; —
2pq 4
T 1 .o
V. convergent; Z+Elogz vi. divergent
2. i. convergent; 8 ii. convergent; r iii. convergent; 2 iv. divergent
3 3
v. divergent vi. convergent; —1

b
1.2.7 Comparison tests for convergence of Ia f(x)dx at‘a’

1.2.7.1 Comparison Test-I

Statement: If fand g are two positive functions such that f{x) < g(x) for all x in (a, b] and ‘@’ is the only
infinite discontinuity on [a, b], then

b b
i L 8ax is convergent = | fdx is convergent
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il. j b fdx is divergent = Ib gdx is divergent
Proof. Since 0 < f (x) < g(x) V x € (a, b]
b b
< _
Ia+€fdx < Ja+€gdx for0<e<b-a ..(1)

b
i. Let I gdx be convergent at ‘a’, then there exists a positive number M such that
a
b
J gdx <M for0<e<b-a ..(2)
a+e
From (1) and (2), we get
b
J- fdx <M forO0<e<b-a
at+e

b . (9]
= J. fdx is convergent at ‘a’
a

b b
ii. Let J- fdx be divergent at ‘a’ Then Ih fdx is unbounded above and hence from (1), I . gdx
a a+e ate

is unbounded above.

b
Hence, I gdx is divergent at a.
a

1.2.7.2 Comparison Test-ll

Statement: If f”and ‘g’ are two positive functions on (a, b], ‘@’ being the only point of infinite discontinuity
such that

lim fx) =1#0

x—>a* g(x)

) b b . <>
then the two integrals L fdx and I gdx converges or diverges together at ‘a’
a

Proof: As f, g are positive in (a, b], therefore fEx; >0 Vxe(ab]
X
Hence lim & =1>0
x—a* g(x)

But [+ 0 (given). Therefore [ > 0.
Now choose a positive number ¢ such that [ — & > 0,

since BACI l
x—>a" g(x)

= There exists a neighbourhood (a, ¢) of a (a < ¢ < d) such that

&_l <e,Vxe(ac]

g(x)
= —8<m—l<£, YV x € (a,c]

g(x)

= (I—€)glx) < filx)<(l+¢€)glx) Vxe(ac]

b
CaseI: Let L fdx converges to a:



48 | Calculus and Linear Algebra

= J: fdx converges at a. [+ a<c<band Lb fdx is a proper integral]

= (l-¢) J: gdx converges at a. [By comparison test I]

= Jj gdx converges at a.

Case II: Let _[: f(x) diverges at a:

= LC f (x)(dx) diverges at a. [+ a<c<band Lh fdx is a proper integral]

= (I+¢) J: gdx diverges ata [By comparison test I]

= J.: gdx diverges at a.

Similarly, it can be shown that if I: gdx converges at ‘a; then Jj fdx converges at ‘a’ and if j: gdx
diverges at ‘@’ then J-j fdx diverges at ‘a’

Hence the theorem.

1.2.8 Important Theorems

b
i.  The improper integral j ( dx ) is convergent if and only if n < 1.
@ (x—a)'
.. . . bodx . . .
ii. The improper integral I b is convergent if and only if n < 1.
a —x)"
Proof: i. The given integral Ib dx is a proper integral for n < 0 and therefore convergent. If
“(x—a)'

n > 0, then it is an improper integral and ‘a’ is only point of infinite discontinuity.
CaseL:Ifn=1

b
[~ him [l & _o<e<b-a
“(x—a)" o0t dare(x—q)
b
|:(x_a)—n+l:|
= lim
£—0" -n+1
at+e
_ 1 1 1
£0" (b ﬂ)n_l 87[—1 (1-”)
1 = finiteif n<1
=<0-nb-a)"
o0 ifn>1

b .
I dx converges for 0 < n < 1 and diverges for n > 1
“(x—a)"
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Casell. If n=1
J-b dx _Jb dx — lim _[: dx

a(x—a) ax—a eg—0"latex—qg

= lim llog|x—all..
e—0

lim [log (b —a)—log €]
e—>0"

lim (log b—aj =®
£—>0" €

Ib dx - diverges if n =1

“(x—a)
bodx .
Hence, I is convergent for n < 1 and divergent for n > 1.
“(x—a)"

is a proper integral for n < 0 and therefore converges. If n > 0,

ii. The given integral j
b- x)

then it is an improper integral and ‘b’ is the only point of infinite discontinuity.
CaseL:Ifn=1
boodx : b-¢ d
[ [

" m
a(b-x) >0 (h—x)"

b-g
) (b_x)—n+l
lim | ————
e>0"| —(-n+1) .

hm L[(b_x)—n+l]b—8

a

e>0"n—1
. 1 _ _
= lim — [ =-(b-a)"]
e0tn—1
0 ifn>1
= 1

ifn<l1

(1-n)(b—a)"'

b
I dx converges for 0 < n < 1 and diverges for n > 1.
“(b-x)"

Casell: If n=1
J‘h dx J‘b dx
“(b-xy b-x

lim Ih = dx

e—>0"

lim [—log|b—x|]ﬁ_8
e—>0"

lim [-loge+log(b—a)] = [+ log0=-oo]

e—>0"

b d.
J. al divergesif n =1
“(b-x)
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Hence, Ib dx

is convergent for n < 1 and divergent for n > 1
“(b-x)

11
Remark: _[0 —dx is convergent if n < 1 and divergent if n > 1.

SOME SOLVED EXAMPLES

Example 1.42. Examine the convergence of the integral J. 1%
0x"(1+x%)

1 dx
Solution. Let 1= JO xl/z (1 N xz)

Here, f(x) and 0 is only point of infinite discontinuity of f (x) and f (x) > 0 in (0, 1]

XM+ xP)
1

Take gx) = —5

. x . 1 S .
Now, lim f&) = lim —— =1 [which is finite and non-zero]
x—>0" g(x)  x->0"1+x
By comparison test,

the integrals

j(: f(x)dx and I()l g(x)dx converges or diverges together.

But the integral L)l g(x)dx = _[ L

— is convergentatx =0 on==<1
0 x1/2

_[ f(x)d _[ M also convergent.

1/2 (1 + xZ) B

Example 1.43. Discuss the convergence of the integral In % dx.

n/2 sin X
Solution. Let = J o
Here, f (x) = SH;/;C and ‘0’ is the only point of infinite discontinuity of f (x) and f (x) > 0 in [0, g}

X

1
Take g(x) = x17

. sinx
Now, lim @ = lim — =120, 0.

x>0t g(x) x20" X

n/2 n .
By comparison test, the integrals Jo f(x)dx and J" 2 ¢(x)dx converge or diverge together.
0
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/ / .
But J'On 2g(x) dx = jon 2 dx. { n 1. 1} is convergent at x = 0
2

Jx

. n/2 /2 81 .
Le., IO fx)dx = In su;/;c dx is also convergent at x = 0
0

1.2.9 Comparison Test for Convergence at «

1.2.9.1 Comparison Test |

If fand g are two positive functions such that f{x) < g(x) for all x> a, then

i J:O fdx converges if L gdx converges

il. I . gdx diverges if I ” fdx diverges
Proof: Here fand g are two positive functions such that f(x) < g(x) for all x € [a, f]

[[fedx < ['gax (1)

0
i. Let j gdx be convergent, so that there exists a positive number M.
a

t
such that L gdx <MV t>a ..(2)
From (1) and (2), we have

rfdx <MVt>a

Hence on fdx is convergent.
a
ii. Let L fdx be divergent

= J.t fdx is not bounded above and hence from (1), L: gdx is also not bounded above,

consequently, L gdx s divergent.

1.2.9.2 Comparison Test Il

If fand g are two positive functions on [a, ©) such that

i lim —— = (where [ is non-zero and finite),

then the two integrals I:O fdx and J.:O gdx converge or diverge together

Proof.i. As @ >0forallx>aand[#0 [+ flx) and g(x) are positive functions]
g(x
>0

Choose € > 0 such that[—€>0
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fx)

Since lim —— =, therefore there exists a number k such that
X —>© g(x)
&) —1| <eVx>k
g(x)
= l—s<m<l+st2k>a
g(x)
or (I-e)glx) <flx)<(+e)gx) Vx=k>a

By comparison test I, if I:ofdx converges, then J.OO g(x)dx converges and if J :O g(x)dx converges,
then I:O f(x)dx converges.
Similarly, divergence of one implies the divergence of other.

Hence, the two integrals J:O f(x)dx and J.:og (x)dx converge or diverge together.

1.2.10 Important Theorem

Statement: The improper integral wd—x, (a > 0) converges if and only if n > 1 and diverges for
prop g ” g y 8
n<l. @ x
o td
Proof: d_x — Iim [(*
a x” t—>o0 ux”
t
. x*ﬂ‘f’l
= lim { ,ifn#1
too| —n+1
a
1-n 1-n
. t a .
= lim - yifn=1
to>oll-n 1-n
_alfn
0 , (which is finite) if n>1
= —-n
© if n<l1

Also when n = 1, we have

J‘widx ledleim 1

a xﬂ a x t—>wvad x
. t
= lim [log x],
t —>

= lim [logt—logal]

t—>o

logoo—loga= o

Hence, = dx converges if and only if n > 1 and diverges for n < 1.

ax”

Remark: f el dx is convergent if (a > 0) is convergent if # > 1 and divergent if n < 1.
a x"
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SOME SOLVED EXAMPLES

3

© X
Example 1.44. Test the convergence of the integral L Qrx) dx
+x
3
Solution. Let I= '[ al = dx
' 1+x)
3 3
Here, fx)= X = X

= fx)= .
x2(1+)
x
1
Take g(x)= —
2
Now, limM_;zlqﬁo,w

X —>® B 5
g(x) (”1)
X

By comparison test, the integrals J'w f(x)dx and LOO g(x)dx converge or diverge together.
1

w 1

But the integral LOO g(x)dx = L x_2dx [+ n=2>1

is convergent.

3
X

1+ x)°

The integral J.l dx is convergent.

Example 1.45. Discuss the convergence of the improper integral LOO x" e dx.

Solution. Let I= LOO x" . e " dx
Here, f(x)=x".ex
1
Take gx) = —
x
n+2
Now, lim 2% = lim " —ovn

x—>® g(x) x> ¥

Now, Jwg(x) dx = de—x is convergent. [+ n=2>1]
1 1,2

0
By comparison test, L x" .e “dx is also convergent.
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1.2.11 Absolute Convergence

b b
The improper integral J. fdx 1is said to be absolutely convergent if I | f |dx is convergent.

1sin I/x
Example 1.46. Test the convergence at .[0 NP dx .
x
Solution. I ! Ilsinllxdx
olution. Let = \/;
Here, fx) = sin 1/x

\/; >
does not keep the same sign in the neighbourhood of ‘0’ and ‘0’ is the point of infinite discontinuity
of f”in [0, 1].

N sin 1/x |sin]jx|< 1 ! <1
_ = = v |sin—|<

ow, |f() | e r T 8(x) (say) ;
But _[l(x)dx jlld' tatx=0 [ Lo
u = | —= dxis convergent at x = 0. von=—<

0¥ 0Vx & 2
L)l| f | is convergent at 0.

1sin 1/x

Hence the given integral J dx converges absolutely at ‘0’

o

EXERCISE 1.5

1. Discuss the convergence of the following integrals:

1 dx 1 x" 1 dx
. .. »
1 -[O x1/3 (1 4 xz) 11. 0 1+ x 111. J.O —x3 (1 N xz )5
1]
2. Test the convergence of _[0 08X ix

sll—xz

3. Examine the convergence of the following integrals:

1 dx n/4  dx
. .. 1 log X 2 \/; .
! '[0 X" (1-x)" ol Jx dx H L log x e e '[0 JJsin x
4. Test the convergence of the following integrals:
2 o] o dx
wsin” x .. ogx % . [ dx
Io 2 dx ii. L _x2 dx iii. L Jx(1+x") iv. L m

© 2
V. Io e dx

[Hint: >V xe R]
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Answers
1. i convergent ii. convergentifn > -1 iii. divergent
2. convergent
3. i convergent il. convergent iil. convergent iv. convergent
4. 1. convergent il. convergent ili. convergent, if n > 1/2
iv. convergent v. convergent

INTERESTING FACTS

o This concept is used in pharmacological research to find out the plasma drug concentration, that is
what is the maximum drug concentration and when it occurs.

e The ‘R’-value of any drug, which calculates the ratio of two different quantities is measured using
this concept.

e Engineers use integral to find the Centre of Mass of any object.

e An interesting relationship in calculus is that the derivative and the integral are inverse processes.
They are reverse of each other and they are linked using “The Fundamental Theorem of Calculus’.

VIDEO REFERENCES

Beta & Gamma Improper Improper
Function Integrals (Cont.) 1 Integrals (Cont.) 2

APPLICATIONS TO REAL LIFE

e Application in statistics and probability.

e Significance in quantum physics and economics, which is created on the basis of probability
distribution

o Itis even used to find average changes, volumes, error estimations and surface areas.
e The same concept is used in finding Kinetic energy as well.

HISTORY

Special functions occur quite frequently in mathematical analysis. Among the special functions,
gamma function seemed to be widely used. The gamma function I'(x) is applied in exact sciences
almost as the well known factorial symbol x!. It was introduced by the famous mathematician L. Euler
(1729). Beta function was first studied by Euler and Legendre and was given its name by Jacques Binet.

1.3 BETA, GAMMA FUNCTIONS AND THEIR PROPERTIES

1.3.1 Gamma Function

For n > 0, the improper integral J:c e *x" ! dx is defined as Gamma function and denoted by I'(n)

(read as gamma n). It is also known as Eulerian Integral of second kind. Thus,
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T(m = [ e™x" " dx,n>0 (1)

Note that Gamma function plays an important role in evaluation of definite integrals.

1.3.1.1 Properties of Gamma Function
a. Toshowthat T'(n+1)=nT(n)

We have, F(n+1)= [ e " dx [by (1)]

oC
= [—e*x"]} +1’IJ-O e “x" " ldx

=0+nI(n)
Thus, I'n+1)=nI'(n) ..(2)
b. To show that I'(n) = (n—1)!, where n is positive integer.
We have I'n)=(n-1)I'(n-1) [by (2)]
n-1)(n-2)I(n-2) [by (2)]

= (
=(n-1)(n-2)(n-3)..3.2T(2) [by repeated application of (2)]
=n-1)(n-2)(n-3)..3.2.1T°(1)

— (- DI = (-1 [, € dx [by (1]

=(m-1)[-7ly =(m-1)!
Thus I'(n) = (n—1)!, n is positive integer

Remark 1: The formula I'(z + 1) = n I'(n) is called as recurrence formula for Gamma Function.
Remark 2: Note that I'(1) = 1 can find out in (b).

1
c. To show that, F(Ej —Jr

1
Putn = E in (1), we obtain

1 oC *1+l
— | _ -X 2
F(ZJ = Io e x dx

Puttingx=v2 = dx=2vdv, we get

1 oC 2

r (EJ = 2_[0 e’ dv . (4)
Writing u in place of v in (4), we obtain
1 o« 2

F(EJ = 2_[0 e du ...(5)

Multiplying (4) and (5), we get

(2] = e
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Now let u =rcos 0, v=rsin O then u2 + v2 = r2 and 0 = tan~! (K) . Also du dv = rdr dO and r varies
u

from 0 to oo; O varies from 0 to .

2
T
rl= _ m/2po0 2
{ (ZH 4J0 Io e rdrd0
— 4™ [—le”} do=2["d0=n
0 2 N 0
1
Hence, F(E) = Jn ..(6)
d. To show that T'(0) =
From (2), we have I'(n) = I'(n+1)
n
. Ira .1
Asn—0, reo)= hmﬁzhm—:oo
n—>0 n n—->0mn
Thus, I'0) = .(7)

Further note that I'(-1),I'(=2),I'(-3) etc. are also undefined. Hence Gamma function is continuous
for any n > 0 and is discontinuous at n = 0,-1, -2, .....

Thus, I'(n) is defined for all #, except for zero and negative integers.
1

e. ToshowthatI'(n+1)=(m+ 1)r+t1(=1)" Io x" (log x) dx

where 7 is a positive integer and m > —1.

1
We have .[0 x" (log x)" dx

Put x = ¢7, then dx = —e7 dy = —xdy
1 m < 0 - 0 0% 0 —(m
[ " ogaxyde=["e™ (=ptedy =1 "y Dy
Put (m+ 1)y = u,s0,dy = du
m+1

o oy o du
O (m+1)" (m+1)

I;xm(log x) dx = (-1)» I

-1 _ _
_ ( ) J.oce u.u(n+l) 1du

N (m+1)n+l 0
- _ D _T(n+ 1) [by (1)]
(m+1)""
Thus, T(n+1) = (m+1)n+1 (<1)n Iolxm(logx)”dx (8)

where 7 is a positive integer and m > —1.
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2 F(mz-l-ljr(n;-l)
T
Imp. Formula: I sin” O cos” 0dO = sm,n>—1.

/
0
2F(m+2n+2J

SOME SOLVED EXAMPLES

Example 1.47. Evaluate I OOO X e VE gy

Solution. We have 1= J-;Oefﬁ 7 dx

Now put Vx=u = x=uw = dx=2udu
_[F —uy, 2\1/4 A —u 302
I= Ioe (u) 2udu—ZIOe uw' du

5

oo o ——1 5
ZJ. e “u? du=2T'| =
0 2

o332, 3 1L 5 _
—2.21"(2) 2.2.21"(2) [« T(n+1)=nl(n)]
= %\/E Answer [ F(%)=\/E}

oC 2.2
Example 1.48. Evaluate Io x"Le™ ™ dx,

. L1 R
Solution. We have I= Io X"l e dx

Putting h2x2 = y, so that

h?2xdx = dy
=14 _1 dy
2Kx 2hfy
n—1
© [\ 1 dy
- [fer [] L
) 5%
1 w n—2
= e_y 2d
R
1 n
— Yy2 4
R

= r (—j Answer [By definition of Gamma function]
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Example 1.49. Evaluate _[: x%e*dx .

Solution. We have I= J‘me_zx x0dx

0 2
1= Lr@) [By definition]
2
1 45
= =—76!=? Answer [+ T(n+1)=n!,n>0]
2

2

o _ 1
Example 1.50. Prove that Io 2 ) gy =3x/g e
Solution. We have I= L:Oe(z“x ~lx = j: e~ m2acra) gy

= Imeaz S g = et J‘mef(x*“)zdx
0 0
Putting (x—a)=y = dx=dy
e (1)
Now by the definition of gamma function

C(n) = I: e “u" 'du,n>0

1 .
Putn = 5 , we obtain

1 _ * —u, —1/2
F(Ej = Jo e "u"" du
Now put u=y> = du=2ydy, weget
l"(lj _ J-oceiyz(yz)—l/Z.zydy |: l"(l):\/;}
2 0 2
- Jr =2 e dy (2)
Y
Y -
= .[0 € dy )

N

Using (2), (1) becomes = v .T=%\/;.eu2 Proved.
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Example 1.51. Evaluate J.ODC x(1-e™)dx-

Solution. Let I= Io x(1-e ) dx
“12 _12
. X _[Fx X
= 1[(1 e )(_lj joe .(_ljdx
2 ), 2
=0+ ZJ-OCe_xx_”2 dx

oc ——1
= 2_[0 e *x2 dx=2I (%j Answer [By definition]

1.3.2 Beta Function

The Beta function is denoted and defined as
B(m, n) = j;xm*1(1—x)"*1dx (1)

Where m, n are positive numbers, integer or fractional. This is also known as Eulerian integral of
first kind.

1.3.2.1 Simple Properties of Beta Function
i. To show that:  B(m, n) = B(n, m) [Symmetry]

We have B(m, n) = J.;xmfl (1-x)"'dx

:j; 1-x)"""1-(1-x)]""dx [ jo“f(x)dxzjo“f(a—x)dx}

= Jol(l—x)m_lx”_ldxzj(jx”_l(l—x)m_ldx
= B(n, m)

Thus, B(m, n) = B(n, m)

ii. To show that: J':xm’l(a —x)"Vdx =amtn-1B(m,n).

From (1), we have J-lemfl(l—x)"*ldx = B(m, n)
dy

Putting x = Lo k= and y varies from 0 to a.
a

a

R m—1 n—1 d
() 2] o
0\ a a a
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Iym (a-y)"~'dy = B(m,n)

m+n-—1
a

= J:xm_l(a—x)"_ldx =gm+n-1B(m, n)

1

iii. To show that  B(m _[0 GE
+ X

1
We know that B(m, n) = .[0 X! (l—x)n_ldx

1 d
Putting x = so that dx = — Y > and y varies from oo to 0.
1 1+y)
ORI P L R
’ “\1+y L+y (1+y)
= B(m,n)=J‘°c L - Y
O I+t (U+y)" Tt (U+y)
n—1
<y
B(m, n) = IO Wdy (1)

(In this integral m and n may be changed, by the virtue of symmetry of the function:)

Again, (1) may be written as
1 yn -1 o~ }/n -1 ( )
0(1+y)m+n y J‘l (1+y)m+n )/

In order to solve second integral on R.H.S., put y = 1 ,s0 that dy =— Lz dx and x varies from 1 to 0.
x X

o xm+n 1 1 xm,I
- ——— |~ |dx=| ————dx (3)
.[1 (1+ym+n J. ( j (1+x)m+n( xzj _[0(1+x)m+n
Using (3), (2) becomes
n-1 m—1
N 4 1 x
B(m, Tl) B IO (1+y)m+n dy+...() (1+x)m+n dx
1 X"t 1 x™ml l: a a
= dx + dx x)dx = d }
J.0(1+x)m+” '[0(1+x)’”+” Iof( ) .[0 Fdy
_ 1™y X! .
0 (14+x)™*"
m—1 n—1
Hence, B(m, n) = J‘;ﬁ xc

L7V e
iv. To show that ~ B(m, n) = ZJ.O sin®" ! 0 cos™ "1 0.0

We know B(m, n) = j;xm_l(l—x)”_ldx
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Putting x =sin?0 = dx=2sin 0 cos 0 dO and 0 varies from 0 to g

B(m, n) = Jonlz(sinz 0)" ! (1-sin?0)" ! 25in 6 cos O dO

T
=2 JOZ sin?” 10 cos>" "1 0 do

2
Thus B(m, n) = ZJ.OT[ sin®™ 710 cos® 1 0.d0O
Particular case:
1 1
When m = E’ n= E , above expression gives,

11 /2
B(z 2)‘ 2] do=2."=

v. Show that (a—b)m*7~1 B(m,n) = [ (x—b)’"‘1 (a—x)""'dx

1, oo

We know that B(m, n) = Io y" -y ldy
x— x _

Lety = = dy= and y varies from b to a.
a-— a-b

m—1 -
_raf x=b _x=b dx
Blm, n) = L’[a—b) [1 a—b] a-b
= (b)%j:(x—b)m_l (a—x)""'dx
a—

J.:(x—b)"”l (a—x)""Vdx = (a—b)ym+n-1B(m, n)

Thus, J.:(x—b)"“1 (a—x)"""dx = (a—b)m+n-1B(m,n)

1.3.3 Relation between Beta and Gamma Function

T'(m)T'
To prove that B(m, n) = M, m>0,n>0
I'(m+n)

Proof: We know that

J. Zy n-— ld}/
o, _ J. "o zy n-— 1dy
Also, J rymldy
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Now multiply (2) by z~1 e on both sides, we get
[(n).ez.zm-1= jooc 2"l Yl gy
— J':Zm+n—le—(y+1)zyn—l dy
Integrating both the sides w.r.t. z from 0 to o, we get

I'(n) J:e—zzm—ldz — J‘OC[J'OCZm+n—le—(y+l)de:|yn_ldy

0 0

o« I _
= [(n) T(m) = IO (y(fl—)t"’? "ldy [by the property (1) and (3)]
n-1
T(m) T(n) = T(m + n) j:(lfymdy

=I'(m+n).B(m,n) [By (1) of (iii) of 1.3.2]

Thus, B(m,n)zw,m>0,n>0
m+n

Deduction (i), I'n)I'(1-n)= ﬁ where0<n <1

Proof: We know that
I'(m)I' x oy
T = pmm = [
[(m+n) d+y)
Choose m +n=1,so that m=(1-n)
Fl-mlm) =y
rm 0 1+y

n-1

dy

dy,0<n<1

T

n—1
=N () T(1—n) = - Tm=1[ i}+ydy:

sinnm sinnm

where 0 <n <1

Deduction (ii) To prove that " (lj -~
2

Proof: Since I'(n)'(1-n) = —
sinnm

1 .
Put n = —, we obtain
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Deduction (iii) To prove that

F(m+1Jr(n+1]

2 2

o ,ym>—=1,n>-1
zr(2 j

fom cos” Osin” 0d0 =

2
Proof: Let [ = Ion cos” Osin” 040

Put sin20 = x
= 2 sin 0 cos O dO = dx

_ o dx
2Wx . Jl-x

e
Also, when 0 = 0, x = 0 and when 0 = E,le

= do

m n

I= J‘;(l—x)?.xE dx

2Wx . J1=x)
1 n—1 m—1

_ gfol 2 (1-x) 2 dx

n+1 m+1

1p0 o me
—— 2 — ) 2
= zjox 1-x) dx

1
_ 1y n+1,m+1
2 2 2

()

2 F(m+n+2)
2

SOME SOLVED EXAMPLES

Example 1.52. Evaluate the integral Iol xt (1=x) dx.

Solution. Let Jx =y = x=y2 = dx=2dy
given integral becomes
1 1 o _
Jor* =y 2ydy = 2 V- prtdy
raoyre) 29!s! 1
= = 2 = =
2B(10,6) I'(16) 15! 15015

Answer

_ [ B, ny= L )

B I'(m+n)

|
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Example 1.53. Evaluate J.; (1-x372 dx

1 _
Solution. Letx*=y = x=y3 = dx= gy 23 gy
given integral becomes

U NS 1 S L PRS- R V7
[l a=x""dx j(l ») .3y dy
= —I y? e 5 dy

oy G
= _B(_,_J -1 A3 L Answer

32) 3 r(S)

6

3

1
Example 1.54. Express _[0 y"™ (1= y?)" dy intermsof Beta function and hence evaluate J.; y> (1—-yH)"°

1
—-1

1
Solution. Lety? =z = y=zr = dy= ;ZP dz

1
j P(1 o Loe dz
p

1 m n
Joyma=yrydy

71

= —J. 2P (-2l —lB[m_H,nJrlj
p p

Putting m =5,p =3,n=101in (1), we obtain
1 1
[[ra-y)dy = SBe

1T @Tran 1 1L.Tmray
3 @13  1312.11.7(11)
1

= — v I'n+1)=
3x12x11 [ ( )
= — Answer
396
< x% (1-x%)
Example 1.55. Evaluate _[0 T
(I+x)
o« x® l—x «  x° o xM
Solution. Let = ) J- dX—J. —Qr
0 (1+x)* 0 (14 x)* 0 (1+x)
9-1 15—
oc X oc X
= 0 (1+x)9+15 dx_J.() (1+x)15+9 dx

= B(9, 15) - B(15,9)

=0 Answer [~ B(m,n)=

['(n)]

B(n, m)]
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4n

-1/2
/2 in? 0 ! /2
Solution. Let I= Io (1 - s1nz J do=+2 J.o

2
. 2
Example 1.56. Prove that I n/Z[ ?] ’ do = L] .

do
«/2—sin29
_ [ Tc/2
I J1+cos’ 0

dt

N
e

Againput 2 =sin® = 2tdtr=cos6db
I \/E_[On/z cos0do

NN e
2oy )
Since r(ij F(Zj - FGJ r(l—ij - .nn N

PutcosO0=t = -sinb@do=dt = dO=—

sin™"? 0 cos’ 0 dO

sin—
2 2
)] G
(1) gives I= L 4 = 4 Proved
’ 202 w2 an
Example 1.57. Evaluate J *_xdx -
O 1+x
) ch xdx
Solution. Let I=), G

Puttingx6=y = x=y/6 = dx= %y_% dy

-2/3

1/6
I= “ Y l —5/6d :ljmy d)/

0 (1+y)6 670 (1+y)

1
——1
1o y3 1. (12
- [ L 4 =-"Bl-,2
6-[0 2Py (3 3]

1+y) ?
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GG )

6 F(1+2j 6 IO

3 3
1 =
=— s
sin ™ { s IT'm)I'1l—-n)= - andI"(1)= 1}
_
NG
/2 2 do
E le 1.58. P that sin 0 dO x =
xample rove tha _[0 IO m i1
Solution. We know that
+1 1
roetons . T2 )
j sin” 0 cos’ 0dO = (1)
0 T (n + 2)
2
m/
Now, let = J. \/sin O dO x I 2

Y sin 0

j”’ 2sin'”? 0 cos’ 0 dO x j ; 2sin""2 0 cos” 0 40

_ﬁ(zjr@;@r@
o) a )

nl’ (1) nl (1)
- ;‘ -— 41 =1 Proved [+ Tm+1)=nT(n)]
4r(j 4.rU
4 4 4
2
Example 1.59. Show that j X dx = 512 .
0 (1+x*)° 128
1
Solution. Put x= Jtan® = dx= .sec20do
2+/tan 0
V2 2
v xldx tane (tan 0) '“sec” O
.[ 3 2 3 do
0 1+x%) B (1+tan 0)

= %Jon/z(tan 9)1/2 (sec 9)74 de = lJ. 2 sin’? 0 cos”’?> 0.d0O

290
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Il
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)1
7\
W
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Il
N|U‘I
=
I/
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1/3

Example 1.60. Evaluate fo e dx.
Solution. Letx!3=y = x=33 = dx=3y2dy
o _ 3 [ -y 2
.[oe dx_J.Oe 3y“dy

3jooce7yy371dy =3I'(3)=3.2!=6 Answer

1.3.4 Duplication Formula

To show that T'(p) I’ [p+%j = fl I'(2p) wherep >0
ST

F(m;ljr(nzlj
fon/zsinm 0cos"0dO = T tnt2 (1)
2r[2 )

Proof: We know that

Now putting n = m in (1), we obtain

_orm2 m
AT (m+1) _.[o (sin® cos0)” dO

—I (2sinBcos0)” dO = _[ (sin20)"

d
Again putting20=¢ = dO= 74) , we get

M%ﬂj

2N (m+1)

T dd
, Sin ¢7

_ ZLmIO/ZSin'” dcos” o do {Jjaf(x)dxzzI:f(x)dxiff(za_x):f(x)}

()
1 by (1)

2
om 2F(m+2j
2
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m+1
r
(zj Jnoo1
= =
I'(m+1) o (m+2)
r
2
Let mAl oy = m=2p-1,p>0
2
L) n 1
r@2p) 22P—1'F(2p+1j
2
1
= F(p)l"(p+zj: 2;{7;_1 .I'(2p) where p >0

which is known as Duplication formula
Deduction (i) To prove that

zmr(mTer(m”j =V (m+1)

2

for all real values of m
Proof: Put 2p — 1 = m in Duplication formula, we get

r(m+1)r(m+2j _ 2£:l"(m+l)

2 2
= ZmF(mTH)F(mzzj = JaT(m+1) (proved)

Deduction (#i) To prove that
1 2m)!
F(m+—j: (m ) \/E,wherem>0
2 2" . m!
r@2m) @Cm-D! 2m.2m-1)! (2m)!

Proof: We have = = =
[ (m) m-1)! 2m.(m-1)! 2.m!

Now using Duplication formula, we have
1 \/E '(2m)
r (m + Ej ~ 51 m
Jn_ em)!
22172 (m)!
Jr (2m)!

= Proved

SOME SOLVED EXAMPLES

1
Example 1.61. Prove that B (n, n) =21-2n B (71) Ej .

[by (1)]
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Solution. We have B(n, lj = = -
2 F(n+2j F(n)l“(n+j

OO
JrT(2n). 212"

B(n,n)
21—2n

[By Duplication formula]

1
= B(n,n) = 212"3(%5}

2
1 \/5 1]

E le 1.62. P =T .
xample 1.6 rovethatr(6j 21/3\/%{ [3

Solution. By Duplication formula, we have

1
F(m)l"(m+—j = Jr '2m)
2 22m71
1
Putting m = g , we get
na )
(GrG)-—
6 3 2—2/3
1
1 \/El"(j
F(— = 3 (1)
213 F(Zj
3
Again, we know that
T T(1-n)= —=
sinnmw

1
Putting n = 5 , we obtain

r3r)- 255
3
r(%) _ \/;r—n(;j -2)

Using (2), (1) becomes
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o« T
Example 1.63. Show that I_x cos (5 x? j dx =1 using Beta-Gamma functions.

Solution. Let I= J " cos (E sz dx = 2.[ mcos I x? J dx
o 2 0 2

2 2
Now substituting % =y = x=4=7 "
T
1 2 _
dx:_( _Jy I/Zdy
\'n

2
oy L2 g _ 2= an
I= 2.2\/;j0y cosydy—\/gj.oy cos y dy

(1)

= Real part of \/z J ocy’l/z eV dy [+ e®=cos0—1isin0]
Tc 0

2 Jip iy
=R.P.of\/;foy ¢’ dy

[lj I
_ 2 2 o _ _ (n)
=RP.of |2 22/ . ke -l g _
o - e_in/2 [ jo e x" T dx T }

2
= RP.of \/: Jn 7 [ i=eim2]
n T .. T
cos — +isin —
2 2)
- - -1/2
= R.P. of \/E(cos—+isin—
2 2
\/’ T .. T .
= R.P. of V2| cos 1 1sin 1 [by Demoivre’s theorem]

1
= 2cos§=\/5.—:1 Proved

V2

Example 1.64. Calculate I; cos (W x?)dx using Beta-Gamma functions.

Solution. Let I= Io cos (\*x*) dx
Putting 2=z
-1
1 i
= dx = EZ 2 dz

-1 1
o 1 — 1 e =-1
Izj coskzz.—z2dz:—j z2  cosh’zdz
0 0



72 | Calculus and Linear Algebra

w . -1
= R.P.of l_[ e’xzzz2 dz
270

)
— RP of 2

5 (17\‘2 )1/2

[3)

1 . )
=R.P. of EW [(1) = em/Z]
N n 2\ . )
= R.P.of — Z4isin= .. ke n-l g L)
" (cos2 151n2) [ Ioe X" dx T }
= R.P. of ﬁ (cos T_ isin Ej [+ by Demoivre’s theorem]
2\ 4 4
= ﬁ cos L= L\/E Proved
2A 4 2AV\2
Example 1.65. Evaluate J.Ollog I'(y)dy , using Beta-Gamma functions.
1
Solution. Let = IO log I'(y) dy (1)
1 a a
or, I= Io logTA-y)dy -(2) [ fo fx)dx= -[0 fla—x) dx}
Adding (1) and (2), we get
1
2l = .[0 [log'(y)+1logI'(1 - y)]dy
1
= [, log [P T - y)dy
T
1 T v I'm)I'Q—n)=
= .[o log( - de { (m)TA=n) sin nn}
sin Tty
= I;(log n —log sin my) dy
n 1
= logn [y]:) - Io log sin z. —dz [for 2nd integral, put nty = Z]
T

2 cn2 , L f2a [ . 3
:logn—;J‘O logsinzdz [ Io f(x)dx—2jof(x)dxlff(a—x)—f(x)}

2 T /2 T

=logn- 2| -= log 2 . i =——
g - ( 5 og ) [ . Io log sin x dx 5 log 2}
= log m + log 2 = log 2n [Refer Example 1.31]

1
I= Elog 2n  Answer
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Example 1.66. Prove that r(z _ mj r(i + m] = (l — m3] Tt sec mm, provided —1 < 2m < 1.
2 2 4

Solution. LH.S. = rG—m)rGHnj

O

[ -( R )
_ 1_mzj n (lmjm

COS Tm 4

= R.H.S. Proved

/2 T nm
Example 1.67. Show that j; tan"0 do = Esec > -1<n<l.

) )
Solution. Let I= J.On tan” 040 = I OT[ sin” cos™" 040

e llf(lz");r("; -

20(1) )
3 1 T 1 T 1 T
T2 . (n+1 2 . (m nm 2 nm
sin b sin| —+— Ccos —
2 2 2 2
1

= —secE Proved
2 2

EXERCISE 1.6

1. Evaluate the following integrals:

a. J: Jx e dx b. J:C (8 —x>) 3 dx
c. I: e x7V zde: x2e~* dx d. J: xe ™ dx
w o Pt « xd
e |, e\/; at ) 1}1 ;6
‘. 3 dt h. '[1 dt

O[3t -t 0-logt
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2.

10.

)" .n!
Prove that I t" (logt)" dt = ).nl , where # is a positive integer and m > —1.
( )n +1
mfl
Show that I = B(m, n) , where m, n, a and b are positive integers.
(a+bt)"+" a'b"
2
ind {r [iﬂ
Prove that I s do =
(5+3cos 0)" 242m
Evaluate the integrals:
1 dx L m m 1 dt . o« —ax"
i J.o (l—x”)”" il. IOX (I-x")dx iii. Io O iv. Jo x"e™™ dx

. 5 .. 15
Evaluatei. T'| —= i I'|-——
2 2

Evaluate the following integrals:

m-—1

1 1 X /2 n/2
j.h_x‘*dx i, j—dx . jo smzxdfoo sin ! x dx
0 0

1+ax)1-x)"

2'”F[m+ j
Showthat1.3.5....2m—-1) = N 2)

Jr
Prove that I Om ot do = % r (ij T (ij

4

n/2 1 1 3 3
Prove that -[0 («[tan 9 + 4/S€C 9) de :Er(zj F[Zj + \/E F(Zj

Answers

2r T 45

Jr 2n .

3 33 VNG -8

T T
. /_, 0 £ — . h.
e ) p> N g Jr

m+1 1
T, T« .. F(erl)F( n j \/;F(nj ) 1 (m+lj
., ————== r

1 —S1n — 11. 1 . 1 1 1V. (m+l)/n
o nF(P+1+m+J nr(+) na "
n 2 n
-8 8
i, —n i, _ =2
15 1.3.5.7...15
(T (1/4)7] . 1 T o

ii. . .
621 (1+a)" sinmn 2(q+1)
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INTERESTING FACT

From Feynman diagrams (which involves the pictorial representation of subatomic particles), to
Maxwell-Boltzmann statistics and distribution (which used in physics, chemistry and statistical
mechanics to determine speed of molecules), these functions includes some real ground applications.

VIDEO REFERENCES

Beta & Gamma
Function

USES OF ICT
o https://youtu.be/9_m36W3cK74
e https://youtu.be/3Co68ALYRTI

APPLICATIONS TO REAL LIFE

o [t has many applications in strong nuclear forces.

e Beta distribution is used, when we solve time management problems.

e Gamma function is used to find time-based occurrences, such as life span of anything.
o In packing problems like, a cube will fit better in a sphere or a sphere in a cube.

1.4 APPLICATIONS OF DEFINITE INTEGRALS TO EVALUATE SURFACE
AREAS AND VOLUMES OF REVOLUTION

If a plane area is revolved about a fixed line in its own plane, then the body so generated by the plane
area is called the volume of the solid of revolution and the surface so generated is called the surface of
revolution and the fixed line about which the solid revolves is called the axis of revolution.
Examples:
1. When a right angled triangle is revolved about its hypotenuse, then the double cone is formed.
2. When a circle is rotated about its diameter, a sphere is generated.
A

B’ A B
C D C
Fig. 1.17 Fig. 1.18 Fig. 1.19

3. When a square is rotated about any of its side, a right circular cylinder generated.
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1.4.1 Volumes of Solids of Revolution

1.4.1.1 For Cartesian Curves
1. Revolution about x-axis: The volume of solid generated by the revolution about x-axis of the
b
area bounded by the curve y = f (x), the x-axis and the ordinates, x =a,x=b is J- mytdx .

2. Revolution about y-axis: The volume of solid generated by the revolution about y-axis of the
area bounded by the curve x = f(y), the y-axis and the abscissas y =

b B
a,y:bisjanyzdx. A b
3. Revolution about any axis: The volume of the solid generated
by the revolution about any axis CD of the area bounded by the
curve AB, the axis CD and the perpendiculars AC, BD on the axis is
oD
Joc n(PM)* d(OM) where O is a fixed point on the axis CD and o c M D
PM is perpendicular from any point P of the curve AB on CD. Fig. 1.20

1.4.1.2 For Parametric Curves
1. The volume of the solid generated by the revolution about x-axis, of the area bounded by the

b
curve x = f(t), y = ¢(t), the x-axis and the ordinates at the points t =a, t = b is I X’ Z_ydt.
a t
2. The volume of the solid generated by the revolution about y-axis, of the area bounded by the
b d
curve x = f(t), y = ¢(1), the y-axis and the abscissas at the points t=a,t="b is J X’ d_}; dt.

3. Volume of solid of revolution between two solids: The volume of the solid generated by the
revolution about the x-axis of the area bounded by the curves y = f;(x) and y = f,(x) and the

b
ordinatesx=a,x=">b s I [ fl2 (x)— f22 (x)]dx where f(x) is the ordinates of the upper curve

and f,(x) is that of the lower curve.

1.4.1.3 For Polar Curves

The volume of the solid generated by the revolution of the area bounded by the curve r = f{0) and the
radii vectors 0 =, 0 =3

1. about the initial line OX (0 = 0) is j ﬁ% 7 sin © 4O
o

s

B2
2. about the line OY (9 = Ej is _[a 3 nr’ cos 6 dO

1.4.2 Surface Areas of Solid of Revolution
1.4.2.1 For Cartesian Curve

The curved surface of the solid generated by the revolution about x-axis, of the area bounded by

2
the curve y = f(x), the x-axis and the ordinates x=a,x=bis J.b 2my ;i_s dx where ? =1+ (Z—y)
a x x x
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1.4.2.2 For Parametric Curve

The curved surface of the solid generated by the revolution about x-axis, of the area bounded
by the curve x = f(1), y = ¢(1), the x-axis and the ordinates at the points t =a, t = b is

b2 é(le‘ where s _ (d—szJr(d—yjz
.[a Ry a \Vlat dt

1.4.2.3 For Polar Curve

The curved surface of the solid generated by the revolution, about the initial line of the area
bounded by the curve r = f(0) and the radii vectors 0 = o, 0 = B is

=0

- 2
J‘eiﬁZTcyéde where ds _ P ar and y = rsin 6.
a0 do 4o

SOME SOLVED EXAMPLES

2 2
Example 1.68. Find the volume of the solid generated by revolving the ellipse x_2 + )/_2 = 1 about the
major axis. a b

2 2
X
Solution. The equation of the ellipse is —-+ 2/—2 =1 y
a
2 2 2.2 B

y _ —_

PR e
2a ! A\\_O./BX
b

y2 = - (a2 - x2) B

The ellipse is symmetrical about y-axis.

Required volume of solid generated by the ellipse about x-axis
a ab?
_ 2 g 2_ 2
= 2.[0 Ty dx—2nj0 " (a” —x")dx

361
2
ax——

2 4

=— nab®
0 3
Example 1.69. Find the volume generated by the revolution about the initial line of the limacon r = a
+bcos0,a>b.

Solution. We shall revolve only the shaded region above the initial line

2 T 2 . y
V= gn'[o (a+bcos0) sin 04O
a+bcosO=t bsin0do=—dt W
a=b 2 3 ’
21| ¢ 21| —6a"b—2b X X
“{?} - —3_’;{—3 } (a-b) CQ—O Aa+b, 0)
a+b

y(
Fig. 1.22

b, 5, b
= 2na—2.[0 (@ =x")dx = ZTEa—z

B(a, x/2)

3b

4 5 2
—n(b* +3a“).
97:( a”)
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Example 1.70. Find the volume of the solid generated by the revolution of the loop of the curve

(a—x) y2 = (a + x) x2 about the x-axis. Vi
Solution. The shape of the curve is shown in the figure.
The curve is symmetrical about x-axis

X
0 0
Required volume,V = I ny*dx =I T (@+x) x2dx (-a, 0) 0 (a, 0)
—a - (a—x)
Let a-x=zdx=-dz v
when xX=-a,z=2a
Fig. 1.23
x=0, z=a
a — 2a2a —
=, @ta=2) ., _,p (~d2)=n [ "= "E (a-2) de
a z a  z
2a (2a —
:nja( a Z)(a2+zz—22)dz

a z

24| 243
= nj u{i+2az—4a2 —a* -7 +2az}dz
al z

2a
20| 2a° ’
rcj —+daz-z"-5a" |dz = ¢ 2a310gz+2a22—z——5a22
al z 3

a

3 3
i HZa3 log 2a+2a (2a)* - % —5q* (2a)} - {Za3 log a + 2a° - % -5q° H

2
=2mna®| log2 ——
{ & 3}

Example 1.71. Find the volume generated by the revolution of the area under one complete arc of the
cycloid x = a(0 —sin 0), y = a(1 — cos ), the axis of revolution being the x-axis.

Solution. Let the area under arc be divided into n strips of width Y
dx by lines || to the y-axis and y be the height of the typical strip at a
distance x from y-axis.

Volume =

Jozn nyzdx = jozn ma® (1—cos 0)* a(1—cos 0) dO y

x X
Jj na’ (1—cos 0) dO Ol X  &x (2ax, 0)

Fig. 1.24
3
Ozn na’ x [2 sin’ gj do
8na’ I;nsin6 (gj do=16na’ J‘()Trsin6 ddo (0=2¢)
32na’ Jonlzsin6 odd (sin (mw—¢) = sin ¢)
5x3x1 =

—~

32ma3 = 5n2 a3, - By using Reduction formula)

6><4><25
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Example 1.72. Find the volume of the surface generated by revolving the Cardioid r = a(1 + cos 0)
about initial line.

Solution. Volume generated

n 0=m/2
= %ch > sin 0.dO
3 Jo
_2 (73 3 0
= gch'Oa (1+cos0)’ sin 0dO 0=n 0\/(9:0 X
. 2 3 (T 3 .
= —gna .[0 (1+cos0)” (—sin 0) dO
_ 2m s (1+cos0)* _2. a+1! _8 Fig. 1.25
3 4 ) 3 4 3

Example 1.73. Show that the volume of the solid formed by the revolution of the Cissoid y?>(2a — x) = x3
about its asymptotes is 2n%a’.

Solution. The asymptote of this curve is x = 2a.

y
Required volume V= 2n J()za a—x)* dy
X =2a
From the equation of the curve
32
y= © x
J2a—x
dy  (3a-— XVx
dx - (za_x)S/Z
(Ga—x)Wx Fig. 1.26
dy= ——dx
2a—x)
When y varies from 0 to oo, x varies from 0 to 2a
2 2 -
V= ZEJ a(Za —x) dy =27'tj a(2a —x)? M dx
0 0 (2a—x)

ZRJ.:a(a—x)\IZax—xz dx +4ma J-Oza\/Zax—xz dx

2
2
J.On 2ax4asin’0cos’0d0=n %

Put x = 2a sin? 6, we get
2a P
IO \2ax — x° dx

2a
2o — 52 )2 2
V=m M +ana ™ —0+2n @} =212
32 0 2
Example 1.74. The area cut off from the right parabola y?> = 4ax by the chord joining the vertex to an
end of the latus rectum through four right-angles about the chord. Find the volume of the solid generated.
Solution. The equation of the parabola is

y2 = 4ax
The co-ordinates of B are (a, 2a)
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Hence the equation of OB y
_ B(a, 2a)
2a-0 &
-0= x—0
y o (x—0) b
2x—y=0 M | Latus rectum
Let P(at?, 2at) be a point on the arc OB and PM the perpendicular
from P to OB. 0 (a, 0)
2
PM = 2at° —2at _ 2at (t —1)
Ja+1 NG —
OP=\J(at> —0)’ +(2at —0) =at Jt* +4 Fig. 1.27

2,2 2
O]\/IZ:OPZ_p]\/[Zzaztz(t2+4)_m

5
t(t+4)
OM = “T
Required volume = j‘:zon(PM)2 d(OM) = n_[; 4a’t’ ;t -1y d[at (\t/;r 4)}
= 457\1/%3 _[;tZ(tz -2t +1) (2t +4)dt = t’f/‘g J.Ol(ZtS _6t> +4%)dt = 12:\7;

Example 1.75. Find the surface area of the solid generated by the revolution of the ellipse x> + 4y = 16
about the major axis.
Solution. The equation of the ellipse is

x> +4y2=16
_ 2
42=16-x2 .. y= 16-x
2
11 1
S NN
dx 2 2 16— x 2|16 x’

ds ( dy ]Z x? 64 —3x°
dx dx 416-x*) \4016-x7)

The ellipse x2 + 4y2 = 16 meets x-axis where y = 0,

x2=16 x==%4
For the upper half of the ellipse in first quadrant x varies from 0 to 4.
The ellipse is symmetrical about y-axis

16 — x2 2.2
Required surface = 2><J.:2ny?dx _ 4“I4 16 — x y 64 3x2 s
x o 2 4016 — x*)
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Example 1.76. Find the area of the surface of revolution generated by revolving one arc of the curve
y = sin x about the x-axis.

Solution. One arc of the curve y = sin x lies in (0, ). Further y

dy 2
1+ = 2
(dxj 1+ cos’ x |\
X

: dyY’ ol /2 n
equired surface area o Io y . x Fig. 1.28
= an.onsinx\llJrcoszxdx Putt=cosx .. dt=-sinxdx
1
tl+62 1

-1 1
—2nj 1+¢ dtzznj 1+t dt=2n +=sinh (1)
1 -1 2
-1

n{[N2 +sinh ™ (1)]=[-v2 —sinh ' (1)]} =27 [/2 +sinh ' (1)]

Example 1.77. Find the surface of the solid generated by revolving the astroid x = a cos’t, y = a sin’t
about the axis of x.

Solution. Let the shaded portion OAB be revolved above x-axis. 1y
B
v A (%)
_— = _ + =
dt dt dt
= \/(—361 cos’ t sint)? + (3asin’ f cost ) 0 A X

= \/9512 cos® tsin® t x (cos® ¢ + sin” )

= 3a costsint.

11
2 ds A .
Surface area, S= ZIOT[ ZWyEdt:4nJ0n asin® t x3a cos t sint dt Fig. 1.29
12 i’ | 12
T
= 12nazj sint costdt = 127 a? {Sm } =" nq?

0 5

o
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Example 1.78. A quadrant of a circle of radius ‘a’ bounded by the tangents at its extremities revolves
about one of the tangents. Show that the surfaces area so generated is T(Tt — 2)a?.

Solution. Let the equation of the circle be

y
X2+y?=qa’orx=acost,y=asint

and P(x, y) be any point on it B (0, a)

PM=NA=a-x=a-acost=a(l—cost)

ds 2 2 P, y) M

d_ = (d_xj +(d_yJ = \/azsin2t+a2c052t=a

g dr dt
X
Surface area, S= Imzzn(PM)zx?xdt © N A
0 t

" Fig. 1.30
= 2na? Io (1-cost)dt

12
= 2na’ Ion (1-cost)dt =2ma’ [t —sint]}

= 2na® {E—l}
2

= na?(n —2)
Example 1.79. Find the surface of the solid formed by revolving the cardioid r = a(1 + cos 0) about the
initial line.
Solution. The cardioid is symmetrical about the initial line and for its upper half, 6 varies from
0 to m.

ds 2 dTJz 2 2 2 .2
Al — = Jr"+| — | =+4/a" (1+cosB)” +a”sin" 0
0 a6 (de e )
— aJ2(1+cos 0) =a/4cos’ 6/2:2acosg
. n ds T 0 x=rcosB
Required surface = .[o 2nyd—ed9:2n jo rsin Ox2a Coszde {y:rsin 0

= 4najna(1+cos G)Sinecosgde
0 2
= dna® In2c0529x25in9cosgcos9d6
0 2 2 2 2
= 16ma’ J‘ncos4 Qsingde
0 2 2

= 16ma’ (—Z)J‘ncos4 9(— singxlj de
0 2 2 2

301 |:C055 012 T _ 32m a* 0-1)= 32ma’
5

0
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10.

11.

12.

13.

Example 1.80. Find the surface of the sphere of radius ‘a) equation of the circle being r = a.
Solution. Equation of the circle is 7 = a. Let the shaded portion be revolved about x—axis

@ /2 d9 \/Ea

= ZJ. ansme—de
do

n/2
4nj0 asinOxadod

Fig. 1.31

4n .[07[/2 a’ sin 0doO

= 4na® [- cose]’t/2
47a?.

EXERCISE 1.7

Find the surface area of the solid generated by the revolution of astroid x2/3 + y?/3 about x-axis.
Find the surface area of the solid generated by revolving the cycloid x = a(0 —sin 0), y = a(1 — cos 0)
about x-axis.

Determine the area of the surface generated by the revolution of the loops of the curve r2 = a2 cos
20 about initial line.

Find the volume of the solid formed by the revolution of the curve y2(a + x) = x2(a — x) about x-axis.

. T .
The arc lying between 0 = — B} and 6 = g of the curve x = a cos® 6, y = a sin? 0 rotates about the

axis of x. Find the volume of the solid so generated.

Find the volume generated by revolving the area bounded by the curve \/; + \/; = JZ ,x=0,y=0
about x-axis.

Find the volume formed by the revolution of the curve 27ay? = 4(x — 3a)? about x-axis.

Area bounded by x-axis, y> = 4ax and the ordinate x = 3a is revolved about x-axis. Find the volume
generated.

Show that the volume of the solid generated by revolving the area included between the curves

y2 = x3, x2 = y3 about x-axis is == S

28 5 )
Find the surface and volume of the ellipsoid formed by the revolution of ellipse x_z + )’_2 =1 about
its major axis respectively. a b

The part of the parabola y2 = 4ax cut off by the latus rectum revolves about the tangent at the vertex.
Find the volume of the reel thus generated.

The part of the parabola y2 = 4ax cut off by the latus rectum revolves about the tangent at the vertex.
Find the area of the surface so generated.

For the curve r2 = a2 cos 20, prove that the volume of revolution about the initial line is

2
%[slog(ﬁﬂ)—ﬁ]
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+8

14. Find the volume of the solid generated by revolving the area included between the curve

x — 2 and x-axis about the line x + 5 = 0. x

15. Find the surface area of the solid formed by the revolution of the loop of the curve given by 3ay? =
x(x—a).

16. Find the volume and surface of the solid generated by the revolution of the loop of the curve x = 12,
3

t .
y=3 about x-axis.

17. A quadrant of a circle of radius ‘a’ revolves about its chord. Show that the volume of the spindle
3

generated is na_ (10 = 3m).

62

Answers
64 2
. 2o 2. 3 na? 3. 2na’(2-2) 4. 2ma’ [logZ—g}
5
1 2 3
5, Loma 6. ™ 7. 487ma3 8. 181’
105 12
10. 2mab = \/l—e2 + elsin! eand % 7 ab? 11. éncﬁ
5
4
12. 1a2[332 +1og (v2 - 1)] 14. 4321 15. —
NE)
3
16. —n,Sn
4

INTERESTING FACTS

e Do you know, in electrical circuits, there exists a relationship between current and charge
which can be calculated by this concept. (https://www.math24.net/integrals-electric-circuits)

¢ Engineering work in various industries utilizes the knowledge of this concept to find the Centre
of Mass and Moment of Inertia of any object.

e Architects, while constructing any building use this concept.

VIDEO REFERENCES

Application
of Definite
Integral - |
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APPLICATIONS TO REAL LIFE

e This concept is used in business and economics domain to calculate “Lorenz curve and Gini
coefficient”, and increase the total profit.

e Application in physics to find the mass and density of any object.

o [tis also used to find average changes, volumes, error estimations and surface areas.

SUBJECTIVE SOLVED QUESTIONS
(HOTS)

Example 1. Evaluate jlz/z {2x} dx, where {.} denotes the fractional part of x.

Solution. We know that f (x) = {2x} is a periodic function with period %

2} dx= | 2020 3V dx

10
Let = J.
3/ -3(1/2)

23];/22x dx (as {2x} = 2x— [2x] and when x € [0, 1/2], [2x] = 0)

1/2

‘23x2‘
23

4

0

b/n, b
Remark. If f{x) is a periodic function with period p, then L/n; f(x)dx = J.a f(x)dx,nel.

1 3 Xt
Example 2. Evaluate.[ x”.e” dx.

Solution. Let f (x) = x3 eX4, then
fl=x) = (=x)3. o' = _x3 e’ = —f(x)
Hence f(x) is an odd function.

1 Loy o,
J._lf(x)dx — 0; or J_lx e dx=0

1 dx
Example 3. Evaluate j —— g
O(1—-x")"
Solution. Let I= J‘IL
0 (1 _ xn )l/n

Put x" = sin2 0 i.e. x = sin?/7 O

dx = %sin(z_l)ecos 040
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t)

2 ¢n/2 sint" 7 0cos0dO
So, I= —_[

nJo

cos 0

2
n 2
_ 3] ? sin" 040
nvo
(o))
z n 2
)
n 2

Example 4. Evaluate J.bd—x .
@ J(x—a)(b-x)
Solution. Let x=acos20+ bsin20
dx = 2a cos 0 sin 040 + 2b sin 0 cos 040
= 2(b—a) sin O cos 6dO
acos20+bsin20—a
(b—a)sin? 0
b—x=b-acos20—-bsinz0
=(b-a) cos? 0
/22 (b—a)sin 0 cos O
So, = J. p
0 (b—a)sinBcos6

= 2'[075/2 do=m

=
|

AN
Il

de

Example 5. Show, by means of a suitable substitution, that
/2 oo x-1
J sin?* "' 0 cos? ! 040 — 1 t—dt, x>0
0 2 0 (1 + t)x +y
1

1+z

Solution. Let sin O =

X

cos 646 = _71(1 +2)°% dz

1/2

cos O =
1+z

/2
 2x-1 2y-1
sin”*" cos”’ 0d0

jw

—

0
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1 ¢0 1 27! 1

) . dz
292 (14212 (1427 (1+2)*?

oo y-1
= 1 Z—dz=lB(y,x)
290 (14 2)**7 2

Since, B(x,y) = B(y, x)
1 2271

So, I=—| ———dz
290 (14 2)*%7

n2 n—1
Example 6. If I, = J.O sin” x dx, then show that I, = . I,_,.

. . /2, n
Solution. Given I,= Jo sin” x dx
_ n2 em2 L
I, = [— sin"™! x cos x]o + -[0 (n—1)sin""? x. cos® x dx
/2 _ .
= (-1 J.o sin" ™ x (1—sin® x)dx

_ n/2 n-2 n/2 n
—(n—l)JO sin xdx—(n—l)J.O sin” x dx

In+(n_1)1n: (n_l)ln—Z

-1
I”: (n jln—z
n

Example 7. The part of the parabola y? = 4ax cut off by the latus rectum revolves about the tangent at
the vertex. Find the curved surface of the reel thus generated.

Solution. The given parabola is y? = 4ax
Differentiating (1) w.r.t. x, we get dy/dx = 2aly

y
ds (d}/ )2 4a’ \g
— = R+ =] b= J1+—
dx dx y ! S(a, 0)
o
4a® ( x+a )
\ { 4ax} \I x L
The required curved surface is generated by the revolution
y'

(a, 2a)

of the arc LOL' (LSL' is the latus rectum), about the tangent at
the vertex i.e., y-axis. The curve is symmetrical about x-axis and
for the arc OL, x varies from 0 to a. Fig. 1.32

.. The required surface S = 2J.0a2nx§dx
x

x+a
= 4choax (
X

)dx = 47'cJ.: (X + ax)dx
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Il
S
a
S o
_
/_/_\
/N
x®
+
o
~—
LS}
|
/N
[N
5
%,_/
&

a

47

w{(ﬂmﬂ

: _[ (xz—az)dxzéx (xz—az)—%azlog{x+ (xz—a2)H

0

47

l.éaa\/z—lcflog{éa+a\f}+ a log(—aﬂ
272 8 2

205 B ()]

na* _3\/5 —%log(3 + 2\/5)}

na* :3\5 —%log(\ﬁ+1)2}
= Ta :3\/5 —log(x/z + 1)]

Example 8. Find the area of the surface of the solid bounded by the cone z = 3 — \x* + y° and the
Paraboloid z =1 + x? + y2.

Solution. Hint. Convert in polar coordinated then solve.

Example 9. The part of the ellipse x2/a + y2/b? = 1 cut off by a latus rectum revolves about the tangent
at the nearer vertex. Find the volume of the reel thus generated.

[\S]

Solution. The given ellipse is x3/a? + y>/b? = 1. The focus of ellipse is (ae, 0) where eis the eccentricity
2
givenbye= |1 b_z The line segment passing through focus and intercepted by ellipse is called latus

a
rectum.
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Consider a volume element in the form of disc of radius (a — x) and thickness dy. The volume of

this element nt(a — x)? dy.

The volume of solid of revolution is given by

V:

b*/a
= 2_[0 n(a—x)* dy

J-bz la 2d
—b*/a TC(CI X) 4

2 2 2
X Y . 2_4 42 2
{wherea—2+b—2—11.e.x _b_z(b -y )}

b*/a
ZnJO (a® = 2ax + x*)dy

2/a 2
o’ {az —Zb%«/(bz PR —yz)}dy

b2

2na2 b?/a
= 2 -t = -y
r b*/a
_ ZTC(JLZ b2 b 2 bZ 2 1b2 4 y3 /
= —— 267y =204y (0" =y )+ b sin T | |-
b | 2 2 b)f 3],
o[ 2 2 4 6
A ] L
b a 2 a a 2 a 3a
ma [ vt b b b
= 2——— @ =b")-b'sinT ———
b’ a a ( ) a 3g°
= @ {6a2b —3abyJ(a®> =b*) —3a’ sin”! 2 - b3}
3a a
3
Example 10. Find the volume of the solid generated by the revolution of the curve y = — % about
& y y @ 1)
a-+x

its asymptote.
. 1
Solution. Answer: — 72 a3

Hint:
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Example 11. Show that the volume of the solid generated by the revolution of the curve (a —x)y? = a’x,

. .1
about its asymptote is Enzcﬁ.

Solution. The given curve is (a — x)y? = a2x. Its shape is as shown in the figure. Equating to zero, the
coefficient of highest power of y, the asymptote parallel to the axis of yisa—x =0 i.e.,x = a.

Consider a volume element in the form of disc of radius (a — x) and thickness dy. The volume of this
element dt = w(a —x)? dy.

The required volume Y
_ = _ 2 "\‘“\
V= ij _ Ma—x)dy =
oo ay2 ’ a 2 "‘
= 2TEJ. a-—— dy from(l),x=% '
0 Yy~ +a y +a X=a X
o dy '
= 2ma®| —F——
J.O (yZ + aZ )2
Now, put y = a tan 0 so that dy = a sec2 0d0. When y = 0, 6 = 0 and
when y — o0, 0 — 7/2.
Therefore, the required volume
” 2040 " Fig. 1.35
T T
= 2na6j % = 2na3_[ cos” d
0 a%sec” O 0
11 1
=2ma’ .—.—n=—n’a’
22 2
Example 12. Discuss the convergence of the Beta function. [M.D.U. 2012; K.U.]

Or

1
Show that Jo x" 71— x)""" dx exists if and only if m, n are both positive.
[K.U. 2012, 08; M.D.U. 2008]

1
Solution. Let I= '[0 X" 1 - x)"dx

The integral I is proper if m > 1 and n > 1 and so it is convergent of m > 1 and n > 1 Clearly 0 and 1
are the points of infinite discontinuity if m < 1 and n < 1 respectively. For m < 1 and n < 1, take a number

1 .
E(say) between 0 and 1, so that we can write
12 1
I= m—1. _  yn-1 m—1 YA
Jo X" A=-x)" dx + -[1/2 X" (1—x)"" dx

Let, I:II +12 (1)

1
To discuss the convergence of I, = Jo "1 (1—x)""dx atx = 0 when m < I:

1—x n—1
Here flx) = xm1 (1 —x)1 = % [+ m<1]
X
Take g(x) = - so that Lim M = Lim (1-x)" "' =1, which is finite and non-zero
x " x—0" glx x—0"
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1 .
—dx converge or diverge together.

1/2 172
Iand | " gxdx= |,

1
X

But Jm 11 dx convergesatx=0iff 1 —m < 1ie., m>0.
0 xlm
I, converges at 0 iff 0 < m < 1.

1
To discuss the convergence of I, = L/Z x"(1—x)""'dx atx=1whenn< I:

m—1
Here flx) =xm1 (1 -x)n1= (lxﬁ [« n<1]
—-x
1 . f(x) T m—1 _ . : .
Take g(x) = W so that Lim @ = Lim x =1, which is finite and non-zero
- X x—1" x—>1"

I, and J‘ll/z g(x)dx converge or diverge together.

But .[11/2 g(x)dx = ".11/2 ﬁdx convergesatx=1iff 1 -n<1,ie,n>0
I, converges at 1 iff 0 <n < 1.
Therefore from (1), the integral I is convergent if and onlyif 0 <m <land0<n < 1. Alsoitisa
proper integral for m > 1 and n > 1.
Hence I is convergent iff m. 1 are both positive.

Example 13. Discuss the convergence of Gamma function. [M.D.U. 2013, 11, 01]
Or

Show that the integral J.: x"V e™* dx is convergent if n > 0. [M.D.U. 2012, 07]

Solution. Let I= J: X" e dx

1 o
= J X" e dx +J "™ dx
0 1
Let I=1,+1 (1)

Here flx) =xmlex=

1-n

The integrand fhas an infinite discontinuity at x = 0 in [0, 1] if n < 1 and I, is a proper integral and
hence convergent for n > 1.
To test the convergence of I; at 0 when n < I:

f&)

so that Lim ——== Lim e~
x—0" g(X) x—0"

X

Take g(x) = =1, which is finite and non-zero.

xl—n

1 1
But the integral -[0 gdx = -[0 dx is convergent if and only if 1 —n < 1,i.e,n> 0.

1—
xﬂ
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1
Therefore by comparison test, the integral J-o f dx converges for 0 < n < 1. Also it is a proper integral
for n > 1. Hence I, is convergent for all n > 0.

To test the convergence of Iy:

1 n+l
Take g(x) = 5 so that Lim 2% = Lim *— =0 forall x
X X —> 0o g X X—oo €
Now J.m gdx = J.midx is convergent [+ n=2>1]
1 1 xZ

By comparison test, the integral I, is also convergent for all n.

Hence by (1), we conclude that the given integral I is convergent if and only if n > 0.

SUMMARY

(1 + y12 )3/2

Y2
2. Coordinates of the centre of curvature X =x—psiny, ¥ =y + psiny

1. Radius of curvature p =

_ 1
= F=x-2Q1+y>) and 7= y+y—(1+y12).
2 2
3. Evolute and Involute: The locus of the centre of curvature of a curve is called the evolute and the

curve itself is called the involute.
4. If f(x) is defined in the interval [a, b], then the definite integral of f(x) is written as

[ e = [FL, = Fb) - Fla)

5. The integral Jb f(x)dx f(x) is an improper integral, if either ‘a’ or ‘b’ or both ‘a’ and ‘0’ are infinite

or the function f(x) is unbounded on [a, b].
6. Beta and Gamma functions

1
a. PB(m,n)= Io "1 =x)" dx converges for m, n >0

b. I'(n)= Jwe’x x"! dx converges for n >0

0
c¢. T'(n+1)=nl(n)andl'(n—1)=n!,if nisa positive integer
d I'(1)=1=TQ),[(1/2)=T(n)

_T(m)I(n)
e Bomm =t

n/2 1 +1 g+1 F(p+1)r(q+lj
f. jo sin? x cos? xdx = EB(p_ q—) = 2 2

2 bl
2r(p+;1+2)
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Surface area of solids of revolution

b dy 2
S= 2nyds=| 2ny j1+| 2| d
I Ty as L Ty (dxj X
b dy 2
5= |2nxds=| 2mx,[1+| 2| d
J X ds Ia X (dxj y

Volume of solids of revolution

. . b
Revolution about x-axis = j my? dx
a

. . d
Revolution about y-axis = j nx* dy
c

zj—r@ - lp(ljr(ij

F(
/2 /2
g. Jo Jtan 0 dO = _[0 sin’? 0cos™2 0d0 =

2r(1) 2 4

(revolution about x-axis)

(revolution about y-axis)

OBJECTIVE QUESTIONS

Find the value of '[On/z sin® x cos”? x dx
a. 1 b. 2 C.

77 77
The name of the evolute of an ellipse is
a. centroid b. astroid C.
Involute is also known as
a. evolute b. evolvent C.
What is the curvature of the curve x2 + y2 = 25?
a. 5 b. 25 C.
What is the curvature of a straight line?
a. infinite b.
C. zero d.

4 d L

77 77

cycloid d. hyperboloid
envelope d. tangent

0.5 d. 0.2

one

length of the straight line

The value of the integral J.Onlz[tan_1 (cot x)+cot ™! (tan x)]dx is

a. —

4
1

IfI= '[ 1(x7 +cos ! x)dx , then cos I is equal to

a. 1

/2
The value of J.o / sin 0 4/sin 20 dO is ......

a. 1

b. © c.

b. 0 c.

b. 0 c.

L s
4 2
-1 d. 1/2
/2 d. w/4
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9.

10.

11.

12.

13.

14.

15.

13.

Which of the following is not a definition of Gamma function?

a. I'n)=n! b. T'(n+1)=nl(n)
| 1 n—1
® n-1 _—x _
c. I'(n)= Io X" xT dx d I'(n)= -[0 108[}/)
2
What is the value of _[ dx is .......
(1-x*)
2 [(5/4) 21T (3/4) 2 T(3/4) 2 T(3/4)
T'(1/4) T T/4) “ r'd/4) " T(5/4)

What is the value of I'(9/4)?
a. Exlxr(lj b. gxixlxr(l) C. Exlxr(éj d. lxr(l)

4 4 4 4 4 4 4 4 4 4 4 4
What is the value of I'(n) I'(1 — n)?
a — T b. .—n c 0 d. n!

sin nm sin nm

2 2
How much volume generated when the ellipse x_2 + }’_2 =1 is revolved about its minor axis?
a

) ) 4 ) . 4 . ) ) .
a. 4ab cubic units b. g a?b cubic units  c. g ab cubic units d. 4 cubic units

How much volume generated when the region surrounded by y = /x , y = 2 and y = 0 is revolved
about y-axis?

a. 327 cubic units b. 32Tn cubic units C. %cubic units d. 2—72: cubic units

What is the area of the cardioid y = a(1 + cos 0)?

a. —ma? b. 3ma? c. —ma? d. —ma?
2 4 8
Answers
d 2. b 3. b 4, d
c 6. ¢ 7. ¢ 8. d
a 10. ¢ 11. a 12.
b 14.b 15. a

SUBJECTIVE UNSOLVED QUESTIONS
(HOTS)

Define the osculating plane of curve at a point and from this definition, find its equation.
Show that the locus of the centre of curvature is an evolute, only when the curve is a plane.
Prove that the distance between corresponding points of two involutes is constant.
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3
4. Evaluate j 2|x2 —1|dx.

1
5. Discuss the convergence of the integral -[0 x" " log x dx .

6. Prove that the area of the surface z2 = 2xy included between the planes x =0,x=4a,y=0,y=ais

+b
4Jab a .
32

7. Find the area of the surface az = xy that lies inside the cylinder(x? + y2)2 = 2a2 xy.

8. Find the volume of the solid formed by revolving the cycloid about its base.
9. A quadrantofa circle of radius ‘a’ revolves about its chord. Find the volume of the spindle generated.

Answers
4. 28/3 6. convergent if n > 0 divergentif n <=0
3
8. 1/9(20 —37)a? 9. 51243 10. @ (10-3m)

62

DID YOU KNOW?

Newton described his version of differential calculus as ‘the method of fluxions. He wrote a paper on
fluxions in 1666, but like many of his works, it was not published until decades later. His magnum
opus Philosophiae naturalis principia mathematica (Mathematical principles of natural philosophy) was
published in 1687. This work includes his theories of motion and gravitation, but does not include
much calculus explicitly — although there is some explanation of calculus at the beginning, and Newton
certainly used calculus to formulate his theories. Nonetheless, Newton’s ‘method of fluxions’ did not
explicitly appear in print until 1693.

Leibniz, on the other hand, published his first paper on calculus in 1684 — and claimed to have
discovered calculus in the 1670s. From the published record, at least, Leibniz seemed to have discovered
calculus first.

While Newton and Leibniz initially had a cordial relationship, Leibniz and his followers did not take
kindly to a statement made by the English mathematician John Wallis. With a rather xenophobic and
quarrelsome character, Wallis fought priority disputes on behalf of English scientists throughout his life.
In 1695, perhaps inadvertently, Wallis intimated that Leibniz learned about calculus from Newton — a
claim now known to be false.

Then, offended by a statement of Leibniz that certain mathematical problems could only be solved
by Leibniz’s own version of the calculus, a mathematician named Fatio de Duiller in 1699 accused
Leibniz of plagiarism. Things only went downhill from there. It did not help matters that Newton and
Leibniz also disagreed on philosophical questions.

In 1712 the Royal Society in England wrote a report purporting to settle the matter — except,
the whole investigation was effectively directed by Newton himself. The report found that Leibniz
had concealed his knowledge of Newton’s work — based on facts now known to be false. In response,
Leibniz accused Newton and his followers of stealing Leibniz’s own calculus and making errors in their
applications of it. The dispute went on well after Leibniz’s death in 1716, full of accusations and counter-
accusations.
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Nobody came out of the dispute well. Both Newton and Leibniz were capable of incredible

mathematical discoveries, but their dispute demonstrated they were also capable of some rather less
impressive behaviour.

PROJECT/PRACTICAL/ACTIVITIES

PROJECT

1.

Create your script for computing the envelope of a rational family of lines to compute the equation
of the evolute of the following curves:
i.  the parabola y = x2 parameterized as x(t) = t, y(t) = 2.
8t 4t -1
1va T Tral
Plot these evolutes along with their corresponding curves .

ii. The ellipse x2 + 4y2 = 4 parameterized as x(t)=

2. Relate Beta function and String theory.
PRACTICAL
1. Plot 3-D image of Beta Function.

4
2. Sketch a graph and shade the area of the specified range for L (x+6)dx.

3. Use definite integral, find the shaded area for the given curves:
y
2 (m, 2)
N
a. b. 11 7 » <
OS*
X -
Fig. 1.36 Fig. 1.37
4. Write a MATLAB Code to draw the graph of the evolute of a parabola.
ACTIVITY
i.  How can the Gamma function interpolate the factorial function? (think and explain)
ii. How does the graph of Gamma function look like?
[Hint: Can use Python code.]
KNOW MORE
: : 2 L% -1 1), .
1. If‘f’is an even function and J.o f(x)dx=k, then I X -— |f| x+— |dx isequal to ......
1ox x

a. 0 b. 2k c. k d. 4k
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5

The value of the integral 5(x —[x])dx is
a. 0 b. 5 c. 10
2
jo x dx is equal to .....
a. l b. é C. E
2 2 2
Find the value of I'(0.1) I'(0.2) I'(0.3) ...... 1'(0.9)?
(2m)°2 . ()2 1
J10 NI )
. . 2 X T dx
Examine the convergence of integral A = J dx , B= | —— .
Lyx—1 0 1+cosx
Test th Fintegral | —
est the convergence of integra .
Vers mies 0 x(4—x)

o 1
Leta = J >-dt . Which of the following is true?
01+t
. do . b. o is arational number
dt 14+
c. log(a)=1 d. sin(a)=1
Answers
b 2. b 3. ¢ 4.
A convergest to 8/3 and B diverges to +oo 6. divergent 7.

A e
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UNIT SPECIFICS

This unit discusses the topics Rolle’s theorem, it’s geometrical interpretation, mean value theorems with
their geometrical interpretation, Taylor’s and Maclaurin’s theorems with remainders, indeterminate
forms and U'Hospital’s rule (all types.), maxima and minima in length. The applications of various topics
are discussed thoroughly and many solved examples are included for proper understanding of the topic.
Many figures have been included so as to make students visualize the topics.

RATIONALE

Theorems lie at the core of mathematics. Theorems are often described as being “trivial”, or “difficult’,
or “deep”, or even “beautiful”. These subjective judgments vary not only from person to person, but also
with time and culture: for example, Rolle’s theorem is used for analyzing the graphs of a company’s
yearly performance. Mean value theorem are often applied with motion problems such as throwing a
ball into the air or else. These can be used as a mathematical tool in solving other problems related to
computations.

Taylor Series are very useful to evaluate an approximation of many hard to calculate expressions.
We use the L'Hospital Rule to solve the limits, it also has many applications in the real world, specially in
statistics, physics, and engineering.

Everything in this world is based on the concept of maxima and minima, every time, everyone
calculates the maximum and minimum value of every data.

PRE-REQUISITES

1. Concept of Continuity and differentiability.

2. Knowledge of special type of function such as mod, increasing function, decreasing function,
open interval, closed interval.

3. Evaluation of limit, also applying it.

4. Aware with expansion of some functions like sin x, cos x, log (1  x), * etc.

UNIT OUTCOMES

After completion of this unit, students will be able to:

U2-01: Apply the various Mean value theorems to prove the properties of a function comprised
with its derivatives.
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U2-02: Determine the asymptotic behaviour of function f(x) as x — o and evaluate the limit using
L’Hospital Rule.
U2-03: Analyse the behaviour of the function using Maxima-Minima.

U2-04: Learn about the expansion of series for the algebraic and transcendental function with
Taylor’ and Maclaurin’s Theorem.

MAPPING OF UNIT OUTCOMES WITH COURSE OUTCOMES

EXPECTED MAPPING WITH COURSE OUTCOMES

Unit 2 (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)

Outcomes
CO-1 CO-2 CO-3 CO-4 CO-5

U2-01 1 2 - - -

U2-02 1 8 - - -

U2-03 - 3 - - 1

U2-04 - & - - -
HISTORY

Earlier of the 17th century, a curve was generally described as
a locus of points satisfying some geometric condition, and
tangent lines were obtained through geometric construction.
The relation between tangent lines to curves and the velocity
of a moving particle was discovered in the late 1660s by Isaac
Newton. Rolle’s Theorem is a part, of the Mean Value Theorem.
Bhaskara II (1114-1185), an Indian mathematician, is credited
with being the first person to employ Rolle’s Theorem and it was
named after Michel Rolle (1652-1719), a French mathematician.
The theorem was considered to be part of infinitesimal calculus
and was not categorized under differential calculus until the
18th century. Lagrange provided a result only by using the first
two conditions of Rolle’s theorem. Hence it is called Lagrange’s
Mean-Value Theorem. Cauchy gave another mean value theorem in which he used two functions
instead of one function as in the case of Rolle’s theorem and Lagrange’s Mean-Value Theorem,
Lagrange’s theorem is a particular of Cauchy Mean Value Theorem. Taylor’s Theorem can be
regarded as an extension of the Mean Value Theorem to “higher order” derivatives. UHospital’s
Rule was in fact discovered by Johann Bernoulli. In 1955, the L'Hospital-Bernoulli correspondence
was published in Germany.

—Bhaksara Il (1114-1185)

21 ROLLE’S THEOREM

Statement: Let fbe a function defined on [a, b] be such that

ii. fis differentiable on (a, b) iii. fla) =f(b)
then there exist at least one real number ¢ lying between a and b such that f'(¢) =0

i.  fis continuous on [a, b]
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Proof: Since fis continuous on [a, b] = fis bounded on [a, b] and attains its bounds.
Let Sup. f(x)=M and Inf. f(x) =m

x€la,b] x€la,b]
By the property of continuity, there exists ¢, d € [a, b] such that
fle)=Mand fld) =m [~ ifafunction f(x) is continuous on closed
interval [a, b], then it attains its supremum
and infimum atleast once in [a, b]]
Two different cases arises:
CaseI: When M = m i.e. Sup. f=Inf. f
In this case, flx) = M(=m) for all x € [a, b]
= fisa constant function over [a, b]
. f'(x) =0forall x € [a, b]
Hence f'(c) = 0 where c € (a, b)

Case II: When M = m
Given that fla) = f(b)
either M or m is different from f(a) = f(b)
Suppose that M # f(a) and M = f(b)
As flc) = M, then ¢ # a, c # b and thereforea < c < b
Since floo=M= SUP-[ fg]x)
Therefore, flx) < fc) for all x € [a, b] (1)

From (1) fle—h) < flo)

: fle=h)—flc)<0

Dividing by —h < 0, we get
fe=W=1© .

—h
Taking limitas h — 0
lim JE=M=10©
h—0 —h
= Lf'(c)20 ..(2)

Again from (1), fle+h) < flo)
: fle+h)—flc) <0

Dividing by h > 0, we get
fle+h)—f(c) <0
h

Taking limitas h — 0

lim flc+h)—f(c)
h—0 h
= Rf'(c)<0 ...(3)

Since f'(c) exists

<0

S Lf'(c)=Rf"(c)=f"(c)
This is possible only when f'(c) = 0.
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Proceeding in the same manner, we can prove that f'(d) = 0, where d € (a, b).

Hence there exist atleast one ¢ € (a, b) such that f'(c) = 0.
This completes the proof of the theorem.

1.

1.

L.
il.

Remark: In the proof of Rolle’s theorem, we used some terms (like Sup. Inf.). Here we are giving
the brief explanation of those.

For example:

Important Points:

iii.

iv.

Least upper bound (Supremum): Definition: Let S be a non-empty subset of R. A real

number u is said to be a least upper bound or (L.u.b.) or supremum of S if

i. x<uV x e Sie.,uisan upper bound of S.

ii. If vis an upper bound of S, then u <.

Greatest lower bound (Infimum): Definition: Let S be a non-empty subset of R. A real

number / is said to be a greatest lower bound or (g.L.b.) or infimum of S if

1. I€£xVxeSie.,lisalower bound of S.

ii. If/'is any lower bound of S, then I' < . In other words any number greater than / is not a
lower bound of S.

IfS=(0,1),thenclearly0 <x<1VxeS
Also,x<2V xeS
2,3, 4... and so on are upper bounds of S but 1 is the least upper bound among them.
lislub.of Sand 1 ¢ S.
Similarly,-1 <xV x € S
-1, -2, -3, ... and so on are lower bounds of S but among all these lower bound, 0 is
greatest.
0isglb.of Sand 0 ¢ S.
IfS=1[0,1],then0<x<1VxeS
Here, 1islLu.b.of Sand 1 € S.
Also,0is gl.b. of Sand 0 € S.

L.u.b. or g.Lb. of a set if exist is unique.

L.u.b. or g.Lb. of a set may or may not belong to that set.

Lu.b. (supremum) of set may or may not exist like Sup. (N) does not exist. (here, N-set of
Natural No.)

g.Lb. (infimum) of a set may or may not exist like Inf (Z) does not exist (here Z-set of integers).

211

Let the curve y = f(x) Y

i
ii.

i, fla) = fb)
This imply that there exists at least one point ¢ € (a, b) at
which tangent is parallel to x-axis. A

Geometrical Interpretation of Rolle’s Theorem

continuous on [a, b]
derivable on (a, b)

oF-------=————--

Fig. 2.1
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For example: y
1. flx) = [x], greatest integer functions on [0, 3].
f1is not continuous at x = 1, 2, 3 (break in graph). 34
Rolle’s theorem does not hold good. ol
1+ e—o0
o 12

2.flx) =xin [-1, 1]
fis continuous on [—1, 1], fis derivable on (-1, 1) but f{—1) # f(1) y
Rolle’s theorem does not hold good.

\'
L)

Fig. 2.3
3.fx) =| x|in [-1, 1]
fis continuous on [-1, 1] ¥
but fis not derivable at x = 0
Rolle’s theorem does not hold good. o L ,
1 o 1
Fig. 2.4

SOME SOLVED EXAMPLES

Example 2.1. Verify Rolle’s theorem for f(x) = x> — 9x? + 26x — 24 in [2, 4].
Solution. Here, f(x) = x> — 9x* + 26x — 24.
Given f(x) is a polynomial of x and therefore continuous and derivable for all x.

= a. f(x)is continuous on [2, 4]

b. f(x) is derivable on (2, 4)

c fl2)= (2)>=9(2)2+26(2)-24=0

f(4) = (4)° - 9(4)> +26(4) - 24 =0

All three conditions of Rolle’s theorem are satisfied.
Hence there must exists atleast one ¢ € (2, 4) such that f'(c) =0
We have, f'(x) = 3x*—18x + 26
= f'(c) =3c—18c+26
Thus, f'(c)=0
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= c= 18%,/324-312

6

Il
w
I+

c=3+—= €(2,4)

&

Hence, Rolle’s theorem is verified.

Example 2.2. Verify Rolle’s theorem for f(x) = cos 2x in {— g, g} .

Solution. Here f(x) = cos 2x
a. As we know that cosine function is continuous for all values of x and hence f(x) is continuous in

5

b. f'(x) =-2 sin 2x = finite, defined

". flx) is derivable on [— g, E} .

' — E — T _
c. Now, f =Cos 2 1) cos = =0
2

T
4
and f’[—%j = cos 2 (—g] = cos (—gj

-
|
NI
N—
Il
~~
VR
N
N——

All the conditions of Rolle’s theorem are satisfied.

. T T
Hence, there must exists atleast one value of ¢ € (—Z, Zj such that f'(c) =0

Now f'(c)=-2sin2c=0 = sin2c=0
sin 2¢=sin 0
= 2c=0 = ¢=0

Hence, Rolle’s theorem is verified.

Example 2.3. Verify Rolle’s theorem for f(x) = x (x + 3)e™? in [-3, 0].

Solution. Here flx) = x(x + 3)e™?

a. We know that a function x(x + 3) being a polynomial function and e*?, the exponential
function, both are continuous everywhere.

Thus there product is also continuous in [-3, 0].
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b. f(x) = xe™? + (x + 3)e™? x(x2+ 3) ™2

= (Zx +3- Xx+3) 3)] e

2
_ x+6—x o2
2

f'(x) exists uniquely on (-3, 0) and f(x) is derivable on (-3, 0)
c. fl=3)=-3(-3+3)*=0
and f0)=0(0+3)e"?>=0
Thus f(=3) = f(0)

Thus, all the conditions of Rolle’s theorem are satisfied.
Hence, there must exist atleast one point ¢ in (-3, 0) such that f'(c) =0,

2
£ = [c+6—c Je‘dz:O

2
— ﬂ =0 [ 220
2
= c—c-6=0
= c=3,-2
Now c=-2¢€(-3,0)

Hence Rolle’s theorem is verified.
—4x+5 0<x<1

Example 2.4. Examine the applicability of Rolle’s theorem for the function f(x) = .
2x-3 1<x<2

. —4x+5 0<x<1
Solution. Here, flx) =
2x—-3 1<x<Z2
We have, fin=1
Continuity at, x=1
Rf(1)= lim (2x-3)= lim 2(1+h)-3
x—>1" h—0
=2-3=-1
Lf(1)= lim (-4x+5)=lim —-4(1-h)+5
x—>1" h—0
= 4+5=1
Thus, Rf(1) = LA(1)

f(x) is not continuous at x =1 € [0, 2]
Hence, Rolle’s theorem is not applicable.

Example 2.5. Verify Rolle’s theorem for f(x) = \4— x> in [-2,2].

Solution. Here f(x) = /4 — x? in [-2,2]. f(x) is a square root of a polynomial of x and therefore
continuous for all x.
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i. f(x) is continuous on [-2, 2]
ii. f'(x)= ——%_ defined everywhere except where 4 — x> = 0 j.e., x = + 2.
4-x*
Thus, f'(x) is derivable in R — {-2, 2}
f'(x) is derivable on (-2, 2).

iii. Now, fi=2)= Ja— (=22 =Ja—4 =0
f2)=J4-() =Ja-4 =0

Thus, f=2)=f(2)

All the conditions of Rolle’s theorem are satisfied.

Hence, there must exist atleast one value of ¢ € (-2, 2) such that f'(¢) =0

= f'lo) =

—C

4-c*
- c=0e(=2,2)
Hence, Rolle’s theorem is verified.
Example 2.6. Find a point ¢ € (-1, 1) using Rolle’s theorem for the function
f(x) =log (x*+2) —log 3 in [-1, 1].
Solution. Here f(x) = log (x* + 2) —log 3.
a. As we know that logarithmic functions are continuous for all x and log 3 is a constant, so f(x) is
continuous for all x, therefore, continuous in [-1, 1].

b. f'(x) = (exists forall x € R)
x*+2
f'(x) is derivable on (-1, 1)

c. Now, f(-1) =log [(-1)?+ 2] —log 3
=log3-1log3=0

and f(1) =log [(1)? + 2] —log 3
=log3-1log3=0

= fi=1) = f(1)

Thus, all conditions of Rolle’s theorem are satisfied.
Hence there must exist atleast one ¢ € (-1, 1) such that f'(c) =0
2c
"(c) = =0
f 42
= c=0e(-1,1).

EXERCISE 2.1

1. Verify Rolle’s theorem for the following functions in the given intervals:
a. flx)=x>-6x*+11x-61n [1, 3] b. flx) =x’+ 3x*—24x— 80 in [-4, 5]

2
c. flx)= Lxs_[l in [-1, 4] d. f(x)=cos2 (x—gj in [0’_§}
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e. fx) =sin x—sin 2x in [0, 7] f. fix)y=eé - in [-1,1]
g flx)= S x in [0, 7] h. flx) =e€*cos xin [_E’E}
2 2
i. flx)=tanxin [0, 7] j. flx) = (x*—4x+ 3)e**in [1, 3]

2. Examine the applicability of Rolle’s theorem for the following functions:

2
x"+1, 0<x<1
. =(x—=1)251 0,3 b. = ’
a. flx)=(x-1)""in [0, 3] flx) {3_% L<x<2
c. flx)=|x|in[-1,1]
Answers
1 T
1. a c=2+—F b. c=2 c. c=5-+6 d.c=—
3 4
1433
e. ¢=cos™! f. c=0 g =2 hoe=2
8 4 4
. . . 3+4/5
i. Not applicable jooe="3
2. a. Notapplicable b. Not applicable c.  Not applicable
21.2 Lagrange’s Mean Value Theorem
Statement: If a function f: [a, b] & R be such that
i.  flx) is continuous on closed interval [a, b]
ii. f(x) is derivable on open interval (g, b),
then there exist atleast one point ¢ € (a, b) such that
f(b)_f(a) Zf’(C)
b—a
Proof: Let us define a function ¢ : [a, b] &> R by ¢(x) = f(x) + Ax, x € (a, b)
where A is a constant to be determined such that
d(a) = ¢o(b) (1)

Now, ¢(a) = fla) + Aa
o(b) = flb) + Ab
Using (1), we have
fla) + Aa = f(b) + Ab
Ala-b) = f(b) - fla)
G (O) -(2)
a—>b

Now,

i. ¢ is continuous on [a, b], since fis continuous on [a, b] and Ax is polynomial in x is continuous
on [a, b].

ii. ¢ is derivable on (g, b), since fis derivable at each point of (g, b) and also Ax.
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iii. d(a) = ¢(b)
d(x) satisfies all three conditions of Rolle’s theorem.

Hence there exists atleast one ¢ € (g, b) such that ¢'(c) =0

o(x) = flx) + Ax

N 000 =f1(x) + A

= O)=f"(c)+A

Now, o'(c)=0

= fle)+A=0 = f'(c)=-A

Using (2), we have,  f'(¢c) = M ,ce (a,b)
—a

This completes the proof of the theorem.

2.1.3 Geometrical Interpretation of Lagrange’s Mean Value Theorem
Let a function fhas a graph which is

i.  continuous on [a, b] y

ii. differentiable on (a, b) B(b, f(b))

As curve AB has a tangent at every point, then there exist a point (a’gw
on the curve other than A and B where tangent is parallel to line ! P
segment joining the points (g, f(a)) and (b, f(D)). f(a)i i if(b)

Remarks: Rolle’s theorem is a special case of Lagrange’s mean i P
value theorem. i P

In addition with two conditions of mean value theorem, if 9] a ¢ b X

fla) = fib) Fig. 2.5
then fib)—fla)=0
and hence f'e)=0

In Geometrical Interpretation, there is a point on curve at which tangent is parallel to x-axis.

SOME SOLVED EXAMPLES

1
Example 2.7. Verify Lagrange’s mean value theorem for f(x) = X + < in[l, 3].

Solution. Here, f(x) = x + 1
x

i.  f(x) is polynomial in x and continuous for all values of x € R — {0}
f(x) is continuous on [1, 3]

i f'(x)=1- Lz exists for all x € (1, 3)
x

f(x) is derivable in (1, 3)
Both conditions of Lagrange’s mean value theorem are satisfied.
Hence, there must exist atleast one ¢ € (1, 3) such that
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f(0) = f(a)

— =f"(c) ...(1) [Here,b=3,a=1]
b-a
Putting f(b), fla), f'(¢) in (1), we have
10,
S .1
3-1 2
1 1
= — =_- = =13
c? 3 f
c= 3 €(1,3)
Hence, Lagrange’s mean value theorem is verified.
2 2
Example 2.8. Show that x — x <log (I +x)<x- s , x> 0.
2 2(1+x)
2
Solution. Consider  flx) = log (1 +x) — (x —7]
Differentiating w.r.t. x,
1
fo= 1, -0-%
X2
— >0 [« x>0]
1+x
Hence f(x) is increasing function for all x > 0
Also f(0) =0
Hence, f(x) > 0 for x> 0
2
Thus, log (1 +x)>x- x? (1)
2
Let =x- —log (1 +
e glx) =x 20t og (1 +x)
Differentiating w.r.t x,
/(%) 2x + x° 1
x)=1- -
g 20+ x)* 1+x
2 1 2
= X > = — X > 0
20+x)” 2\(1+x
g(x) is an increasing function for all x > 0
Also g(0) =0
Hence, g(x) > 0 for x > 0
2
Thus, x— - > log (1 +x) ..(2)

2(1+ x)
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From (1) and (2), we have

2 2
x—x—<log(1+x)<x— X ,x> 0.
2 2(1+ x)

Example 2.9. Examine the validity of Lagrange’s mean value theorem for the function
I1+3x, x<I1

f) = {2x2 +2, x>1 in (0, 3].

1+3x, x<1

Solution. Here f(x) { in [0, 3]

2x* 42, x>1
i.  f(x) is continuous on [0, 3] — {1} being a polynomial function.
Continuity at x =1
Rf(1)= lim 2x2+2= lim 2(1+h)>+2=4
x—>1 h—0
Lf(1)= lim 1+3x=lim 1+3(1-h)=4
h—0

x—>1
Also, f(1) = 4
We have R f(1) =L f(1) =f(1)
= f(x) is continuous at x = 1
f(x) is continuous on [0, 3]

i rew=1> *=linjo3
11. = m U,
x 4x, x>1
Differentiability at x = 1
. fA+h)-fQ)
' — 1 L= Z J 7
Ry = Jim S
_ fim 41+h)—4 _4
h—>0 h
fA-m-fQ)

Lf/(1) = Jim 2

. 3-4 .
= lim —— = does not exist
h—0

f'(x) does not exist forx =1 € (0, 3)
= f(x) is not derivable on (0, 3)
Hence Lagrange’s mean value theorem is not applicable.

T
Example 2.10. Verify Lagrange’s mean value theorem for f(x) = cos x in {0, E} .

Solution. Here flx) = cos x
i. As we know, cosine function is continuous for all value of x.

f(x) is continuous on [0, g}

ii. f'(x)=-sin x (finite and definite)
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f(x) is derivable in (0, t/2)
Both conditions of Lagrange’s mean value theorem are satisfied.

. T
Hence there must exist atleast one ¢ € [0, Ej such that

M =f'(c),hereb=n/2,a=0
-a

flm/2) = cos /2 =0,£(0) =cos 0 =1
Putting values,

0-1 .
= =—sinc

T_
= c=sin"' (2/n)
= c=sin"! (0.636) e (0, gj

Hence Lagrange’s mean value theorem is satisfied.
x

Example 2.11. Show that > < tanlx <x, x> 0.

1+ x

Solution. Consider  f(x) = tan~!x —

2
x
Differentiating w.r.t. x, we get
, 1 1-x°
f'x) = 2 1,22
1+x° (I+x%)
252
= % >0Vx>0

1+x7)
Hence f(x) is a increasing function for all x >0
Also fl0)=0 (astan™' 0-0=0)
Hence flx)>0V x>0
Thus, tan~lx > (1)

1+ x°
Let g(x) = x—tan"lx
Differentiating w.r.t. x,

1 x?
"(x)=1- = >0Vx>0
£ 1+x> 1+
g(x) is an increasing function for all x > 0

Also, ¢g(0)=0-tan"'0=0
Hence gx)>0vx>0
Thus, x>tan'x Vx>0 (2)

Thus, from (1) and (2), we have

5 <tan'x<x,x>0.
1+x
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EXERCISE 2.2
1. Verify Lagrange’s Mean Value theorem for the following functions in given intervals.
1
a. flx) =2x>-3x+1in[1,3] b. flx) =x(x-1) (x—2)in [0,5}
¢ flx)= 41 _in [1,4] d. flo) = 25—« in[-3,4]
X —

e. flx)=logxin [1,¢] f. flx)=x-2sinxin [-w, 7]

2. Examine the applicability of Lagrange’s mean value theorem for following functions:
a. flx)=|x|in[-1,1] b. flx) =P (constant function) in [a, b]
c. flx)=x"in[-1,1] d. flx)=|x+2]|in[-3,4]

3. Using Lagrange’s Mean Value theorem, prove that

2 2
a. x?<x—log(1+x)<

on[—1,0] b. L<log(1+x)<x,x>0
1+x

2(1+ x)
c. l+x<e*<l+xeforallx>0
y—x -1 -1 y—x .
4. Show that — <tan”'y—tan” x < 5 if 0 <x <y and deduce that
1+ y 1+ x
T3 il
4 25 3 4 6
Answers
621 1
1. a c¢c=2 b. ¢= c. ¢= 1+3V5 d. c=x =
6 4 V2
e. c=e—1 f. c=+xn/3
2. a. Notapplicable b. Applicable c.  Not applicable d. Not applicable

2.1.4 Cauchy Mean Value Theorem
Statement: Let the function f: [a, b] - R and g: [a, b] > R be such that
i.  fand gare both continuous on [a, b]
ii. fand gare both differentiable on (a, b)
iii. g'(x)#0forall x € (a, b), then there exist atleast one point ¢ € (g, b) such that
f&) - f@) _ [
gb)-gla) ')
Proof: Suppose g(a) = g(b), then g would satisty all the conditions of Rolle’s theorem.

So, there exist atleast one point ¢ € (a, b) such that ¢g'(c) =0

But this contradicts the given fact that ¢'(x) # 0 V x € (g, b), so our supposition is wrong and
g(a) = g(b).
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Now define a function ¢ : [a, b] & R by ¢(x) = fx) + Ag(x), x € (a, b) where A is constant and to
be determined in such a way that,

d(a) = ¢(b) (1)
Now, ¢(a) = fla) + Ag(a)
d(b) = flb) + Ag(b)
Using (1), we have
fla) + Ag(a) = f(b) + Ag(b)

= Alg(a) - g(b)] = fib) - fla)

= A= M (2)
gla)—g(b)

Now,

i. ¢ is continuous on [a, b], since fand g both are continuous on [a, b] and A being a constant is
also continuous on [a, b]

ii. ¢ is derivable on (a, b), since fand g both are differentiable on (a, b) and A being a constant is
also derivable on (a, b)

iii.  Also, d(a) = o(b)
Thus, ¢p(x) satisfies all three conditions of Rolle’s theorem.
Hence there exist atleast one ¢ € (a, b) such that ¢'(c) =0

¢(x) = flx) + Ag(x)

= 0'(x) = f'(x) + Ag'(x)
= ¢'(c) =f"(c) + Ag'(c)
Now, o'(c)=0
= f'(c) +Ag'(c) =0
= f'(e) =-Ag'(c)
=N f@_ 4
g'(c)

. / f)-f(a)

Using (2), we have, % = M,c e (a,b)

Hence, theorem is proved.

Remark: Lagrange’s mean value theorem is a particular case of Cauchy’s mean value theorem by
taking g(x) = x, x € [a, b].

2.1.5 Geometrical Interpretation of Cauchy’s Mean Value Theorem
Let x = f(t) and y = g(t) be parametric curve, t € (a, b)

i.  f,gcontinuous on [a, b]

ii. f,gderivable on (a, b)

iii. g'(x)#0on (a,b)

then there exist atleast one ¢ € (a, b) at which tangent is parallel to AB.
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=g(t
S S B(1(b). 9(b))
(f(a), g(a) |
A P
g(a) \“0\ \ g\(b\ i
C :
g(C) 0/E i X
f(a) f(c) flb)  x=f(t)
Fig. 2.6

SOME SOLVED EXAMPLES

Example 2.12. Verify Cauchy’s mean value theorem for f(x) = e* and g(x) = e*on [0, 1].
Solution. Here, flx) = e, g(x) =e*

i.  fand gare continuous function on [0, 1]

ii. f'(x)=¢e" ¢ (x) =—e*are differentiable on (0, 1)

iii. gx)=—e*#0Vxe (0,1),

then there exist atleast one ¢ € (0, 1) such that

fO-f@ )

—_— = [here b=1,a=0] (1)
gb)-gla) ')
So f(1)=el=¢fl0)=e"=1
1
and g)=el=—,4(0)=¢"=1
e
Putting all values in (1), we have
e-1 _ e
1 =
e
= 1 =¢¥!
— 0 = 21
= 0=2c-1 = c:%e(o,l)

Hence Cauchy’s mean value theorem is verified.

Example 2.13. Let the function f be continuous in [a, b] and derivable in (a, b). Show that there exists
a number c in (a, b) such that 2c [f(a) — f(b)] = f'(c) [a® - V?].

Solution. i. fis continuous in [a, b]

ii. f'isderivable in (a, b)

Both conditions of Lagrange’s mean value theorem are satisfied.

Hence there exist atleast one ¢ € (a, b) such that

f0)-f@
b—a =f'(c)
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. f@=FO) _
a—>b
= fla) - f(b) = f'(c) (a-b) (1)

Now, given 2c [f(a) - fib)] = f'(c) [a* - b?]
Using (1), we have
2c[(a=b) f'(0)] =f'(c) [(a-b) (a+D)]
= 2c=a+b
a+b

= c= e (a, b)

Hence, there exist a number ¢ € (a, b).
Example 2.14. Find °c’ in the Cauchy mean value theorem for the function

flx) = i,g(x) =x>—4in[1,2] using 33 = 1.44.
X

1
Solution. Here, f(x) = —, g(x) =x*—4in [1, 2]
x

i. fis continuous function for all x € R — {0} [+ fisnot defined at x = 0]
and g being a polynomial function is continuous everywhere.
f(x) and g(x) are continuous function on [1, 2]

i f'(x) = —Lz ,g'(x) = 2x are derivable on (1, 2)
x

iii. g'(x)=2x#0V x e (1,2),
then there exist atleast one ¢ € (1, 2) such that

fO)-f@) _ f© ..(1) herea=1,b=2
gb)-gla) g
So f2)=1/2,f(1)=1,4(2) =0,g(1) =-3
Putting all values in (1), we have
1
5_1 _ —1/c?
0-(-3) 2c
= =3
= c= 33 =144 (1,2).

Example 2.15. Verify Cauchy mean value theorem for the function f(x) = x%, g(x) = x*in [a, b], where
a>0,b>0.
Solution. Here f(x) = x% g(x) = x*
i. since fand g are polynomial functions of x, therefore continuous everywhere.
f(x) and g(x) are continuous on [a, b]
ii. f'(x) =2x,¢"(x) = 4x°
f'(x) and g '(x) are again polynomial function and hence derivable everywhere.
f'(x) and ¢'(x) are derivable on (g, b)
iii. gx)=4>#0Vx e (a,b),[a>0,b>0]
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Thus fand g satisfies all the conditions of Cauchy mean value theorem.
there must exist atleast one ¢ € (a, b) such that

f)-fa) ') o
gb)—ga) g0 herea=mb =0l

So, flb) = b, fla) = a%, g(a) = a*, g(b) = b*

2 2
b —a _ 2c
= gt T 3
a 4c
. 11
b’ +a® 2c°
, b +d’
= =
2
2, 12
a” +b
= c== 5 € (a,b)

Hence, Cauchy mean value theorem is verified.

EXERCISE 2.3
Verify Cauchy’s Mean Value Theorem for the following functions:
a. flx) = sin x, g(x) = cos x in [— g, 0} b. flx)=x%g(x)=x"in [1, 2]
c flx)= x/;,g(x) = % in [1, 3] d. fix)=logx, g(x) = 1 in [1,e]
X X

1
. =(1 3/2) — 3 0,—
e. flx)=00+x)%g(x)=l+x in [ 2}
If f" and ¢’ are continuous and differentiable on [a, b], then show thata <c<b

fO-f@-b-a) f@ _ )

gb)—gla)-b-a)g'(a)  g¢"(c)

sina —sin 3

Show that =c0t6,0<a<9<[3<§.

cosf—cosa

Answers

b. ¢=14/9 c. c=43 dc=—
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INTERESTING FACTS

e Rolle’s Theorem establishes a connection between continuity and differentiability.
e Mean value theorem is even used to check the accuracy of a speedometer.
o [t specifies the existence of a point where the derivative vanishes.

VIDEO REFERENCES

Rolle’s Theorem Rolle’s Theorem & Mean Value
Lagrange Mean Theorems
Value Theorem
(MVT)

USES OF ICT

o https://www.mathwarehouse.com/calculus/derivatives/what-is-rolles-theorem.php

APPLICATIONS TO REAL LIFE

e If the average speed during a journey from A to B was say 50 kms/hour, then there had to be a time
when the instantaneous speed was 50 kms/hour as well (that is the maximum)

o The rate of change in timings of the sunset, over the seasons.

e When a ball is thrown upwards in the air, its velocity becomes zero at some point of time. Rolle’s
Theorem explains that the velocity of ball becomes zero at some point of time.

e LMVT is used to issue “‘challan” for speeding.

2.2 TAYLOR’S THEOREM

Taylor’s theorem is an extension of mean value theorem as mean value theorem relates the value of
function and its first order derivative but Taylor’s theorem relates the value of function and its ‘higher
order derivatives.

2.2.1 Taylor’'s Theorem with Lagrange’s form of Remainder
Statement: If a function f: [a,a + h] = R be such that
i fAfSf", ... f" ! are continuous function of x in the closed interval [a, a + h].

ii. f"(x) exists in the open interval (a, a + h) then there exists atleast one real number 6;0 <0 < 1,

such that
2 hn71

h
fla+h)=fla)+hf'(a) + — f"(a) + ...+
2! (n—1)!
Proof: Consider a function ¢ : [a, a + h] — R in such a way that

(a+h-x7 (@+h—x" ,_
——75——f(@+nﬂ_atﬁr_ !
(a+h—x)"

n!

)+ o a)
n.

O(x) =f(x) + (a+h-x)f'(x) + (x)

A (1)
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where A is a constant to be chosen such that

d(a) = dla+h) .(2)
Now putting x =a and x =a + hin (1), we have
h2 n—1 n
0(a@) = fla) + Bf'(@) + 2 f"(a) + . + h )+
and b(a+h) = fla+h) 2! (n=D! n!
Putting these values in (2), we have
hz hnfl 4 hn
fla+h)=fla)+hf'(a)+ =5 f"(@) +..+ —— " (a)+— A ..(3)
N (n-1)! n!
ow,
i.  ¢(x)iscontinuouson [a,a+ h],sincef(x),f'(x),f"(x),....f"}(x) are continuous on [a,a + h] and

ii.

iii

(a+h-x),(a+h-x)?..,(a+h—-x)"being polynomlals are also continuous on closed interval
[a,a + h]. Also the algebraic sum of continuous functions is continuous.

d(x) is derivable in (a, a + h), since f(x), f'(x), ... + f*~! (x) are all derivable on (a, a + h). Also
(a+h-x),(a+h-x)?..(a+ h-x)"being polynomials are derivable in the open interval
(a,a+ h).

Also, ¢p(a) = ¢(a + h),

¢(x) satisfies all the three conditions of Rolle’s theorem in [a, a + h]. Hence there exists atleast

one real number 0, 0 < 0 < 1, such that

¢'(a+6h) = ..(4)
Differentiating (1) w.r.t. x, we get
h—x) _
000 =)+ (@ h) 700 ) + I g 28022 ) gy
(a+h—x)" . _(n—l)(a+h—x)"72 nel
+'"+"'+—(n—1)! 1" (x) Y (%)
N nla+h—x)""(-1) A
n!
, (a+h—x"" _(a+h—x)"_1
or Y= Ty T Ty
B (a+h—x)""1 oo
- o A
Puttingx=a + 0h
o'(a+06h) = M [f"(a + Oh) — A]
(n-1!
But ¢'(a+0h)=0 [From 4]
= ffla+0h)—-A=0 = A=f"(a+0h) [+ 1-0#0andh=0]
hz n-—1 n
From (3), fla+h)=fla)+hf'(a) + 57 X f"a)+ ..+ (n—l)'fn_l (a) + % f™(a + Oh)

which is the required result of the theorem.
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n
Here, the (n + 1)™ term i.e., h

f" (a + Oh) is called the Lagrange’s form of remainder after nth
term. n!

2.2.2 Maclaurin’s Theorem with Lagrange’s Form of Remainder
Statement: If a function f(x) defined in closed interval [0, x] is such that
i f(x),f'(x),f"(x), ... f""}(x) are continuous in closed interval [0, x]
ii. f™(x) exists in open interval (0, x), then there exist atleast one real number 6,0 < 0 < 1 such that

2 n-1 n
flx) = f(0) + xf'(0) + x £"(0) + ...+ X fm10) + * ™ (0x)
21 (n=1! n!
Proof: From Taylor’s theorem, we have
hn—l

2 n
fla+h)=f(a)+ hf'(a) + % f"(a) + ...+ f”’l(a)+%f”(a+9h)

(n-1!
In this expression, put a = 0, h = x, we have
2 n-1 X"
) = £(0) + x£7(0) + = F7(0) + ..+ ———f1(0) + — f7(6x),0 <0< 1
21 (n=1)! n!

The above expression is the required Maclaurin’s theorem with Lagrange’s form of remainder.

2.2.3 Taylor’s Theorem with Cauchy’s Form of Remainder
Statement: If a function f: [a,a + h] &> R be such that
i fAfSf", .., f" " areall continuous function of x in the closed interval [a, a + h]
ii. f"(x) exists in the open interval (a, a + h), then there exists atleast one real number 6; 0 < 6 < 1,
such that
hn—l hn (1 _ e)nfl

2 hz " n— n
fla+h) =fla)+ hf'(a) + ;f (a) + ...+ (n—l)!f Ya)+ = f"(a+6h)
Proof: Consider a function ¢ : [a, a + h] > R by
Y
006) = 100+ (a+ h=2) /) + L= oy
" (a+h-x)"!

il x)+(a+h-x).A

(n=1)! (1), x € (aath)
where A is constant to be chosen such that ¢(a) = ¢(a + h)
2 0
Puttingx=ain (1), &(a)=f(a)+ hf'(a) + % f"a)+ ...+ e ' f1(a) + hA ..(2)
and O(a+h)=fla+h : (n=D)!
Putting x =a + h, in (1), we have
dla+h)=fla+h)+0+0+..+0=f(a+h) ...(3)
Now, d(a+h)=d(a)
Then, from (2) and (3), we have
2 n
fla+h)=f(a)+hf'(a) + % f"a) + ..+ e "1 (a) + hA ..(4)
. (n-1!
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Now,

i. ¢ is continuous on [a, a + h], since f, f', f ", ... f"! are continuous on [a, a + h] and also
(a+h-x),(a+h-x) .., (a+h-x)""! being polynomials are continuous on [a, a + h]

ii. ¢ is differentiable in [a, a + h], since f; f', f", ... f*~! are all differentiable in (a, a + h) and also

(a+h-x),(a+h-x)% ..., (a+ h—x)"" being polynomial are derivable in (a, a + h)

iii. Also o(a) =d(a+h)

Now, ¢(x) satisfies all three conditions of Rolle’s theorem.

Hence there exist atleast one real number 6,0 < 0 < 1, such that ¢’'(a + 6h) =0

Differentiating both sides of (1) w.r.t. x, we have,

¢'(x)=f"(x)+[(a+h—x)f"(x)=f"(x)] + % [2(a+h—-x)f"(x) (-1)
M )] + e+t

2! (n=1)!
—(n-1)(a+h-x)"2fYx)]-A

[(a+h—x)""1f(x)

_ath-x)""f"(x)
B (n-1)! -

or o'(x) A

Putting x = a + 6h, we have
(a+h—a—06h)"" f"(a+6h)

¢'(a+ 0h) = = —A
[(h1-0)]"" £"(a+06h)
- (n-1)!
hn—l
_ _P\n-1 fn _
ST (1-0)*' f"(a+0h) - A
But O'(a+0h)=0
= M ey s o) - A=0
(n_l)! hn71
_ n—-1 fn
or A= n_1)] (1-0)""f"(a+ 06h)

Putting this value of ‘A’ in (4), we have

_ ’ hz " hn71 n—1 h”_l _ n—-1 rn
fla+h) = f(a) + hf (a)+—2!f (a) + ...+ (n—l)!f (a)+h[(n—l)!(l 0" f (a+6h)}
- _ ’ hz " ! n—1 h” n-1 fn
1.e., f(a+h) —f([l) +hf (a) + ;f (a) + ...+ (n—l)' f (ﬂ) + m (1—9) f (a+9h)

is the required form of Taylor’s theorem with Cauchy’s form of remainder.

n

(n—-1!

Here, (1-0)"" f"(a + Oh) is called the Cauchy form of remainder after n™" term.
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2.2.4 Maclaurin’s Theorem with Cauchy’s Form of Remainder
Statement: If a function f(x) defined on [0, x] is such that

x

i f(x),f'(x), f"(x), ... f""}(x) are continuous function in [0, x]
iil.  f™(x) exists in (0, x),
then there exist atleast one real number 0, 0 < 0 < 1 such that

= f(0 "(0 x_z "0 xn_l n—1 0 x” (1_6)"71 ng 0<6 1
fx) = f(0) + xf7(0) + 7 £7(0) + 51 /O = (00,0<0<
Proof: From Taylor’s theorem with Cauchy form of remainder, we have
_ ’ E ” hn - n—1 hn n-1 £n
fla+h)=fla) + hf'(a) + = f"(@) + ...+ 1)|f (a) ( _1)!(1—9) f"(a+6h)
Put a = 0and h = x in above theorem, we have
2
1) = £(0) +xf'(0) + 57 f7(0) + £ (0) 0)1 f7(6:)
: (ﬂ -D! (n —1)

which is the Maclaurin’s theorem with Cauchy’s form of remainder.

SOME SOLVED EXAMPLES

2
Example 2.16. The expansion of the function f(x) = (1 —x)”? is given by f(0) + xf '(0) + = f”(O)

+

= f""(0x). Find the value of 0 as x — 1.

Solution. Here, flx)=(1-x)""?

f= =7 (-

fre) = (1-x"
fw(x) - _ % (1 _x)1/2

Finding all above derivatives at x = 0, we have

—7 35
0)=1,f(0)= —,f"(0)= ==
f(0)=1,1"(0) 5 f"(0) .
105
f(0x) = = == (1-6x)"
XZ x3
Now, f(x) :f(o) +xf'(0) + _' f"(O) + ; fm(ex)
105
= (1—x)7/2=1 7x+§ 2 _ —(l—ex)l/z.x3
2 8 48
When x — 1, we have 0:1—Z+§_@ (1-0)172

2 8 48
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1 1
= E (1 _ 6)1/2 — _5
48 8
1 e 172 — E X ﬁ
= (=07 = 5705
6
= 1— e 172 = =
(1-0) -
Squaring on both sides
1—9= 2
49
- g=1-0
49
13
= 0= — Answer
49
Example 2.17. Show that for every value of x,
xZ x4 x2n 2n+1
cosx=1-"—4"— .+ (=1)" + (-1)" ——— sin (Ox).
14! (2n)! 2n+1)!
Solution. Given, f(x) = cosx
f'(x) = —sin x = cos (x+£)
2
f"(x) =—cosx=cos (x+7)
37

f"(x) = sin x = cos (—+x)
2

F™(x) = cos x = cos (27 + X)

x+2n.£]
2

= cos [x + nx]

2 (x) = cos | x+(2n+1) g:l

f21(6x) = cos | Ox + 2n+1) g:l

So, f(0) = cos 62 1,
f"(0)=-cos0=-1,
F70)=cos0=1

f'(0)=-sin0=0
f""(0) =sin0=0
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f#71(0) = cos [(Zn ~1)

T
2
T
= COsS (nn——) =0
2

) 1, mn=even
nQ) = — =
f#"(0) = cos nn 1 n=odd

21 (0x) = cos I:Gx + 1w+ g]

—sinOx, n=even -
= . = (-=1)""! sin Bx
sinOx, n=odd
By Maclaurin’s theorem, we have
2 3 el 2n+1

_ ’ x_ " x_ " 271 x 2n+
flx) = f(0) + xf'(0) + 0 £"(0) + 3 £(0) + ... (2 )'f (0) (n 1)!f 1(0x)

On substituting the values, we have

x2 3 x4 2n x2n+1
cosx=1+x.0+ = (- 1)+— 0)+ — (1) +... (=) + (=1)"*1 sin Ox
2! 3! 4! (2n)! 2n+1)!
2 4 2n 2n+1
ie, cosx=1—"—"—+"—+ .. +(-1)" + (=) +! sin Ox Proved.

21 4! (2n)! 2n+1)!
Example 2.18. If a function f is such that f' is continuous on [a, b] and derivable on (a, b). Show that
there exist a real number 0, 0 <0 < I, such that

(-

2
f(b)=f(a) +(b—a)f'(a) + f'la+6(b-a)].

Solution. Consider the function

d(x) =flx)+ (b-x)f'(x) + (b-x)*A (1)
where A is constant to be chosen such that

d(a) = o(b
Now, d(a) f(a +(b-a)f'(a)+(b-a)?A ..(2)
and o(b) = f(b) [obtained by puttingx=aand x=bin (1)] ...(3)
Using (3) in (2), we have

f(x) = fla) + (b-a) f'(a) + (b-a)? A (8)

i. Asf(x),f'(x),are continuous on [a, b] and (b - x), (b—x)? being polynomial are also continuous
on [a, b]
¢(x) is continuous on [a, b]
ii. Asf(x),f'(x),are derivable on (a, b) and (b - x), (b — x)? being polynomial are also derivable on
(a,b)
¢(x) is derivable on (a, b)



Calculus Il | 123

iii. Also o(a) = ¢(b)
Thus, ¢(x) satisfies all three conditions of Rolle’s theorem.
Hence there exists a real number 0,0 < 0 < 1 such that ¢’'[a+0(b—a)] =0 ...(5)
Differentiating (1) w.r.t. x, we have
O'(x) =f'(x) + (b—2x) f"(x) + (=1) f'(x) + 2(b-x) (-1) A
or ¢'(x) = (b-x) f"(x) -2(b-x) A
or ') = (b-x) [f"(x) - 24]
Putting x = a + 6 (b — a), we have
dla+0(b-a)l=[b-—a-0(b-a)] [f"(a+0(b-a)-2A]
= 0=(b-a)(1-0)[f"(a+0 (b—a)-2A]
[from (5) andasb—a#0,1-0#0]

= A:%f”(a+6(b—a))
Putting the value of ‘A’ in (4), we have
b— 2
fib)=fla) +(b—a) f'(a) + ( 2![1) f"(a+06(b-a))

_ h W o
Example 2.19. Show that log (x + h) = log x + o7 +..+(-1) n(x+ 0h)"

Solution. Let flx+h) =log (x+h)

f(x) =logx
f'lx) = 1
X
1
f (X) _;
2
fm ;
) = 0 3!
f (x)_ x—4=(_1)3‘x_4
ot e
(n=2)!
Frl(x) = (<12 ——
fn(x): (_l)n—l Lﬂl)'
X
-1 (n-1)!
fr(x + Oh) = Gy (m-D!

(x+6h)"
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By Talylor’s theorem with Lagrange’s form of remainder, we have

h2 hn71 n
flx+h) = flx) + hf'(x) + 0 fr(x) + ...+ - Y (x) + h—' f™(x + 6h)
! ! n!
After putting all values, we have
2B 2 n=l 20,1 KB (=D (n=1)!
log(x+h)=logx+ ———=5+_—xX— +.. h CV)" (n=2)! +—M
x 2x° 3! «x (n—1)! x"1 n!  (x+06h)
h2 h3 n=l, q\yn—2 1yl gn
or log(x+h)=logx+ ———>5+-—5 +.. il +( D" h
X 2x7 3x n-1x""  n(x+06h)"

Example 2.20. Expand ™ sin bx by Maclaurin’s theorem with Lagrange’s form of remainder after
n terms.

Solution. Let  f(x) = ™ sin bx

f'(x) = €™ cos bx . b + ae™ sin bx

e (b cos bx + a sin bx)
f"(x) = e* (=b?* sin bx + ab cos bx) + ae®™ (b cos bx + a sin bx)
e™ [(a?® — b?) sin bx + 2ab cos bx]
" (x) = e [(a® = b?) cos bx . b—2ab sin bx . b + ae®™ [(a* - b?) sin bx + 2ab cos bx]
e™ [b(3a? — b?) cos bx + (a® — 3ab?) sin bx]

Continuing like this, we have

f™(x) = (a® + b*)"? e sin (bx +ntan” gj
a

At x = 0, we have
f(0)=0,f'(0) = b, £'(0) = 2ab,
" (0) = b(3a*-b?)

f™(0x) = (a® + b*)"'? "% sin (bex +ntan” é]
a

According to Maclaurin’s theorem with Lagrange’s form of remainder, we have

2 n—1 n
) = f0) + x£1(0) + % F10) + ot — f”“(0)+% £(0x)

(n-1)

After putting all values, we have

2 n
x
e*sinbx=0+x.b+ Tl (2ab) + ... + x_' (a? + b*)"? 9% sin (b6x+ ntan ! Bj
! n! a
x? x°
or e™ sin bx = bx + o1 (2ab) + m bBa*>-b) +..

n
x . b
= (a? + b?)"/2 ea0x gip (b9x+ ntan 1—)
n! a
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EXERCISE 2.4
1. Show that for every value of x, the expansion,
3,5 2n-1 X2
sinx= x— —+— +..+ (-1)"! + (-1)" sin Bx,0 <0 < 1.
3! 5! Q2n-1! (2n)!
2. With the help of Maclaurin’s expansion, show that
2 3 n-1 n
og(m—x- XXy Xy X
a log (1+x)=x 2 * 3 = n—1 -1 n(l+0x)"
2 3 n—1 n
b. 10g(1—x)=—x—x——x——...—x S .
2 3 n-1 n(1-6x)"

3. Iff'iscontinuous on [a,a + h] and derivable on (a, a + h), then prove that there exist a real number

2
¢ between a and (a + h), such that f(a + h) = f(a) + hf'(a) + % f"(c).
2
4. The expansion of a function f(x) = (1 — x)>? is given by f(0) + xf'(0) + % £"(6x). Find the value
of Basx — 1. ‘
5. Expand Jx in ascending power of x by using Maclaurin’s theorem, if possible.
6. Expand the function f(x) = a* by using Maclaurin’s theorem with Lagranges form of remainder after

1 terms.
7. Expand e™ sin bx by using Maclaurin’s theorem with Cauchy’s form of remainder after # terms.

Answers
4. 0= 2 6. 1+xloga+ X (loga)” + ...+ i (loga)*' + SR (log a)”
' 25 ' T T n 5
2 e x" b
7. bx+ (2ab) =— +b(3a>-b*) Z— + ...+ (a>+ b>)"? (1 -0)"! e“sin | bOx + ntan! =
2! 3! (n-1)! a

INTERESTING FACTS

o Itiseven used in signal processing industry where we need to approximate sinusoidal functions.

o Itisused in transistors and amplifiers industry to check the effect of signal.

VIDEO REFERENCES

Taylor’s Taylor's
Theorem 1 Theorem 2
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APPLICATIONS TO REAL LIFE

calculators.

e These help in calculating the approximate values of many functions on computers and

o They are very useful in solving the limits and determining several infinite sums.
o These are very helpful in understanding the asymptotic behaviour of functions.

2.3 INDETERMINATE FORMS AND L'HOSPITAL’S RULE

Let f(x) and g(x) be the given two functions. Then the limit of f(x)/g(x) as x — c is, in general, equal to
the limit of the numerator divided by the limit of the denominator. But when those two limits are both

zero, the quotient reduces to the form 0/0.
The form 0/0 is called an indeterminate form.
Mathematically, it can be expressed as,

l
For evaluating the limit, lim fe) _ F
x—c (x) m
if 1= 0, m #0, then ORI
x—>c g(x)
if [# 0, m = 0, then limf( _
x—c g(x)
0
if /=0, m =0, then limf(x):_
x—>c g(x) 0

cannot be evaluated and this is called indeterminate form.

Different indeterminate forms are represented by symbols as follows

0 o
—,—,0 X 00, 00 —00, 00, 1%, oc¥
0 o

Here, we will explain all these indeterminate forms with examples.

0
2.3.1 L’Hospital Rule for Evaluation of Indeterminate form 0 (Type-l)

Theorem: Let the functions fand g are differentiable function at x = a and f(a) =

i £ )
x—a g(x) xﬁu g'(x)
Proof: As fla) = 0=g(a)

f&x) _ f&x)-fla)
gx)  glx)—g(a)

Dividing by x — a, we have

We can write,

fx)-f(a)
flx)  x-a
g(x) - gx)—gla)

X—a

0 = g(a), then
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Taking limit on both sides, we have

f(x)—f(a)
. f(x) x—a
1 S\
xlinﬂ g(x) x1—>nla g(x)—g(a)
x—a
. f(x)—f(a)
B lim g(x)—g(a) " xob g(x) hm g(x)
ioa x—a x—a
= & [As per definition of differentiability]
g'(a)
= lim f )
x—a g’(x)
Generally, if flay=f"(a)=f"(a) ...=f"1(a) =0
ga)=¢(a)=¢"(a)..=g""(a)=0
and g"a)#0
then, if lim [ exists,
x—a g" (x)
then lim f (%) _ = lim S )

x—a g(x) x—a g"(x)
This is known as L'Hospital’s Rule.
Working Rule

X
If jl_ina % is undefined and is of form % , then evaluating the limit by following procedures:

1. Differentiate the numerator and denominator separately i.e., apply UHospital’s rule

lim f— lim f (x)
x>a g(x)  x-ag'(x)
Two cases arise:

' 0
Case: If lim f'x) is not of the form 6 , then

x—a g'(x)
lim f %) - f(x
x—>a g(x) x—a g(x)
f'(x)

CaseII: If lim
x—>a g’ X

. 0 o . .
is of the form o’ then again differentiate numerator and denominator

separately i.e., apply UHospital Rule such that
lim fx) f (x) = lim MCD)

x—>a g(x) x—)a g(x) x—a g"(x)
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n

2. Repeat the above procedure (Case-II) till lim

- reach to determinate form, i.e.,
X—>a g (x)

f@) _ o F1)

lim —= -
x—ag(x) xoagi(x)

SOME SOLVED EXAMPLES

(TYPE-I)
1—
Example 2.21. Evaluate lim cgsx .
x—>0 3x
Solution. Given, lim 1= C(;S X 0 form
x—=>0 3x 0
Apply UHospital Rule, = lim si6n * [% form:l
x—=>0 6x
iy 08X
- x>0 6
3 1
6
X
Example 2.22. Evaluate Jj, —* ~*
x>1x—1—log x
. x - 0
Solution. Given, lim _rx ‘:— form}
x—>1x—1-log x 0
. oxT(1+1 -1
= lim M+@ (Apply UHospital Rule)
x—1 1——
x
X X 1 _ 1
= i X ¥ logx—1 [9 form}
x—>1 1— l 0
X

x*(1+logx)+ x* .l+xx(1+logx) log x
x

= lim
x—>1 i
2
- lim x4+ x"logx+x* 1+ (6" + x" log x)log x
x—1 i
2
_ 1+0+1+0 —9

1
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Example 2.23. Find the value of ‘a’ and ‘D’ so that lim 3

x—0 X
Solution. Given, lim x(1+acosx)—bsinx _ 1
x—0 x3
. x(—asinx)+(1+acosx)—bcosx
= lim ( )+ ) =1

x—0 3x2
Since R.H.S. of (1) is finite, so L.H.S. must finite, when x — 0
But denominator - 0 asx — 0
and numerator — 0 as x — 0
= l+a-b=0
= a-b=-1
Again Applying I'Hospital Rule on L.H.S. of (1), we have
—asinx —ax cos X —asin x + b sin x

lim =1
x>0 6x
. —AC0SX—acosx+axsinx—acosx+bcosx
lim =1
x50 6
N —3atb = 3a+b=6
6

Using (2) and (3), we get, a = —5/2,b=-3/2 Answer

e¥ sinx — x — x°

Example 2.24. Evaluate lim 3

x—>0 X
e sinx —x—x*

Solution. lim 3

x—0 X
Applying UHospital Rule,

e“cosx+e“sinx—1-2x

x(1+acosx)—b5inx_1

lim
x—0 3x2
. e (cosx+sinx)—1-2x
or lim
x>0 3x2
— e*[cosx +sin x]+e*[—sin x + cos x] — 2
= lim
x—0 6x
. 2e"cosx—2
= lim ————
x—0 6x
. 2e*cosx—2e*sinx 2 1
= lim = Z=- Answer
x—0 6 6 3
Example 2.25. Find ‘@’ such that [im M is finite.

3
x—0 tan~ x

. . asinx-—sin2x
Solution. lim —
x—=0 tan” x

{9 form}
0

(1)
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Applying U'Hospital Rule, we have
. acosx—2cos2x _ a—2
lim ——— = ——

x>0 3tan’ x.sec’ x 0
. . asinx-—sin2x . .
But it is given that, lim — s Is finite
x—=0 tan” x
a-2=0
= a=2 Answer

2.3.1.1 Evaluation of Limit by Method of Expansion of Series
2 3
i a":1+xloga+% (loga)2+% (log a)® +

2 3
o=+ e X g
1 2! 3!
2 .3 4
i, log(1+x)=x- 23X X 4+ . |x|<1
2 3 4
2 3 .4
. x° x X
iv. log(l-x)=—=x-"—-"—-"—...|x|<1
2 3 4
V. —— =14+x4+xX+x+ .| x|<1
1-x
) 1
vii —— =l-x+x-x+ ..., |x|<1
I1+x
35
vil. sinx=x— — 4+ —...... R Y x
I 5!
2 4
vill. cosx=1-X X —..., Vv x
21 41
. ‘ PER
ix. sinhx=x+—+— +..., vV x
3! 5!
2
X. coshx=1+ —+— +..... R Y x
14!
3
i tanx=x+ b2 x5 4o , v x
3 15

Example 2.26. Evaluate lim ————
x—0 x log (1+ x)

Solution. Here lim ﬂ ‘:9 form}

x—>0 x log(1+ x)
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= lim
x50 2,3 4
X X——+———+......
2 3 4
x
) YT
= um
x—0 2 x3 x4 xs
X ——t———+...
2 3 4

L x
2 |
= lim
x—0 X 2
JE— + -
2 3
1
=2_ l Answer
1 2
) 1—cosx 0
Alternate Method: lim ——— — form
x—0 xlog (1+ x) 0
Apply UHospital Rule, lim S x 9 form
20X 4 log(1+x) 0
1+ x
. COSX 1 1
= hm = =—,
x—0 1 + 1 1+1 2
A+x) 1+x
Example 2.27. Evaluate lim x cos x —log (I+ ) .
x—>0 _xZ
. xcosx—log(1+x 0
Solution. Given, lim > 8 ) {— form}
x—0 X 0
2 Xt 2 X x*
x| 1= X o x -
. 21 41 2 3 4
= lim
x—>0 x2

|
g
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E
12 6
= lim = >
x—0 X
= lim T 5% 1 Answer
02 6] 2
EXERCISE 2.5
1.  Evaluate the following:
X _ =X _ 1— 2
a im & 2log(1+x) b. fim 2cosx2
x>0 xsin x x—=>0 x“sinx
. -1 .32
. l+sinx—cosx+log(l—x . tan~ x
c. lim ! g( ) d. lim %
x>0 x tan® x x>0 log(l+ x~)
] ex _efx —2x ) ex _esinx
e. lim — f. lim -
x>0  x“sinx x>0 x—sinx
X _ . 3x _2x
g lim 2 1 h. lim
x>0 p* —1 x50 fx
. . sinhx — x . X —sin x
i. lim —— jo lim =———=
x—>0SINX—XCOS X x>0 gSiN% _ %
2. Evaluate the following limits:
b a
. -b _
a. lim2 b. lim —COth cosx
a—bg® —pb x>0  xsinx
b x
. x —b _
c. lim - d. lim fanx—x
x=>b x¥ —p x>0 x? tan x
E—x 2sinx
. xe* —log(1+ x .
e. lim # f. lim 2—2
x—0 X x =72 cos” x
. efsinx—x—x? . e"—2cosx+e
g. lim — h. lim ———
x>0 x” +xlog (1—x) x—0 xsinx
X —X
. re’ —qcosx+ pe
3. If lim = 3, find the values of p, g and r.
x—0 xtanx
. . ae*—bcosx+ce ™
4. Find the value of g, b, c so that lim - =2.
x>0 xsinx
5. Evaluate:
. . sinx .. .. tanx
i. lim ii. lim

x>0 X x>0 X
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Answers
L a1 b 1 ¢ -1 d. 1
2 2
e L f1 g, loga h. 0
3 logb
| _—
i = -
5 )
2. a 1-logh b. 1 c. 1~ logb d. 1
1+logb 2 1+logh 3
e. 3/2 f 1 g. —2/3 h. 2
3 3 . ..
3. pzz,qz?),rzz 4. a=1,b=2,c=1 5.1 1 ii. 1

2.3.2 L’Hospital Rule for Evaluation of Indeterminate Form 2 (Type-Il)
o0

Theorem: If lim f(x) =coand lim g(x) = oo, then ljm &) _ fim Lx; provided that R.H.S. exists
X—>a

x—a x—>a g(x) x—>a g'(x
(whether finite or infinite).
Working Rule:
1. For evaluating the indeterminate form el , change them to the form g and then solve.
0]
2. When x — oo, then lim f) _ im G when x — o, change x — s thaty > 0

x>0 g(x) x> g’(x) y

1

Letx = 1 then lim M = lim (—y] and proceed further.
y x>0 g(x)  y—o0 (lj

gl =
y

SOME SOLVED EXAMPLES

(TYPE-II)

. logtan 2

Example 2.28. Evaluate lim R X

x—>0" logtan x

Solution. Given, lim log tan 2x % form
x—0" logtan x 0
x sec” 2 x 2
— |im fan2x
x—>0" 2
X sec” x

tan x
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2
_ .. 2tanx.sec” 2x
- hm —2
x—0" tan2x.sec” x
sin x 1
2 X

2
COSX cos” 2x
m —
x—>0" sm2x>< 1

c0s2x  cos’ x

2sin X cOS X

= lim —
x—0" sIn2x cos2x
. sin2x . 1
= lim ———=
x—0" sSIN2XCcos2xX x—0" COS2X
=1

4 3
Example 2.29. Evaluate [im 2% +3x —100
x>0 4x? 4 x? + 2x+100

2x* +3x° =100

Solution. Given [im .

x—w 4x

+ x> +2x+100

Putx = 1 asx—>o = y—0

y
2.%4—3.%—100
lim Y Y
y—0
4.%+i2+2.l+100
y oy y

. 2+3y—100y" 2

1
y—0 4-1—)/2 +2y3 -i—lOOy4 4 2
tan x

Example 2.30. Evaluate lim .
x—n/2 tan 3x

Solution. Here lim fan x

x— 72 tan 3x

SQC2 X

x—>m2 3sec” 3x

1 cos? 3x

lim

x>23 cos®x
1 |:—2 cosSx.sin3x.3:|

= lim —
x—>7n23

—2cosx.sinx

sin 6x

= lim —
x—m2 sin 2x
6 cos 6x 3cos3m _ 3(—1)

lim = =——0==3.
x—>m2 2cos2x CoST (=1)

[E form}
o0

‘:9 form}
0

. . 0
[+ sin2x =2 sin x cos x] [6 form}



Calculus Il | 135
2.3.3 L’ Hospital Rule for Evaluation of Indeterminate Form 0 x « (Type-lll)

If lim f(x)=0and lim g(x)=oo,then lim f(x).g(x) is of the form 0 X oo
xX—>a

xX—>a X—>a

Converting,

lim f(x).g(x) = lim DACIRpS {€))

x—a xoa 1 x—a
8(x) f(x)
which is of the form 9 or 2 respectively and then solve with previous discussed methods.

0

SOME SOLVED EXAMPLES

(TYPE-III)
Example 2.31. Evaluate lim x log x.
x—>0"
Solution. Here, 1im+ x log x [0 X oo form]
x—0
= lim log x [f form}
x—0" 1/x o0
Applying L'Hospital Rule
1
= lim %= lim (-x) =0
x—=0" —1  x->0"
2
Example 2.32. Evaluate [im x tan Tl
x—0 2
Solution. Given lim x cot x [0 X oo form]|
x—>0
0
= lim —— = lim —> ‘:— form}
x>0 1 x—>0tan x 0
cotx
= lim L _ 1
x—>0sec” x
Example 2.33. Evaluate [lim (x - E) tan x.
L 2
2
. . . yis
Solution. Given lim (x - 5) tan x [0 X oo form]|
T

x——
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i T
3) =) :
= lim = lim — form
n 1 n cotx 0
x—— x—
2 tanx 2
Apply U'Hospital Rule,
. 1
lim — =-1
o, T —cosec”x
Example 2.34. Evaluate lim 2 sin i
X —> o0
. . a
Solution. Given, lim 2*sin— [0 x oo form]
X —> 0 2
. a
sin — 0
= lim 2 — form
x> 1 0
2*

Applying L'Hospital Rule

a | —a.2"log2
cos—| —=2—
, 2x| (2%
= lim

xo® —2"log2
")’

a
= lim acos— =a
X —>0 2%

2.3.4 L’Hospital Rule for Evaluation of the Indeterminate Form oo — oo (Type-IV)
If lim f(x) =cand lim g(x) =o,then lim (f(x)—g(x)) is of the form o — o0

x—a x—a x—a

In this form, convert,

1 1
)}Lmu (flx) —g(x)) = lim g(x) f (%) {% form}
f(x) g(x)

which can be evaluated by U'Hospital Rule as did earlier.

SOME SOLVED EXAMPLES
(TYPE-IV)

x—0 2

Example 2.35. Evaluate lim (i _ tosec xj '
x x
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Solution. Given, lim
x—>0

Applying L'Hospital Rule

Example 2.36. Evaluate

x—>T/2

Solution. Here, lim (sec x — tan x)
x> T2

Example 2.37. Evaluate [im
x—0

(1
L
X

lim

1
X sinx

[

[00 — o0 form ]

. sinx — x 0

lim — — form
x=>0\ x"sinx 0

. cosx—1 0

lim > — form
x>0 x° cosx +2xsinx 0

. —sinx

lim T -

x>0\ —x“sinx+2xcosx+2xcosx+2sinx

. —sinx 0

lim o - — form
x>0\ —x“sinx+4xcosx+2sinx 0

. —CoSX -1

lim > - = _-

x>0 —x" cosx —6xsinx+6cosx

(sec x — tan x).

[00 — o0 form]

. 1 sin x
lim -
x—>m2\ cosx cosx
. 1—sin x 0
lim | — — form
x—>m2\ cosx 0
. —Cos x
lim -
x—>7m/2\ —SsIn X
CcOSs —
0
== =0
. 1
sin—
5 1
cosec” X —— |.
X

. . . 2 1
Solution. Given, lim | cosec”x——
x>0 X

or lim
x—0

sin® x?

X

lim
x>0

|

x> —sin® x
x? sin” x
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. x° —sin” x x?
= lim : —
x>0 X sin” x
. x* —sin® x 2
= lim . lim | —
x—=0 X x—=>0{ sin” x
= i | % —sin x ( * lim smx=1) l:gform:l
x—=>0 X x>0 X 0
2
" ( PR J
X x—"+
3! 5!
= lim
x—0 x4
4 6 4 6
ot X r_x
= lim 360 = fim 360
x—0 X4 x—0 x4
X2
= lim ——— + term containing higher power of x
x—03 0
1
=3
EXERCISE 2.6
1. Evaluate the following limits:
. 1 _
o lim loBSn b, lim S0
x>0" cotx x—a" log(e” —e”)
3 _ 2 1
c. lim M d. lim ogx
xow x" —x"+2x-3 x> X
1
e. lim % f. lim —8%
x—0" logx x—0" cot x
n
g. limx—,neN h. mM

X—>® ex

i. lim log_ sinx
x—0" gx

a. lim xlogx tan x
x—0

. X
c. lim (a—x)tan —
x—a 2a

e. lim (1-sinx)tanx
x—>n/2

x—5 cot (mx)

Evaluate the following indeterminate forms:

. 1
b. lim xtan—
X —> 0 X

d. lim sec — log x
x—1 2x

f. lim (a"*-1)x
X —> 0
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3. Evaluate the following:

1 cotx ——
a. lim (——cosec x} b. lim ——*
x—=>0"\ X x—0" X
c. lim [iz—(:ot2 xj d. lim| -2 - !
x>0\ x x>\l x—1 logx
. 1 1 . 1 1
e. lim [—2— J £ lim (———zlog (l+x))
x>0\ x x tan x x>0\ X x
g. lim (2xtan x— & sec x) h. lim (cosec x— cot x)
x—>72 x>0
Answers
1. a. 0 b. 1 c. 0 d. 0
e. —™ f. 0 g. 0 h. 0
i1
2. a. 0 b. 1 c. 2alm d. 2/n
e. 0 f. loga
2 1
3. a. 0 b. -1/-3 c. = d. -
| 1 > 2
e. — f - g -2 h. 0
3 2

2.3.5 L’Hospital Rule for Evaluation of Indeterminate Form 0° (Type-V)

If liin flx) =0and lim g(x) =0,then lim [f(x)]$% is of the form 0°.
X a X—>a

X—>a

To solve this kind of form, let y = lim [f{x)]&®

logy = lim g(x)log fix) (1)

which is of the form 0 X o and can be solved as previous method.
We can put,

lim g(x) log f(x) =1,

X—>a

then from (1), logy=1 = y=¢.

SOME SOLVED EXAMPLES

(TYPE-V)
Example 2.38. Evaluate lim x".
x—>0"
Solution. Let y= lim x" [0° form]

x—0"
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Taking log on both sides
logy= lim xlogx [0 X o form]
x—>0"
o0
log y = hm Ing |:— fOI'IIl:‘
x—>0" 1 0
x
Applying L'Hospital Rule,
1
= lim X
x—0" ;1
2
= lim —-x=0
x—0
Thus logy=0
= y=e"=1
Hence, Iim x*=1.
x—0"
1
Example 2.39. Evaluate lim (1—x?)" =%
x—>1
1
Solution. Let y=lim (1-x* ylog(1=) [0° form]
x—1
then logy = lim ———— log (1-x2) Sy
¢ 08y = x—>1log (1—x) 08 . © orm
~ lim log (1—x)+log (1+x)
x—>1 log (1—x)
= lim| 1+ —log U+ )
x—>1 log (1—x)
= 1+ lim log1+x)
x—1log (1—-x)
1
= 1+lim1+—x = 1+lim1_—x
xo>1 1 x=>114+x
1-x
0
=1+-=1
2
Thus, logy=1
= y=el=¢e

1

Hence, lim (1-x?)"80-% =e.
x—>1
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2.3.6 L’Hospital Rule for Evaluation of Indeterminate Form 1° (Type-VI)
If lim flx)=1and lim g(x)=oo,then lim [f(x)]$% is of the form 1%,

x—a x—a

It can be solve by taking y = lim [f(x)]g(x)
X—>a

logy= lim g(x) log fix) ...(1) [0 X oo form]
XxX—>a
which can be evaluated as earlier method.
After that, let logy=1 [From (1)]
then y=¢é
means lim [f(x)]s®) = ¢!
X—>a

SOME SOLVED EXAMPLES

(TYPE-VI)
Example 2.40. Evaluate lim (cos x)”xz.
x—0
2
Solution. Let y= limo (cos x)""* [1% form]
X —>
1 =1 ! 1 f
ogy= x:nl()? 0g COS X [0 X oo form]
Applying L'Hospital Rule
x (—sin x)
_ i Cosx
x—0 2x
. —t
— |y 2R X ‘:9 form}
x>0 2x 0
~ 1 —sec” x _1
x—=>0 2 2
-1
Thus, logy= —
2
- y=el?
Hence lim (cos x)”x2 =12
x—0
Example 2.41. Evaluate the given limit: lim (cos X)©,
x—0
Solution. Let y= lim (cos x)m‘z" [1° form]

x—=>0

log y = limo cot? x log cos x [0 X oo form]
x—>
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_ Jim 0808 X [g form}

2
x=0 tan” x

Applying UHospital’s Rule,

.(—sinx)

= iy COSX

2
x>0 2tanx.sec” x

. —tanx
— lim >
x>0 2tan x sec” x

. -1
— lim >
x—>02sec” x

|
Do | =

Thus, logy=-

= y=el?

2
Hence, lim (cosx)®"* = ¢e1/2
x—>0

2.3.7 L’Hospital Rule for Evaluation of Indeterminate form «° (Type-VII)

If im f(x) =oand lim g(x) =0,then lim [fx)]* is of the form oo,
X—>a XxX—>a X—>a

For solving this kind of Indeterminate form,

Let y= lim [f(x)]g(x)
xX—>a
logy= lim g(x) log f(x) ..(1) [0 X% ooform]
xX—>a
which is evaluated as previously discussed method
After that, let logy=1 [from (1)]
then y=¢
= Im - [fx) )@ = ¢

SOME SOLVED EXAMPLES
(TYPE-VII)

Example 2.42. Evaluate i (cot x)!/8*,
x—0

1

Solution. Let y= lim (cotx)'°8* [o0? form]
x—0
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logy = lim

x—0 logx 0

e}
log cot x [— form}

Applying L'Hospital Rule

x (—cosec? x)
cotx

= lim
x—0

Nx‘._.

. —Xxcosecx
= lim ———

x—>0 cotx
. —X 0
= lim ———— l:—form}
x—0 COs X sin x 0
. -1
= lim ————— =-1
x—=>0cos” x —sIn” x

Thus, log y
1

1
-1 = y=el=—
e

. 1
Hence lim (cotx)°8* = —
x—0 e

1 x+1
Example 2.43. Evaluate lim [1 - —)
x>0 2x

1 x+1
Solution. Let flx) = lim (1 — —j x> 1
x> 2x

X —>© 2x

log fix) = lim (x+1)1og(1—i),x> 1

x—> o 1

()
log| 1-—
log filx) = lim ) {% form}

x+1

Apply LHospital Rule
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. (x+1)?
=1
x>0 —x(2x-1)
e l.z
lim X lx
X —> 0 _2+7
x
__!
2
1
Thus, log f(x) = -5
= flx)=e1?
1 x+1
= lim (1——) =12
X —> 0 2x

Example 2.44. Evaluate lim_(sec x)«',
x—>7/2

. xT+1+2x
= lim ———
x>0 —2x" +x

[Dividing numerator and denominator by x*]

Solution. Let y= lim (secx)®t* [0 form]
x =72
logy= lim cotxlogsecx [0 X oo form]
x— 12
1
~ lim 0g sec x [ © form}
x—n2 tan x o0
Applying L'Hospital Rule,
.secx tan x
. secx
— lim >
x— T2 sec” x
. tan x
= lim

x =72 SCCZ X

= lim gin x cos x
/2

X — T
=0
Thus, logy=0
= y=¢e"=1
Hence lim (secx)®t*=1
x— T2

Example 2.45. Prove that lim

Solution. Let

3x+2
2x+3 _ o
x—eo\ 2x+1
3x+2
. 2x+3
x—eo | 2x+1

= lim (3x+2)1
log y xlinm()H— )og(

[1% form]

2x+3
2x+1
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lim (3x+2)log
X —> 0

&

2

lim (3x+2)
2x+1

X —> 0

2(3x +2) 2

lim

2
+1
2
2 1
- —+
[2x+1J 2

[0 X oo form]|

(3x+2)+

X —> 0

2x+1)

_[2x+1
(l-l—zj
2 3

]2.

2

23814 J

lim
X —> 00

2x (1+)

2

3x
2(1+1
2x

3(1+2j 142
= lim 3x 3x
X — 0 (1+1) 2x i 2
2x ZX
Thus, logy: 3
2x43 3x+2
Hence lim X =3
x—eo\ 2x+1
I/x _ —e
Example 2.46. Show that [im —(1+x) € - =,
x—>0 X 2
Solution. Let y=(1+x)"
1
logy= " log (1 +x)
1 % Xt
= | xm——t———+.
x 2 3 4
_ x xt X
=l ———+..
2 3 4
px X
= y=¢ 2 3 4
2 .3
=e.e,wheret= _f+x__x_+
2 3 4

£2
=e|l+t+—+..
2
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x—0 X x—=>0 X
= lim ——+—ex+......
x>0
e
2

Example 2.47. Evaluate lim {n +n’log " 1]
n+

n—> o

Solution. Given, lim {n +n’log ! }
n+1

n— 0

= lim n+nzlog[1— ! H
n— o0 n+1

. 2 1 1 1
= lim |n+n"| - - > = 7 -
n—>c0 n+l 2(n+1)" 3n+1)
) i n’ n* n*
= lim |n— - >~ 7
noo| o n+l 2n+1) 3(n+1)

2 2
. n 1{ n 1 n
= lim —-— - 3
nooln+l 2\n+l 3(n+1)

i 1 1] 1 1 1
m | — 7|+ -
= n—ooo 1 2 1 3 1 3
| n ( n
1 1
:1——:—
2 2
. 2 n 1
Hence lim [n+n°log— | = —.
n— o n+1 2
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EXERCISE 2.7
Evaluate the following limits:
1/x
a. lim (cosx)®** b. lim (x—1)*! ¢ Lim | F—tan™ x)
x> 72 x—1 X —> o0
Determine the following limits:
. a\ . 1) . . ) sin hx '
a. lim |1+— b. lim|— c. lim (sinx)@nx 4. lim
X —>00 X x—0\ X x— /2 x—>0 X
1x tan % . 1/x’
e. lim (cosecx)/°8* f  lim tan x g liml2-%*] ** h lim X
x—0 x—0 X x>a a x—0 X
o . S 2\
i lim (1+sinx)©°* j. lim (1+—) k. lim (sinx)tanzx
x—0 X —> 0 X x—> /2
A+ e+ S
a. Show that lim 2 _"°
x—0" x? 24
(1+x)1/’“—e+g—£ex2 _7
b. Show that lim 2 24 _~7,
x—0 x3 16
X
a. Prove that lim (1+x)”x =1 b. Prove that lim (1+£j =¢k
X —> 0 X =0 X
3x 41 3x+2
c. Provethat lim (x+e*)"* = ¢ d. Prove that lim [SX 4} =e?
X —> 0 X —> X+
Evaluate:
1/x 1/x
. [ a*+b" L[ 2*+3
a. lim ( J and then deduce lim ( =6
x—=0 2 x—0 2
2
log x Vx I log (1+n)
: im —=——=
b. xlggo( . ) c. HAm .
Answers
a. 1 b. 1 c. 1
a. e b. 1 c 1 d. 1
e. 1/e f. el g. er h. e/
i e i é k. 12
b. 1 c. 0
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INTERESTING FACTS

¢ Indeterminate forms are also found in physics. We can see its usage in quantum physics, particle
decay, quantum mechanics, thermodynamics etc.

¢ Johann Bernoulli was also engaged in the creation of this unique rule.

e D’Hospital’s Rule occasionally fails by falling into a never-ending cycle.

o Although written as Hospital, but the word is pronounced as “Hopital’.

VIDEO REFERENCES

Indeterminate
Forms Part|

APPLICATIONS TO REAL LIFE

e [t has a significant application in commerce domain, where continuous compounding interest
rates are encountered every day especially in investments, different types of bank accounts,
while paying credit cards bills, mortgages, etc.

e It is used in Gamma functions which are further used in engineering, quantum physics,
statistics, astrophysics, fluid dynamics, combinatory, probability theory, etc.

2.4 MAXIMA AND MINIMA

A function fis said to have a maximum value at x = a if fla) > ¥ = f(X)
f(x) i.e., flx) — fla) < 0 for all x in a small neighbourhood of a.

A function f is said to have a minimum at x = a if
fla) < flx) i.e., flx) — fla) > 0 for all values of x in a small
neighbourhood of a.

In the adjoining fig., f(x) has a maximum value at
x = a since f(a) is greater than the neighbouring value of f(x).
Similarly f(x) has a minimum at x = b and maximum at d.

Note that f(x) has a maximum at x = a even though f(a) Fig. 2.7
< flc). The reason is that f(a) > f(x) in a neighbourhood of a.

Thus a maximum value of f(x) is not necessarily the greatest value of f(x).

2.41 Condition for Maxima and Minima
Expanding by Taylor’s theorem, about a point ‘a’, we have

fx) = fla) + (x—a) f'(a) + % (x—a)f"(a) + ..

ie., flx) = fla) = (x—a) f'(a) + % (x—a)®f"(a) + ...
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or = (x—a) {f’(a)+%(x—a) f"(a)+..} (1)

When x — a is small, f '(a) is numerically more than the succeeding terms. So the sign of f(x) —
fla) depends upon (x — a) f'(a). But this will have only one sign when x > a and another when x < a.
Therefore no maximum or minimum is possible at x = g unless f'(a) = 0.

If f'(a) = 0, then (1) becomes

1 1
flx) = fla) = (x—a)? {5 frla)+ < (x—a) f(x)+ } (2)
1
For small values of x — g, B f"(a) has more numerical value than the succeeding terms. So the sign

1
of f(x) — fla) depends on > (x—a)?f"(a) or f"(a), as % (x —a)? is always positive.

Hence the function f(x) has maxima, minima at x = a if

i.  f'(a) =0and f"(a) = negative, f(x) has maximum at ‘a’

ii. f'(a)=0andf"(a) = positive, f(x) has minimum at a.

iii. f’(a)=0andf"(a)=0,f(x) has neither maximum nor minimum at x = a unless f"'(a) = 0. The
sign of " (a) will then determine the nature of f(x).

2.4.2 First Derivative Test for Extrema (Maxima or Minima)

Let f be a continuous function defined on Interval I = (a, b) and let ¢ be the critical pointin I i.e.c € I,
then

i.  f'(x) changes sign from positive to negative as x increases through ci.e., f' (x) 20 forx € (¢-9,
¢)and f'(x) <0 for x € (¢, ¢ + 8), then ¢ is the point of local maxima and f has local maximum
atc.

ii. f'(x) changes sign from negative to positive as x increases through ci.e., f'(x) <0 forx € (c- 9,
¢)and f'(x) > 0 for x € (¢, ¢ + 8), then ¢ is the point of local minima and f has local minimum
atc.

iii. f'(x) does not change sign as x increases through ¢, then fhas no extremum (neither maximum
nor minimum) at ¢ and such point is called point of inflection.

Point of local maxima

y
o i ¥ Point of non-
Point of local : i differentiability
minima ! i
X( 1 1 1
(0] C C2 Cs X
yV

Fig. 2.8
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Definition. Critical point of f: Let fbe a continuous function defined on an interval I and ¢ € I, then
c is called critical point if either f'(c) = 0 or fis not differentiable at points in I.

Definition. Let f” be real valued function and let ¢ be an interior point of domain of f, then

a. cis called a point of local maxima, if there is an & > 0, such that f(c) > f(x), V xin (¢ — h, c + h).
The value f(c) is called the local maximum value of f.

b. cis called a point of local minima if there is an h > 0 such that f(c) < flx), V xin (c— h, ¢ + h).
The value f(c) is called the local minimum value of f.

Geometrically, the above definition states that if x = ¢ is a point of local maxima of f, then the graph
of ‘f” around ¢ will be as shown in given figure.

y f(c)=0 ¥

(a) (b)
Fig. 2.9

Note that the function fis increasing (i.e., f '(x) > 0) in the interval (c — h, ¢) and decreasing (i.e.,
f'(x) <0) in the interval (c, ¢ + h). It suggests that f'(c) must be zero.

Example 2.48. Find all points of local maxima and minima of the function, when fis given by

f(x) =x*—3x + 3.
Solution. Given flx)=x-3x+3
Differentiating w.r.t. x, we get
f'(x)=3x*-3

=3(x*-1)

=3x-1)(x+1)
Now f'x)=0 = 3x-1)(x+1)=0
= x=1,-1

Thus, x = +1 are only critical points and function can have maximum or minimum values at
x=1,-1.

Applying 1% derivative test

Value of x Sign of f'(x) =3(x—1) (x +1)
—>to left (say 0.98) f'(x)<0
x=1
—>to right (say 1.01) f'(x)>0
— to left (say —1.01) f'(x)>0
x=-1
—> to right (say —0.9) f'(x)<0
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Atx =1, f'(x) changes sign from negative to positive.

x = 11is a point of local minima, and f(1) = (1)°> = 3(1) + 3 = 1 is the local minimum value.
At x =-1, f'(x) changes sign from positive to negative.

x=-11is the point of local maxima and f(-1) = (1) - 3(~1) + 3 = 5 is the local maximum value.
Example 2.49. Find all the points of local maxima and local minima of the function f, which is given

by f(x) =x> + 1.

Solution. Given flx)=x+1
Differentiating w.r.t. x, we get
f'(x)=3x
Now, fllx)=0 = 3x’=0 = x=0

Thus, x = 0 is the only critical point of ‘f” and function can have maximum or minimum value at
x=0.

On applying 1st derivative test,

Value of x Sign of f'(x) = 3x?
—to left (say —0.1) >0
x=0
—>to right (say 0.1) >0

Thus, at x =0, f'(x) does not changes its sign. So x = 0 is neither a point of local maxima nor a point
of local minima.

Thus, x = 0 is a point of inflection.

Remark:
i. Consider a function flx) =x*, x € R
Clearly, fhas minimum value at x = 0 and f{0) = 0 but fhas no maximum value in R.
y
X' \ O/ X
yf
Fig. 2.10
ii. Consider a function f(x) =| x|, x € R
y
X S X
y'
Fig. 2.1
__________ Jlese it o s =0 i) = [0 SO tilegiominnuzielo
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iii. Consider a function f(x) = x, x € (0, 2)

y

(0]
yl

X

Fig. 2.12
fhas neither maximum value nor minimum value in (0, 2)

flx) =x,x€(0,2) f'(x) =1.

At all points in (0, 2), f'(x) > 0 i.e., no changes in sign.

f does not have maxima or minima in (0, 2).

2.4.3 Second Derivative Test for Extrema (Maxima or Minima)
Let fbe a twice dlfferentlable functlon defined on Interval I and ¢ € I. Then

i. iff'(c)=0and f"(c) <0, then x = cis a point of local maxima and f(¢) is local maximum value

off.

ii. iff'(c)=0andf"(c) >0, then x = cis a point of local minima and f{c) is local minimum value

of f.

iii. iff'(c) =0andf"(c) =0, then test fails. Further process need to be done to check for extremum

values.
Example 2.50. Find local maximum and local minimum value of the function f, given by
fix)=x>—5x1+5x° + 10, x € R.
Solution. Given flx) = x> = 5x* + 5x° + 10
Now, f'(x) = 5x* — 20x° + 15x*
=5x% (x-3) (x—1)
ffx)=0 = 5x*(x-3)(x-1)=0

= x=0,1,3
Now f"(x) = 20x> — 60x? + 30x
f"0)=0
=4 f"(1)=-10<0
1"(3)=90>0
By second derivative test, x = 1, is a point of local maxima and maximum value is
fll) =11.
and x = 3 is a point of local minima and minimum value is
f3)=-

At x = 0, second derivative test fails.
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Now, by first derivative test

Value of x Sign of f'(x) = 5x%(x — 3) (x — 1)
—> left (say —0.1) >0
x=0
—right (say 0.1) >0

Thus at x = 0, f has neither maxima nor minima.
Example 2.51. Find local maximum or local minimum value of function f given by f(x) = | x + 2| - 1.
Solution. Here, fix)=|x+2]|-1

x+2-1 x2-2
o fto = {—(x+2)—l x<—2
x+1 x=2-2
o fto) = {—x—?) x<-=2
, 1 x>-2
By first derivative test,
Value of x Sign of f'(x)
— left (say —2.1) <0
X==2
- right (say —1.9) >0

f'(x) changes sign from negative to positive.
f(x) has local minima at x = -2 and local minimum value is
fl-2)=|-2+2]-1=-1
f(x) has no local maxima and hence no maximum value.
We can also check in the following way:

Here flx)=|x+2]-1
We know that |[x+2]>0
For minimum, x+2=0
= x==-2

Thus, fhas minimum value at -2, and f(-2) = —1.

Example 2.52. Find maximum and minimum value of function f(x) = sin 2x + 5.

Solution. Here, flx) =sin 2x+5

We know that -1<sinx<1

-1<sin2x<1

On adding (5) on both sides,
-1+5<sin2x+5<1+5

4<sin2x+5<6
Thus, f(x) has maximum value 6 and minimum value 4.
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Example 2.53. Find maximum and minimum value of the function f(x) = x./1—x , x> 0.

Solution. Here

flr)= xJ1-x,x>0

fla)= Jl-x+ A
241—x
e (=x)
= /1 x+2 T—x
_ 2(1—x)—x _ 2-3x
2\/1—x 2\/1—x
2-3x
" =0 =0
1 2J1-x
= 2-3x=0 = x=2/3
i -1
JI=x(-3)—-(2-3%x). ———
Now, f”(x):l () ) 2\1—x
| (1-x)
_1[-6(1-x)+@2-3x%)
2_ z(l_x)3/2
1| —4+3x
2| 20-x)"
| -2
Atx=2/3, fr@z)= 5 2(;)3’2 >0

By second derivative test, x = 2/3 is a point of maxima and f has maximum values at x = 2/3

gr_m:g@

[Rationalisation]

fl2/3) =
_ 2 B
33 3
_ B
9
EXERCISE 2.8
1. Find maximum value of (x—1) (x-2) (x-3).
2. Show that x> — 3x2 + 3x + 7 has neither a maximum nor minimum at x = 1.
1

3. Show that sin x (1 + cos x) has maximum at x = 5 .
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Find maximum and minimum value of following functions:

i flx)=(02x-1)*+3 il flx) =9x%+ 12x+ 2
2_

i, flo) = £ 22544
x“+2x+4

Find all the points of local maxima and minima and also find the maximum and minimum values
of the following functions:

i flx)=x"-3x ii. f(x) =sinx—cos x,x € (0,27)
iii.f(x):§+%,x>0 iv. f(x) = x21+2
vﬂ@:aj%? Vi flx) = (x— 1) (x - 2)?

vilflx) = 2x° — 6x> + 6x + 5
Examine whether ‘f” has local maximum or minimum at 0

L = 2x+3, x>0 i flx) = 2x+3, x<0
A R TR =1 il x50

2x+3, x>0

. flx)=|x|+|x-1
-3x+1, x<0 fx)=]x|+] |

iii. flx) = {
Find the maximum/minimum values of the following functions:

i flx)=—|x+1|+3 ii. flx)=|sin4x+3 |
iii. flx) =x+1,x e (-1, 1)

Answers
2
343
i. min. value = -2 ii. min. value = -2

iii. min. value = 1/3, max. value = 3
i. minatl, (1) =-2, max.at—-1,f(-1) =2

7 7 3 3
ii. min.at — n,f | — | = —/2 , max.at — 7, -7 :\/5
- f(4 j & : f[4 j
iii. min.atx=2,f(2) =1 1v. max.atO,f(0)=5

1
v. max.at1,f(1) = Z,min. at-1,f(-1) = —i

5 5 16
vi. max. at 1, g,f(l) :0,f(gj = %,min. atx=2,f(2)=0

vii.neither maxima nor minima
1. min. 1l. max.

iii. neither max. nor min. iv. minimum
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7. 1. max. value = 3, no min. value ii. min. value = 2, max. value = 4

iii. neither max. nor min. value

SOME MISCELLANEOUS EXAMPLES

Based on Maxima-Minima
Example 2.54. Show that of all the rectangles with a given perimeter, the square has the largest area.
Solution. Try yourself.
Example 2.55. Show that of all the rectangles of a given area, the square has the smallest perimeter.
Solution. Try yourself.

Example 2.56. If the sum of the lengths of the hypotenuse and a side of a right-angled triangle is given,
show that the area of the triangle is maximum when the angle between them is (n/3)

Solution. Try yourself.

Example 2.57. Show that of all the rectangles inscribed in a given fixed circle, the square has the
maximum areq.

Solution. Let ABCD be a rectangle inscribed in a given circle with centre D c
O and radius r.
Let ZCAB=0.
Then, AC = 2r, AB = 2r cos 0 and BC = 2r sin 0. 0]
Let A be the area of rectangle ABCD. 0
Then, A = AB X BC = 472 sin 0 cos 0 = 22 sin 20. A B
oo .
Thus, A = 2r% sin 20, where r is constant. Fig. 2.13
2
A

dA _ 4r% cos 20 and — 5 =—8r% sin 20.

4o do

dA
Now, — =0 = 4r*cos20=0

do

. e
= cos20=0 = 26=—,i.e.,9:Z.
2
2
And, {d—?} = _8r2sin & =_82<0.
d0 0=(n/4) 2

0 = (n/4) is a point of maximum.
Thus, area is maximum when 0 = (nt/4).

In this case, AB=2rcos & = r2
4
o

and, BC = 2rsin i 2

Thus, AB = BC and therefore, ABCD is a square.
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Example 2.58. Show that the triangle of maximum area that can be inscribed in a given circle is an

equilateral triangle.
Solution. Let ABC be a triangle inscribed in a given circle with centre O
and radius r.

For maximum area, the vertex A should be at a maximum distance from
the base BC.

A

N

Therefore, A must lie on the diameter, perpendicular to BC. Thus, on
AD 1 BC. 20
. . B D C

So, triangle ABC must be isosceles.
Let ZCAD = 0. Fig. 2.14
Now, BC=2CD =20C sin 20 = 2r sin 20
and, AD = (OA + OD) = (r + r cos 20).
Let A be the area of the triangle.

1
Then, A= 2 BC x AD = r?sin 20 (1 + cos 20).

dA 5 .
) = r? [sin 20 (<2 sin 20) + (1 + cos 20) . 2 cos 20]
= 12 [2 (cos? 20 — sin? 20) + 2 cos 20] = 2% [cos 40 + cos 20]
d*A _ _ . .
And, — = 2r* [~4 sin 40 — 2 sin 20] = —4r? (2 sin 40 + sin 20)
do
Now, d—AzO = c0s40 + cos20=0
= cos 40 = —cos 20 = cos (1 — 20)
- 0=1-20 = e:%.
2
A .2 .
and {d—z} = —4r? (2 sin == + sin E] =-6r23 <0
d6 0=(n/6) 3 3
1
0= P is a point of maximum.

So, in this case, each angle of the triangle is (1/3).
Hence, ABC is an equilateral triangle.

Based on Volume and Area of Solids

Example 2.59. Show that a cylinder of a given volume which is open at the top has minimum total

surface area, provided its height is equal to the radius of its base.
Solution. Try yourself.
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Example 2.60. Show that the height of a cylinder which is open at the top, having a given surface and
the greatest volume, is equal to the radius of its base.

Solution. Try yourself.

Example 2.61. Show that the height of a cylinder which is open at the top, having a given surface area
and maximum volume is sin' (1/3).

Solution. Try yourself.

Example 2.62. Show that the surface area of a closed cuboid with square base and given volume is
minimum when it is a cube.

Solution. Let V be the fixed volume of a closed cuboid with length g, breadth a and height h.

Let S be its surface area.

Then, V=(axaxh)orh= 2 (1)
a
_ ) _ ) _ 5, 2V .
Now, S=2(a*+ ah + ah) =2(a* + 2ah) =2| a” + — [using (1)]
a
2V 2 8V
ie., S=2 a2+£ d—Szz(Zﬂ——zj andﬁ:(4+—3).
a da a da? a
ds
Now, d—zO = V=d*> = axaxh=a> = h=a.
a
Now, when h = a, we have
V=a’

d’s 3
|:d_2:| =[4+8L3J =12>0.
a h=a a

So, S is minimum when length = a, breadth = a and height = g, i.e., when it is a cube.

Example 2.63. Show that the height of a closed cylinder of given surface and maximum volume is equal
to the diameter of its base.

Solution. Try yourself.

Example 2.64. Show that the cone of greatest volume which can be inscribed in a given sphere is such
that three times its altitude is twice the diameter of the sphere. Find the volume of the largest cone inscribed
in a sphere of radius R.

Solution. Let R be the radius of the given sphere with centre O, and let V A
be the volume of the inscribed cone, h be its height and r be the radius of the
base.

In the given figure, we have

OD=AD-AO=(h-R)

R
R?=(h—R)?>+r*orr*=h(2R—h) ..(0) D
1 1
Now, =3 nr?h = 3 nh?* 2R-h) [using (1)] BVC
av Fig. 2.15

G nh (4R - 3h),

W |~
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2
and d_V = (énR—Znhj_

an* 3
For a maxima or minima, we have

av _,

dh
Now, d_V =0 = l7th(4R—3h)=O

dh 3
= h=0or(4R-3h) =0 = hz%R [+ h#0]

. {dzv} R
an 2 =~ <0l
dh h=(4/3)R 3

4
So, Vis maximum when h = 3 R, i.e., when 3h = 2(2R)

ie., 3 times the height = 2 times the diameter.

1__16R’ 4R\ 32nR’
Volume of the largest cone = 3 X X (ZR - ?] T

EXERCISE 2.9

Divide 8 into two positive parts such that the sum of the square of one and the cube of the other is
minimum.

Divide a into two parts such that the product of the pth power of one part and the gth power of the
second part may be maximum.

Prove that the largest rectangle with a given perimeter is a square.
Given the perimeter of a rectangle, show that its diagonal is minimum when it is a square.

Prove that the perimeter of a right-angled triangle of given hypotenuse is a maximum when the
triangle is isosceles.

Show that the right circular cone of least curved surface and given volume has an altitude equal to
J2 times the radius of the base
Find the point on the curve y* = 4x which is nearest to the point (2, -8).

Show that the surface area of a closed cuboid with square base and given volume is minimum when
it is a cube.

Answers

6,2 2. 49 7. (4,-4)
p+tq ptq
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INTERESTING FACTS
e Maximum and minimum value that are found using Maxima and Minima are together known
as Extrema (plural of extremum).

e A sculpture was displayed in the World Expo 2017 in Astana, Kazakhstan, which was named as
Minima | Maxima, whose design was unique in itself.

o (https://architizer.com/projects/minima-maxima-1/)

VIDEO REFERENCES

Extreme values-|

APPLICATIONS TO REAL LIFE

¢ Applications in medicine while studying the effectiveness of drugs /spread of diseases (i.e., after
how much time the maximum efficiency has been observed).

e Decay study in nuclear energy sector.

¢ In business, industry uses this concept for maximising their profits or minimizing their loss, by
estimating prices for items and also how many to keep in stock.

e Population Growth Curve.

SUBJECTIVE SOLVED QUESTIONS
(HOTS)

Example 1. Let f: [2, 5] — R be continuous and differentiable on (2, 5). Assume that f'(x) = (f(x))?
+ 7 forall x € (2,5). Find f(5) — f(2).

Solution. Given that fis continuous on [2, 5] and differentiable on (2, 5).

Hence, by Lagrange’s mean value theorem, there exists atleast one ¢ € (2, 5) such that

M =f'(c).Hereb=5,a=2
—a
then TOJR) — (o) +
5-2
f(S);f(Z) > [ (0)*20V ce (2,5)]

f(5)-f(2) 2 3m.
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Example 2. Prove that between any two roots of e* cos x = 1, there exists atleast one root of e* sin x — 1
=0.

Solution. Given that

e‘cosx=1
After rearranging, we have
cosx=¢e™*

Consider flx) = cos x— ™

i. cosine function and exponential function both are continuous and differentiable on R, so on
every interval say [a, b].

ii. assuming that a, b are root of f.

Then fla) = f(b) =0

Hence by Rolle’s theorem, 3 ¢ € (g, b), such that f'(¢c) =0
Now, f'(x) =-sinx+ ™

= —sinc+e“=0

= e‘=sinc

or l1=¢sinc

ie., efsinc—1=0

This imply that e* sin x = 1 has one root ¢ € (a, b) i.e., between two roots of e* cos x = 1.
Example 3. Prove that the quadratic equation 3px’ + 2gx +r= 0 has a root in (0, 1) if p + g + r = 0.
Solution. Let f(x) = px* + gx* + rx
i. Clearly f(x) is continuous in [0, 1], being a polynomial in x.
ii. f'(x) =3px* +2qx +r
f(x) is differentiable in (0, 1), again, being a polynomial in x.
iii. f(0) = p(0)° + q(0)2+r(0) =0
1) =p(1)P+q(1)°+r(1)=p+q+r=0
Hence, Rolle’s theorem satisfied, there exists atleast one ¢ € (0, 1) such that f' (¢) =0
f'(c)=3pc? +2qc+r
as f'le)=0 = 3pl+2qc+r=0
which is quadratic in cand ¢ € (0, 1).
Thus, 3px? + 2gx + r = 0 has root in (0, 1).
Example 4. Let the function f be continuous on the closed interval [a, b], differentiable on open interval
(a,b) and f'(x) = 0 for all x € (a, b). Then show that f is constant on [a, b].
Solution. To show that fis constant on [a, b], it is sufficient to prove that f(x) = f(a) V x € [a, b]
Let x € [a, b] such that x > a.
Now, applying mean value theorem on [a, x] as
i. fis continuous on [a, b]
fis continuous on [a, x].
ii. Itis given that fis differentiable on (a, b)
f1is differentiable on (g, x).
By Lagrange’s mean value theorem, there exists atleast one ¢ € (a, x) such that



162 | Calculus and Linear Algebra

f(x)=f(a)

— =10 (1)
x—a
Since, f'c)=0 [+ flx)=0Vxe (a,b)]
From (1), M =0
x—a
flx) = fla) =0
= flx) = fla) for any x € [a, b].
fis constant on [a, b].
x’ sin(ij if0<x<1
Example 5. Lef f(x) = x and let g(x) = x° for x € [0, 1]. Then both f and g
0 if x=0
are differentiable on [0, 1] and g(x) > 0 for x # 0. Show that limo fx) =0= limo g(x) and that limo %
X —> X —> xX—> g X

does not exist.

x° sin(lj if0<x<1
x

0 if x=0

Solution. Here flx) =

lim f(x) = lim x? sin(lj =0forx=0
x—0

x—0 X
Also, g(x)=x*V x e [0,1]
lim g(x) = lim x2=0V x
x—>0 x—>0
Now, for x # 0,
2 .
lim —f (%) = lim X smoux SH; Vx = lim sinl
x>0 g(x) x-0 x=0 X
= sin (o0)

oscillates between —1 and 1

= Does not exist.
Example 6. Using the remainder of Maclaurin polynomial of n'" order for f(x) defined as

n+1

R (x)= fri(c),n>0,0<c<x.

(n+1)!
What is the order of the Maclaurin polynomial at least required to get an absolute true error of atmost
1078 in the calculation of sin (0.1).

+1
xn

( 1)|f”“(c),n20,0£c£x
n+1)!

Solution. Given that R, (x) =

O.0"" i
R, (0.1)= === f""(c),n>0,0<c<0.1
(n+1)!
Since derivative of f(x) are simply sin x and cos x and | sinx | <1 and | cosx | <1
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|fn+1(c) | <1
n+l
Now, R(0.1)< @D
(n+1)!
_ (0.1)n+1
(n+1)!
So, when R (0.1) < 107
' (0‘1)n+1 B
ie., —_—
(n+1)!

This is possible only when n > 4.
But since Maclaurin polynomial for sin x only include odd terms, therefore, n > 5.
Example 7. Let f: (0, ©) — R be differentiable. Suppose that iy (f(x) + f'(x)) = L. Show that

X —> 00

lim f(x)=Land Iim f'(x)=0.

x> X —>0

Solution. Try yourself.

Example 8. Let f: [a, b] — R be thrice differentiable function such that f(a) = f(b) = 0 and
f'(a) =f'(b) = 0, then prove that there exist ¢ € (a, b) such that f'"(c) = 0.

Solution. Here, f: [a, b] — R be thrice differentiable function.

= fis continuous on [a, b] and fis differentiable on (a, b) and also f(a) = f(b) =

then by Rolle’s theorem, there exist atleast one ¢, € (a, b) such that

f(c) =0

Again applying Rolle’s theorem for f'

i. f'iscontinuous on [a, b] and, therefore, continuous on [a, ¢,] and [c, b].

ii. f'is differentiable on (a, b), therefore, differentiable on (a, c,) and (c,, b)

i, f(a) = f'(c,) = fib) = 0 . . .
By Rolle’s theorem, there exists atleast one ¢, € (a,¢;) f(a)= f(cy) = f(b) =
and one ¢, € (c,, b) such that
f"(c,) =0forc, € (a,c) \ / \ /
and f" (c;)=0forc; e (c,b)
Similarly, applying Rolle’s theorem on f" on (c,, ¢5), f” f’(cy) =0 f7(cy)
being continuous on [c,, ¢;] and differentiable on (c,, ¢;) and
f"(c,) =f" (c;) = 0 then there exists atleast one c € (c,, c;) \ /
such that
f"(c)=0force (c, c) fr(c) =
Thus, f""(c)=0force (a,b) Fig. 2.16

Example 9. A square piece of tin of side 24 cm is to be made into a box without top by cutting a square
from each corner and folding up the flaps to form a box. What should be the side of the square to be cut off so
that the volume of the box is maximum? Also find this maximum volume.
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Solution. Let each side of the square to be cut off = x
For the box,  length =24 —2x
breadth = 24 — 2x, height = x
Let V be the volume of the box
V= x(24 - 2x)?

AV 2(24-2x%) (<2) + (24—2%)2 . 1

X _ (24 - 2x) (24— 6x)

. .. 1%
For maxima or minima, d_ =0

x
= (24-2x) 24-6x)=0 = x=4,12
x=4 [+ x=12cm is not possible]

v
Also, —— =(24-2x) (-6) + (24 — 6x) (-2)

dx?

2

Atx=4 d—‘zf =(24-8) (-6) =-ve

dx

= Vis maximum when x = 4

Volume is maximum when square of side 4 cm is cut from each corner.

Maximum volume = 4(24 — 8)? = 1024 cu. cm.

24 — 2x

24 — 2x

_ _>_<_

Example 10. A tank with rectangular base and rectangular sides, open at the top is to be constructed so
that its depth is 2 m and volume is 8 m’. If building of tank costs X 70 per sq. m, for the base and % 45 per sq. m.

for sides, what is the cost of least expensive tank?
Solution. Let x mt and y mt be the sides of the base of the tank.
The depth of the tank is given to be 2 m
Volume of tank = 2xy m?
= 2xy =38
= xy=4 [+ Volume of tank =8 m? (given)]
Area of base of tank = (x X ) m?
Now, it is given that cost of building the base of tank is ¥ 70 per
$q. m.
Cost of building the base of tank =% 70 xy
Total area of the sides of the tank
=(2x+2x+2y+2y) m*=4(x + y) m?
It is given that the cost of building the sides of tank is X 45 per
$q. m.
Cost of building the sides of the tank =¥ 180(x + )
Let C be the total cost of building the tank
: C=73[70xy + 180(x + y)]

=X {70(4) +180 (x + iﬂ
X




Calculus Il | 165

=X [280+ 180x+@}

x
dcC
9 18- 120
dx xz
. .. C
For maxima or minima, — =
dx
. 720 ,
ie., 180-— =0 = x'=4 = x=2 [+ xcannot be —ve]
x
2 1440
NOW, d—C = 3
dx? x
d°C 1440
At X = 2, —2 = 3 = +ve
dx (2)

C (i.e., total cost) is minimum when x = 2

720
Hence, the cost of the least expensive tank = [280 +180(2) + T} =3 1000.

SUMMARY

Necessary condition for applying the Rolle’s theorem, mean value theorem, is that function should
be continuous and differentiable.
Expansion of f(x) in powers of x (Maclaurin’s series)

2
fx) = f(0) + xf"(0) + % £7(0) + ...

Expansion of function f(x) about x = a in powers of (x — a) (Taylor’s series)

’ (x - a)z ”
fix) = fla) + (x=a) f'(@) + ——— f"(a) + ...
Indeterminate forms
.0 .. .
1. 6 1. — 111.0 X o0 1v. 00 — 00
o0
v. 1% vi. 0° Vii. 009
L’Hospital’s Rule
: ) (x) . f'(x)

If lim f£(x) = fla) = 0 and Ii — o(a) = 0 then lim 2% = lim 1%

x—a f f(a) an xl_)l'l’la g(x) g(a) en x—a g(x) x—a* g'(X)
Standard Results on Limit

i . tanx x _ *

a. lim 225 b. lim =1 ¢ lim 2 1=loga d. lim (1+lj =e

x>0 X x>0 X x>0 X x—0 X

Maxima and Minima: For the function f(x), we find f'(x) and equate it to zero i.e., f'(x) = 0 which
gives the critical points of f{x). Now on these critical points we check maxima and minima of f(x).



166 | Calculus and Linear Algebra

Case I. First find f"(x) on critical points,

If f"(x) > 0, then critical point is point of minima.

Case IL. If f"(x) < 0, then critical point is point of maxima.
8. Some standard expansion of functions:

3 5 7 ) 4 6
a sinx= x—— X 4 b.ocosx=1->_4+% _* |
3tost 7! 21 4! 6!
P 2 3
C. tanxX= x+—+—x +.. def=1+ x+—+"—+..
20 3!
2 3 4
e. 10g(1+x)=x—x—+x——x—+_,_,if|x|<1
2 3
P S
f log(l-x)=—x— —————
og (1-x)=-x S 312
g (I+x)for|x|<1
nn—1 nn-1)mn-2
=1l+nx+ ( )x2+ (=D )x3+...,|x|<1
2! 3!
OBJECTIVE QUESTIONS
5
1. PFind lim _ P -P'
P> 56..(5+p)
a. 4! b. 5! c. 0 d. ©
.2
2. Find lim sin ()
x—>0 X
a. o b. -1 c. 0 d. 22
1
—(1—cos2x)
3. The value of lim
x—0 X
a. 1 b. -1 c. 0 d. does not exist

4. To verify Rolle’s theorem which one is essential?
a. continuous and differentiable in open interval
b. continuous in open interval and differentiable in closed interval
c. continuous in closed interval and differentiable in open interval
d. continuous and differentiable in closed interval
5.  When Rolle’s theorem is verified for f{x) on [g, b], then there exist ¢ such that
a. ¢ € [a,b] suchthatf'(c)=0 b. c € (a,b) such that f'(c) =0
c. c€la,b)suchthatf'(c)=0 d. c € (a,b] such thatf'(c) =0
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10.

11.

12.

13.

14.

15.

16.

If the function f(x) = x> — 8x + 12 satisfies the condition of Rolle’s theorem on (2, 6), find the value
of c¢such that f'(c) =0

a. 6 b. 4 c. 8 d. 2

If flx) = smx , how many points exists such that f'(¢) = 0 in the interval [0, 187]

a. 8 b. 9 c. 17 d. 18

If (lx) = In (10 — x?), x € [-3, 3], find the point in the interval [-3, 3] where slope of tangent is zero
a. 0 b. 2

c. Rolle’s theorem is not applied, because function is not continuous in [-3, 3]

d. Rolle’s theorem is not applied, because function is not differentiable in [-3, 3]

Find the point ‘C’ in the curve f(x) = x* + x> + x + 1 in the interval [0, 1], where slope of a tangent to
a curve is equal to slope of line joining (0, 1) and (1, 4)

a. 0.64 b. 0.44 c. 0.54 d. 0.34

For the function f(x) = x> + x + 1, we do not have any Rolle’s point. The coordinate axes are
transformed by rotating them by 60 degree in anti-clockwise sense. The new Rolle’s point is

a. 312 b. The function can never have a Rolle point

3-1
¢ 3 d. 3

Find the point on the curve y = log x, tangent at which is parallel to the chord joining points (1, 0)
and (e, 1)
a e b. e-1 c. l-e d. —e

If fla) = f(b) in mean value theorem, then it becomes
a. Leibnitz’s theorem b. Rolle’s theorem
c. Taylor’s series of a function d. Cauchy’s theorem
If f(x) = sin x cos x is continuous and differentiable in the interval (0, x), then
cosx.sinx . Ccos Xx.sinx
a. 1</~ <sin2x b. 1< —"""= < cos2x
x x
cosx.sinx CosX.sinx
c. 1< —— <xcos2x d 1< ————— <1+ cos2x
x x

On the interval [0, 1], the function x** (1 — x)7° takes its maximum value at

a. 0 b. 1/2

c 1 d. 1/4

Find the co-efficient of x? in the Taylor’s series about x = 0 for f{x) = ¢
a. 1/4 b. -1

c. 12 d. -2

flx) =1+ 2x% + 4x* + 6x° + ... + 100x'% is polynomial in a real variable x, then f{x) has
a. neither maximum nor minimum b. only one maximum
c. only one minimum d. one maximum and one minimum
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17. Expansion of function f(x) using Maclaurin’s series is
2 2 3

a fO+ f(0)+ S0+ f"’(0)+ b. 1+§f'<o>+%f"<o>+%f’"<o>+

2 2

3
¢ f(0)- % £1(0) + % F7(0)+ . d. fo+ % fi+ % fr+ % £+

18. The real number x when added to its inverse gives the minimum value of the sum at x equal
a. =2 b. 2 c 1 d. -1

19. If the function f(x) = 2x* — 9ax? + 12a’x + 1, where a > 0, attains its maximum and minimum at
p and g respectively such that p? = g, then ‘a’ is equal to

a. 1/2 b. 3 c.1 d. 2
20. The necessary condition for the Maclaurin’s expansion to be true for the function f(x) is
a. it should be continuous b. it should be differentiable

c. it should exists at every point
d. it should be continuous and differentiable both

Answers
1. a 2. ¢ 3. d 4. ¢
5. b 6. b 7. d 8. a
9. ¢ 10.d 11. b 12. b
13. b 14.d 15. b 16. ¢
17. a 18.¢c 19. ¢ 20. d

SUBJECTIVE UNSOLVED QUESTIONS
(HOTS)

1. Let f{x) be a continuous and differentiable function on R, then show that between any two real root
of f(x), there exists atleast one root of f'(x).
2. Letf:[a, b] — Rbe thrice differentiable function such that f{a) = f(ib) = f'(a) = f"(a) = 0, then prove
that there exists ¢ € (a, b) such that f"'(c) = 0.
3. Using mean value theorem, prove that | sinx—siny |<|x—y |V x,y € R.
4. Letf:(0,00) — R be a differentiable function then prove that, for any a > 0, if
lim (af(x) + f'(x) = L, then lim fix)= L.
X —> 0 X —>00 a
5. Ifa,+a, +..+a =0wherea € R, 1<i<nthenshowthata,+2ax+..+(n+1)a, x"=0has

atleast one real root in (0, 1).

6 Usi . Ly x y)_y-x
. sing mean value theorem, prove the inequality <log < forall0 < x < y.
x x

x%sin| —

[ ), x#0 f(x) f'(x)
7. Let f(x) x and let g(x) = sin x V x € R. Show that lim £-=% =0 but lim
0 x=0 g e g)

does not exist.
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. . . d
8. Let f: R — R be a differentiable function such that 4 (x) <4 and f(0) = 0 then prove that
X
f(1) € [-4,4] and f(2) € [-8, 8].

9. LetIbean interval and f: I — R be differentiable on I. Show that if the derivative f” is never 0 on I,
then either f'(x) >0V xelorf'(x) <0Vxel

10. Show that the volume of the greatest cylinder which can be inscribed in a cone of height k and semi-

. o: 4 5
vertical angle 30° is 31 nh°.

11. A water tank has the shape of an inverted right circular cone with its axis vertical and vertex
lowermost. Its semi-vertical angle is tan™! (0.5). Water is poured into it at a constant rate of 5 cubic
metre per hour. Find the rate at which the level of the water is rising at the instant when the depth
of water in the tank is 4 m.

PRACTICAL

1. Sketch the graph of sine and cosine functions in [0, 2nt] using MATLAB tool.

2. Plot a graph for ¢** on R using MATLAB tool.

3. In M.S. Excel, draw [x], greatest integer function in the interval [0, 5].

ACTIVITY

1. Write a MATLAB code to verify Rolle’s theorem for the function
i.  x? in the interval [-3, 3]

ii. (x+2)®* (x—3)*in the interval [-2, 3].
Also Plot the curve for the same.
KNOW MORE
X L pF 4o 1/x
1. The value of lim {u} is
x—0 3
a. abe b. (abo)'? c. (abo)® d L
abc
1 X
2. The product of minimum value of x* and maximum value of (—) is
X
! 2
a. e b. - c. 1 d. e
e
3. The expansion of " *is ......
2 4 2 4
a l+x+—+—+.. b. 1+x+——-—+..
8 2 8
2 4 2 5
. ——t+—+.. d l+x+—-—+
c. l+x +—+ > 10
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4.

L S

Find relation between ‘@’ and ‘b’ such that the following limit obtain after a single application of
, ) ae* +be**
L'Hospital Ruleon lt. —————.

x>0 he* + ae**

a. bla=2 b. a/b=2 c.a=b d.a=-b
Find how many rounds of differentiation are required to have finite limit for
cos (ax) + cos (bx) — 2 cos (cx)

. ,given thata# b # ¢
x—0 cos (ax) + 2 cos (bx) — 3 cos (cx)

a. 3 b. 0 c. 2 d. 4
Answers
b 2. ¢ 3. b 4. d
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UNIT SPECIFICS

This unit discusses the topics — matrices and their types ,operations on matrices, properties of matrices,
vectors, operation on vectors, determinant and its properties and applications, linear systems of equations,
rank of a matrix, inverse of a matrix, Cramer’s rule, Gauss elimination and Gauss-Jordan elimination in
length. All the concepts have been explained so as to develop an interdisciplinary approach in students.

RATIONALE

Matrices are most widely used in the solution of system of linear algebraic equations, linear differential
equations and non-linear differential equations. Many physical operations such as magnification,
rotation and reflection can also be represented mathematically with the help of matrices. In encryption,
we use it to scramble data for security purpose to encode and to decode this data. Matrices are used in
representing the real world data like traits of people, population, habits etc. In robotics and automation,
matrices are the base elements for the robot movements. Linear system of equations are used in many
areas such as age-problem, speed-time, etc.

PRE-REQUISITES

1. Basic knowledge of Algebra of Matrices.
2. Familiar with the concept of adjoint, inverse and determinant with their properties.

3. Know the idea of formation of matrices from the linear system of equations.

UNIT OUTCOMES

After completion of this unit, students will be able to:
U3-01: Recognize consistent and inconsistent systems of linear equations and compute their
solutions by the row echelon form of the augmented matrix, using rank.
U3-02: Familiarize themselves with the concepts of algebraic and geometric representation of
vector in R" and their operations, including addition, scalar multiplication and dot product.
U3-03: Recognize and use equivalent statements regarding invertible matrices, pivot positions and
solution of homogeneous and non-homogeneous system of linear equations.
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U3-04: Apply Gauss Elimination method, Gauss Jordan method and Cramer’s Rule to compute the
existence and uniqueness of solutions for system of linear equations.

MAPPING OF UNIT OUTCOMES WITH COURSE OUTCOMES

EXPECTED MAPPING WITH COURSE OUTCOMES
Unit 3 (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
Outcomes
CO-1 CO-2 CO-3 CO-4 CO-5
U3-01 - - 3 1 1
U3-02 - - 1 3 2
U3-03 - - 3 2 1
U3-04 - - 3 - -
HISTORY

Historically, the study of matrices and determinants goes back
to the second century BC although traces can be seen back to the
fourth century BC. It is not surprising that the beginning of matrices
and determinants should arise through the study of systems of
linear equations. The Babylonians studied problems which lead to
simultaneous linear equations and some of these are preserved in clay
tablets which survived.

However it was not until near the end of the 17th Century that the
ideas reappeared and development really got underway, it was not the
matrix but a certain number associated with a square array of numbers
called the determinant that was first recognized. Only gradually did
the idea of the matrix as an algebraic entity emerge. The term matrix
was introduced by the 19th-century English mathematician James
Sylvester, but it was his friend the mathematician Arthur Cayley who
developed the algebraic aspect of matrices in two papers in the 1850s.
Cayley first applied them to the study of systems of linear equations,
where they are still very useful. They are also important because, as
Cayley recognized, certain sets of matrices form algebraic systems in —Srinivasa Ramanujan

which many of the ordinary laws of arithmetic (e.g., the associative (1887-1920)

and distributive laws) are valid but in which other laws (e.g., the

commutative law) are not valid. Matrices have also come to have important applications in computer
graphics, where they have been used to represent rotations and other transformations of images.

An equation means nothing
to me unless it expresses a
thought of God.

INTRODUCTION

The word matrices is plural of the word matrix. Arthur Cayley, first person to introduce the concept of
matrices in 1860.
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The study of matrices was originated from the idea of various types of linear problems. It has a
special relationship with the system of linear equations which occur in many engineering processes. It
provides an important list in the study and development of linear algebra. The matrices also occur in
presentation of linear system models in applied engineering and control systems. Matrices are widely
used in the study of every branch of Mathematics, Science and Engineering.

3.1 DEFINITION

A set of mn numbers (real or complex) arranged in the form of rectangular array having m rows
(horizontal lines) and n columns (vertical lines) is called m X n matrix (read as ‘m by n matrix’ or ‘matrix
of order m by #n’ or ‘matrix of type m by n’
A matrix is generally represented by the symbol [a,] or (a;) or I a; [|-
A matrix is usually denoted by a single capital letter A, B, C etc.

Thus, an m X n matrix ‘A’ may be written as

A= [aij]mxn or A= [aij]
a;  dp A
a a a . .

A=| 2 T2 2n wherei=1,2,..,mandj=1,2,..,n
aml amz amn

Fach m X n matrix has m.n number of elements.

Note: Fach entry in the matrix is called an element of the matrix.

For example: Let us consider a set of simultaneous system of equations
2x+3y+3z+2t=0
3x+2y+5z+3t=0
4x+5y+6z+7t=0
2x+3y+4z+5t=0

Now, we write the coefficients of x, y, z and t of the above equations and enclose them with in the
brackets and then, we get

3 3
2 5
5 6

- SERCS I )
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2 3 4
The above system of numbers arranged in a rectangular array of rows and columns and bounded
by the brackets, is called a matrix.
It has got 4 rows and 4 columns and in all 4 X 4 = 16 elements. It is termed as 4 X 4 matrix.

In the double subscripts of an element, the first subscript determines the row and the second

subscript determines the column in which the element lies, like a, j lies in i row and j column.

3.1.1 Various Types of Matrices

1. Real Matrix: A matrix is said to be real matrix if all its elements are real.
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1 0 3

e.g. is a real matrix.
12 2 1],

Complex Matrix: A matrix whose elements may contain complex number is called a complex
matrix.

1 1
eg | . is a complex matrix.
2x2

—i
Row Matrix: A matrix which has only one row and any number of columns, is called a row
matrix.

eg [l 2 3 4] , isarow matrix.

Column Matrix: A matrix which has only one column and any number of rows is called a
column matrix.

1

2 . .
e.g. is a column matrix.
3

4 4x1

Null Matrix or Zero Matrix: A matrix which has all its elements zero is called a null matrix or
zero matrix.

0 0 0 0 O
e.g. ;10 0 0 are null matrices.
0 0 2x2
0 0
3x3

Square Matrix: A matrix of order m X n is said to be a square matrix if m = n i.e. the number
of rows is equal to the number of columns.
2 5] . .
e.g. is a square matrix.
3 2
x2

Rectangular Matrix: A matrix of order m X # is said to be a rectangular matrix if m # n i.e. the
number of rows is not equal to the number of columns.

12 3
eg |y 1 1 is a rectangular matrix.
2x3

Diagonal Matrix: A square matrix is called a diagonal matrix if all its non-diagonal elements
are zero.

Suppose A = [aij]m and if a;=0 for i # j, then ‘A’ is diagonal matrix of order #n X n.

Diagonal matrix also written as Diag [ﬂlp Ayys  wees Oy,
1 0 0

eg |0 2 0 is a diagonal matrix.
0 0 3 33

Unit Matrix or Identity Matrix: A square matrix is said to be a unit matrix if all its diagonal
elements are unity and non-diagonal elements are zero.
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10.

11.

12.

13.

1 00
1 0 . .
e.g. 0 1 ,/0 1.0 are unit matrices.
2x2
0 0 1],
Unit matrix of order n is also denoted as I .
Singular and Non-singular Matrices: A square matrix ‘A’ is called a singular matrix if
| A|=0i.e. if determinant formed by the elements of ‘A’ is zero.
3]

5 3 we have | A | = 0 (singular matrix)

e.g. ForA=

If | A | #0, (determinant not equal to zero) then the matrix ‘A’ is called as non-singular matrix.
o4

eg ForA= ,we have | A | =-10 # 0 (non-singular matrix)

Symmetric Matrix: A square matrix A = [aij] is called a symmetric matrix if
a;=a; Vv iandj
or A=A"(A"=Transpose of A)
a h g 1 23

eg |h b f| ,|2 4 5 are symmetric matrices.

gfe3><3 3563><3

Skew-symmetric Matrix: A square matrix A = [aij] is said to be a skew-symmetric matrix if
a. a,=-a;, ViandjorA=-A’

1 1
b. All diagonal elements are zero

0 -h -g¢
eg.|h 0 —f| isaskew-symmetric matrix.
g f 0 3x3

Transpose of a Matrix: Let A = [a,], . Then the n X m matrix obtained from A by changing
its rows into columns and its columns into rows is called the transpose of A and is denoted by
A’ or AT,

1 3
1 2 6
Let A=|2 4|,then AT=A’={ }
3 4 5
6 5
1
IfB=[1 2 3],then B'=|2
3

Properties of Transpose of a Matrix: If A’ and B' be transposes of A and B respectively then,
a. (A=A

b. (A+B)=A"+B

c. (kA)' =kA’, k being any number
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d. (AB) = B'A’
e. (ABC)' =C'B'A’

14. Orthogonal Matrix: A square matrix ‘A’ is called an orthogonal matrix if the product of the
matrix ‘A’ and its transpose A’ becomes an identity matrix i.e. A . A" = I where I is an identity

matrix.
1 2 2 1 2 =2
eg. ForA= 1 2 1 —2|,thenA’= 1 2 1 2|, wehave
3 3
-2 2 -1 2 -2 -1
AA =1 [Students can verify it at their parts]

then ‘A’ is an orthogonal matrix.

15. Triangular Matrix: A square matrix is said to be a triangular matrix if all the elements lying
above or below the leading principal diagonal are zero.

There are two types of triangular matrix.

a. Upper triangular matrix: A square matrix all of whose elements below the leading
diagonal are zero, is called an upper triangular matrix.

2 3
eg. 0 5 leading diagonal
0 0
is an upper triangular matrix.

b. Lower triangular matrix: A square matrix all of whose elements above the leading
diagonal are zero, is called a lower triangular matrix.

0 0
e.q. 2 0 leading diagonal
3 5
is a lower triangular matrix.
16. Conjugate of a Matrix:
[1+i 2-3i 4
|7+2i - 3-2

Let A=

Conjugate of matrix A is denoted by A.
[1-i 2+3i 4

A= .. .
7-2i 1 3+21_

Remark: Transpose of the conjugate of a matrix A is denoted by A°.

1+i 2-3i 4
Let A=
7+ 2i —i 3-2i

s [t 243 4
7-2i i 342
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[1-i 7-2i]
(AY =|2+3i i
| 4 3+42i
1—i 7-2i]
or A= [2+3i i
| 4 3+2i]

17. Unitary Matrix: A square matrix A is said to be unitary if A%A =1

18.

19.

1+1 —1+1 1-i 1-1
e.g. A= 2. 2. > Aez 2 . .
141 1-1 -1—-1 141
2 2 2 2
APA =1

Hermitian Matrix: A square matrix A = [a,] is called Hermitian matrix, if every (i)™ element

of ‘A’ is equal to the conjugate complex (ji)™ element of A.

In other words, a;= aj
1 2+3i 3+i
e.g. A=|2-3i 2 1-2i
3—1 1+2i 5

Necessary and sufficient condition for a matrix A to be Hermitian is that A = A® i.e., conjugate

transpose of A.
or A= (A).
Skew-Hermitian Matrix: A square matrix A = [a,] is called a skew-Hermitian matrix if every

(i)™ element of A is equal to negative conjugate complex of (ji)™ element of A.

In other words, a;=—aj

All the elements in the principal diagonal will be of the form.

a,=-a; or a;+a; =0
if a;=a+ib then a; =a—ib
(a+ib)+(a—-ib)=0 or 2a=0 or a=0

so ais purely imaginary or a,, = 0

Hence all the diagonal elements of a skew-Hermitian matrix are either zero or purely imaginary.

i 2-3i 4+5i
e.g. —(2+3i) 0 21
—(4-5i1) 2i —3i
The necessary and sufficient condition for a matrix A to be skew-Hermitian is that,
A% =_A

(A =-A
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20. Idempotent Matrix: A matrix, such that A? = A is called idempotent matrix.

21.

22.

23.

24,

2 -2 -4
eg IfA=|-1 3 4|, then
1 -2 -3
2 -2 -4 2 -2 —4 2 -2 4
A’=1-1 3 4|-1 3 4|=|-1 3 4
1 -2 -3 1 -2 -3 1 -2 3
=A
Periodic Matrix: A matrix A will be called a periodic matrix, if
AR+Hl= A

where ‘K’ is a +ve integer. If k is the least +ve integer, for which A¥*! = A, then k is said to be
period of A. If we choose k = 1, we get A2 = A and we call it to be an idempotent matrix.
Nilpotent Matrix: A matrix will be called a nilpotent matrix, if A¥ = 0 (null matrix), where k
is a +ve integer; if however k is the least +ve integer for which AK =0, then k is the index of the
nilpotent matrix.

ab b ab b’ ab b’ {0 O}
e.g. A= , A’= = =0
—a*> —ab —a®> —ab||-a®> -ab 0 0

‘A’ is a nilpotent matrix whose index is 2.
Involutory Matrix: A matrix ‘A’ will be called an involutory matrix if A? = [, unit matrix.
Since I? = I (always)

unit matrix is involutory.
Trace of a Matrix: Let A be a square matrix of order n. The sum of the elements lying along
principal diagonal is called the trace of A denoted by Tr (A).
Thus if A = [azj] then

nxn’
n

Tr (A) = Zaii =dp +a22 + ... Aun

i=1

1 2 5
Let A=| 2 -3 1
-1 6 5

Then, trace (A)=tr(A)=1+(-3)+5=3

Properties of Trace of a Matrix: Let A and B be two square matrices of order n and A be a
scalar. Then,

a. tr(M)=AtrA
b. tr(A+B)=trA+trB
c. tr (AB) =tr (BA)
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How many matrices does it take to screw in a light bulb?

Just [(1) _(1)] but you might have to apply it repeatedly.

Fig. 3.1

3.1.2 Operation on Matrices
3.1.2.1 Addition of Matrices

The operation ‘Addition’ on two matrices is performed if they are of same order. Suppose ‘A’ and ‘B’ are
two matrices of same order, then the sum of these two matrices is obtained by adding the corresponding
elements of ‘A’ and ‘B.

Itis denoted as A + B

2 31 1 21
e.qg. IfA:{1 ) 31% andB:[l 1 1Lxs,then
2+1 342 1+1 3 5 2
A+B:L+1 2+1 3+1}{2 3 4L3
In general, ifA:[a]andB:[bij],then

ij
A+B=[a;+Db,].

3.1.2.2 Properties of Matrix Addition

Matrices of the same order only can be added or subtracted.

a. Commutative law: Two matrices of same order can be added in any order i.e. commutative law

holds in matrix addition. If ‘A’ and ‘B’ are two matrices, then
A+B=B+A (holds)

(Students can verify it by taking two matrices of same order)
b. Associative law: If we have three matrices ‘A’, ‘B’ and ‘C’ of same order, then associativity

property holds under addition, i.e.,

A+(B+C)=(A+B)+C (students can verify it)

3.1.2.3 Subtraction of Matrices

The operation ‘subtraction’ on two matrices is performed, if they are of same order.
Suppose ‘A’ and ‘B’ are two matrices of same order, then the difference of two matrices is obtained
by subtracting each element of the second matrix from the corresponding elements of the first matrix.

It is denoted by A — B
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1 1 1 1
eg. IfA=|1 2 andB{Z 2 , then
2 3 3 1
1-1 1-1 0 0
A-B=|1-2 2-2 =|-1 0
2-3 3-1), |-l 2],

is the difference of two matrices ‘A’ and ‘B’.

3.1.2.4 Scalar Multiplication of a Matrix
If a matrix is multiplied by a scalar quantity k, then each element of it is multiplied by k.

1 2 3
eg IfA=|2 3 1 , then
12233
1 2 3 2 4 6
2A=212 3 1| =14 6 2
12 24, [2 4 4],

3.1.2.5 Multiplication of Matrices
Product of two matrices ‘A’ and ‘B’ is possible only if the number of columns in ‘A’ is equal to the number
of rows in ‘B’.

LetA=[a.,] _ and B= [b ) x> then the product AB is defined as

ij1 pXq e gxr
C [ zk]pxr
where Cp=a,b,+ta,b, +... +a,b,
n
c,.= X a.:b.
ik =1 ij Y jk
and we can write, C=AB
1 2 11 2
e.g. a. Ifwehave and B= , then
0 1 2x2 2.1 2 2x3

G 6 G
AB = R{l 2“1 1 2}
R0 1|2 1 2
Ric; Rie; R
B {chl R,c, RZCszs

{536}
2 1 22><3
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3.1.2.6 Properties of Matrix Multiplication
a.  Multiplication of matrices is not commutative i.e. If ‘A’ and ‘B’ are two matrices, then
AB# BA (need not to be equal)
b. Matrix multiplication is associative, if confirmability is assured, i.e. for three matrices ‘A; ‘B’
and ‘C’°, we have
A(BC) = (AB)C
¢.  Matrix multiplication is distributive with respect to addition. For three matrices A, B and C, we
have
AB+C)=AB+ AC
d. Multiplication of a matrix ‘A’ by a unit matrix I’ is a matrix ‘A’ itself. i.e.

AI=IA=A
e.  Multiplicative inverse of a matrix ‘A’ exists if | A | # 0 i.e.
AAT = ATA=T
01 2 1 -2
For example: IfA=|1 2 3 andB=|-1 0
203 4, 2 -1,

then obtain the product AB and explain why BA is not defined?
Solution. Since the number of columns of A (3 X 3) = number of rows in B (3 X 2)
therefore the product AB is defined

01 2 1 -2 3 =2
AB=1|1 2 3 -1 0 =|5 -5
2.3 4 3x3 2 -1 3%2 7 -8 3%2

Now, for BA, the number of columns of B (3 X 2) # the number of rows of A (3 X 3) therefore, the
product BA is not defined.

Note: 1. If A and B are two matrices of order m X n and p X q respectively, then the product AB
is possible only when n = p and the order of AB is m X q.
2. For two matrices ‘A’ and ‘B’ if the product AB exist, then the product BA may or may not exist.

Pictorial Representation
1. Step by step visualization of matrix multiplication: http://matrixmultiplication.xyz

EXERCISE 3.1

0 2 0 1 2 1
1. GivenA=1|1 0 3|andB={2 1 0/,thenfind
1 1 2 0 0 3

a. 2A+ 3B b. 3A-4B
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2. Two matrices A and B are such that 3A — 2B = {_i _ﬂ and —4A + B = {_i ﬂ , then find A
and B.
3. IfA=diag.[2, 9, 4]andB=diag.[-3, 7, 6],thenfind
a. A+ B b. A-B c. 7A+2B d. 9A-11B
2 2 8 0
4, GivenA=| 4 2| andB=|4 -2|,then find the matrix X such that 2A + 3X = 5B.
51 306
i 4 1 30
5. GivenA=| 3 2 3|andB=|-1 2 1]|,thenfind
-1 1 2 1 0 2
a. AB b. BA
Also show that AB # BA.
Answers
3 10 3 4 -2 —4
1. a |8 3 6 b. |5 -4 9 2 A:{O _1},3:{_1 _2}
2 2 13 3 3 6 2 -1 4 -l
3. a. diag.[-1, 16, 10] b. diag. [5, 2, -2]
c. diag.[8, 77, 40] d. diag.[51, 4, -30]
12 4/3 3 12 11 11 9 13
4, X=| 4 —14/3 5. a. 4 13 8 b. 3 2 4
25/3  28/3 0 -1 5 0 5 8

3.2 VECTORS

Any ordered n-tuple of numbers is called n-vector. By an ordered n-tuple, we mean a dot consisting of
n numbers in which the place of each number is fixed. If a,, a,, a,, ..., a, are any n-numbers, then the
ordered n-tuple defined as X = (a,, a,, a, ..., a,) is called n-vector.

3>

The numbers a; are called the coordinates, components, entries or elements of X. A vector may be
written either as a row vector or as a column vector.

Let X = (al, (73 an) and Y= (bl, bz, - bn) be two vectors, then they are equal i.e. X = Yif and only
if their corresponding components are same, i.e., a;= b fori=1,2,..,n.

If ‘A’ be a matrix of order m X n, then each row of ‘A’ will be of order n-tuple vector and each
column of A will be of order m-tuple vector.

eg. a. (1, 2, 5)isarow vector

2
b. |5 isa column vector.

6
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3.2.1 Operations on Vectors

3.2.1.1 Addition of Vectors
Let X =(a,a,,...,a,) and Y = (b, b, ..., b,) be the set of two vectors, then addition of two vectors, X and
Ywillbe X+Y=(a, +b,,a,+b,..,a,+b)

eg. LetX=(1,2,3)andY=(1,1,1),then X+ Y=(2,3,4).

3.2.1.2 Subtraction of Vectors
Let X = (a,, a,, ..., an) and Y= (b, b, ..., bn) be the two vectors, then the difference of two vectors X and
Yisdenotedas X — Y = (a1 — bl, a,— bz, s ) = bn)

eg Let X=1(2,3,5)and Y=(1,2,6),then X—-Y=(1,1,-1).

3.2.1.3 Scalar Multiplication of a Vector

Let X = (a,, a,, ..., a,) be any n-tuple vector and k is any scalar quantity, then scalar multiplication of a
vector X with k is defined as

kX =k(a,,a,,....a,)
= (ka,, ka, ..., ka,)
e.g. LetX=(1,2,3),then
6X = 6(1,2,3) = (6,12, 18).

3.2.1.4 Dot (Inner) Product

Let X = (a, a,, ...,a,) and Y = (b}, b,, ..., bn) are two vectors, then the dot product of X and Y will be
defined as
X.Y=(a,a,..,a,) (b,b,..b)
=(ab,+ab,+..+apb)
eg. LetX=(2,54)and Y=(1,2,5), then
XY=(2,54).(1,2,5)
=2)()+GB)2)+4)(5)=2+10+20=32

SOME SOLVED EXAMPLES

Example 3.1. Given X = (1,2, 5,4) and Y = (0, 3, 9, 12), then find 2X - Y.
Solution. Given X = (1,2, 5,4) and Y= (0, 3,9, 12), then
2X—Y=2(1,2,5,4) - (0,3,9,12)
=(2,4,10,8)-(0,3,9,12)
=(2,1,1,-4) Answer
Example 3.2. Given X = (1, 5, 2) and Y = (1, 10, 11), then find

a. X+Y b. 9X c. 2X-5Y
Solution. We have X=1(1,5,2)and Y= (1,10, 11), then
a. X+Y=(1,52)+(1,10,11) = (2, 15, 13)

b. 9X =9(1,5,2) = (9,45, 18)
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c. 2X-5Y=2(1,5,2)—5(1,10,11)
=(2,10,4) - (5,50,55) = (-3,—40,—51).
Example3.3. If X = (9, 4, 5, 10) and Y = (0, -3, 2, — 1), then find

a. X. X b. Y.X
Solution. Given X = (9, 4, 5,10) and Y= (0,-3,2,- 1)
a. X.X=(9,4,5,10).(9,4,5,10)

=(9)(9) +(4) (4) + (5) (5) + (10) (10)
=81+ 16+ 25+ 100 = 222

b. Y.X=(0,-3,2,-1).(9,4,5,10) =-12 (Try yourself)
EXERCISE 3.2
1. Find ‘@’ and ‘), where
i (a,3)=(2,a+b) ii. (4,b)=a(2,3)
2. IfX=(2305),Y=(0,6,-1,9)and Z= (1,1, 1,0), then find
. X+Y ii. Y-3Z

3. Determine which of the following vectors are equal?
X, =(1,23),X,=(1,3,2),X;=(2,3,1), X, = (2,3,1).

5 -1 3
4. IfX=| 3|,Y=| 5|andZ=| -1, then find
—4 2 -2
1. 5X-2Y . 2X+4Y-3Z
5. IfX=(=2,5+10,3,4) and Y= (1,-2, V10, 4, 3), then find
. X. X n Y.Y
6. If two vectors (a + b, a—b) = (5, 3) is given, then find the value of ‘@’ and ‘b’.
Answers
1. i. a=2,b=1 ii. a=2,b=6 2. 1. (2,9,-1,14) ii. (=3,3, —4,9)
27 —23
3. X=X, 4.1 | 5 i | 17
24 22
5. i 64 ii. 40 6. a=4,b=1

3.3 ELEMENTARY OPERATIONS (TRANSFORMATION)

Any one of the following operations on a matrix is called an elementary transformation or
E-transformation.

1. Interchange of any two rows (or columns). The interchange of it?
or Rl.<—>Rj.

Similarly, the interchange of

and j rows is denoted by R;;

i and j"" columns is denoted by C; or C, <> C..
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2. Multiplication of the elements of any row (or column) by a non-zero scalar quantity. The
multiplication of i row by k is denoted by kR,.

Similarly, the multiplication of i column by k is denoted by kC..
3. Addition of constant multiplication of the elements of any row (or column) to the corresponding
elements of any other row (or column).

3.3.1 Elementary Matrix

A matrix obtained from the unit matrix by applying any of the elementary transformation is called an
elementary matrix.

(100
eg Let A=10 1 0
0 0 1)
Apply R, = R, + 3R;, then we have
1 00
A=|0 1 3| isan elementary matrix.
0 0 1)

3.4 ECHELON FORM OF A MATRIX

3.4.1 Row-Echelon Form of a Matrix
A matrix is said to be in row-echelon form if
a.  All zero rows, if any, are at the bottom of the matrix.

b.  First non-zero element of every row is on the right hand side of the first non-zero element in
the preceeding row.

Note: The first non-zero element of any row is called key-element or pivotal element or pivot of
that row.

3.4.2 Row Reduced Echelon Form of a Matrix

A matrix is said to be in row reduced echelon form if
a. Itisin row echelon form.
b.  Every key element is unity.
c.  The elements above the key element in every column are all zero.

3.4.3 Column Echelon Form of a Matrix

A matrix is said to be in column echelon form if
a.  All zero columns, if any, are at the extreme right of the matrix.
b.  First non-zero element of every column is below the first non-zero element in the preceeding
column.

Remark: The first non-zero element of any column is called the key-element or pivotal element
or pivot of that column.
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3.4.4 Column Reduced Echelon Form of a Matrix
A matrix is said to be in column reduced echelon form if
a. Itisin column echelon form.
b. Every key element is unity.
c. The elements to the left of the key element in every row are all zero.

| Remark: If A is row echelon form, then its transpose A’ is in the column echelon form.

3.5 DETERMINANTS

The theory of determinant was originated from the study of system of linear equations. The determinant
is a scalar value which is a function of the entries of a square matrix. The determinant of a square matrix
A = [a;] is denoted by det A or det (A) or | A .

The determinant of a 1 x 1 (read as one cross one) matrix A = [a] is denoted as | A | = a and is called
the determinant of order one.

a
and is called the

b
d

a b
The determinant of a 2 X 2 matrix A = L d} is denoted as | A | =

determinant of order two.

is called the determinant of order 3.

3.5.1 Explanation of Determinant of Order Two (or Second Order)

Consider the following system of two linear equations having two unknowns x and y

ax+by=0 (1)
ax+by=0 ..(2)
Equation (1) gives
X b,
- = —-— ..(3)
Y 4
. . X b,
Equation (2) gives - =—-—= ..(4)
Y a,
From equations (3) and (4), we can eliminate x and y to get
b b
9 - a,
= ab,—ba,=0

The number a,b, — b, a, is called the determinant of order two.

a b
The number a,b, — a,b, is also represented more conveniently by the symbol al :

IIRY)
The numbers a, a,, by, b, are called the elements of the determinant.
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Remark: To expand a determinant of order 2 X 2, we apply the rule of cross-multiplication. The

a, 4b
alxb:

2

value of

=ab,—a,b,.

SOME SOLVED EXAMPLES

5 =2
Example 3.4. Evaluate the determinant of { 3 7} .

3 7
5 42
A

=35+ 6 =41 Answer

5 =2
Solution. Let A=

then |A]|=

. lx 3 6 9
Example 3.5. Find the value of x, if 6 x = 3
o x 3 |6 9
Solution. Given 6 2 - b 3
then 2x2-18=18-18
= 2x2-18=0
= 2x% =18
= x2=9
= x=213 Answer

3.5.2 Expansion of Determinant of Third Order

Consider the following system of three linear equations having three unknowns x, y and z.

ax+by+cz=0 ...(5)
ax+by+cz=0 ...(6)
ax+by+cz=0 .(7)
To eliminate x, y, z from the above set of three equations, we solve (6) and (7)
x z
= 4 = =k (say)

bycs —cyb; 003 —ayes  ayby —byay
From here, we have x=k(byc,—c,b,)
y = k(c,a,—ayc,)
z=k(a,b,—-b,a,)
Substituting these values of x, y, z in equation (5), we get
a,(b,c; = c,by)k + b (c,a, — a,c)k + ¢ (a,by — bya )k =0
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or a,(b,c; —c,bs) + b, (c,a, — a,cy) + ¢ (a,by — bya,) =0 ...(8)

(Students think why k cann’t be zero)

This expression on the left hand side of (8) is called the determinant of third order. Symbolically, it
a b q

is writtenas |a, b, ¢,

a; by ¢
a b g
= a, b, c| =a,(bc;—c,by) +b(c,a;,—a,c,) + ¢ (ab, - bya,)
ay by ¢
a b g
b, ¢ a, ¢ a, b
, & b, 6 %)
or a, b ol =g b -b, +¢ b
c a, ¢ a
a; by o 3 C3 3 C3 )

Remarks: i. The above expansion of determinant is known as expanding in terms of 1st row.

Similarly, the determinant can be expanded along any row or any column and in each case the
value of the determinant remains the same.

ii. Sign before each term = (~1)*/, where 7’ and /" indicate the row and the column in which the
element lie.

This is valid for determinant of any order.

SOME SOLVED EXAMPLES

1 3 5
Example 3.6. Evaluate the determinant of A=| 2 6 10].
31 11 38
1 3 5
Solution. Given A=12 6 10
31 11 38
1 3 5
then |[Al=12 6 10
31 11 38
Expanding along 1st row, we have
6 10 2 10 2 6
|A|= 1 - +5
11 38 31 38 31 11

1(228 —110) — 3(76 — 310) + 5(22 - 186)
= 1(118) —=3(-234) + 5(-164) = 118 + 702 — 820
=0 Answer
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1 0
Example3.7.I[fA=|0 1 2|, thenshow that|3A|=27]A|
0 0 4
(10 1
Solution. Given A=(0 1 2
0 0 4
1 0 1
then 3A=3 {O 1 2
0 0 4
(3 0 3
=10 3 6
0 0 12
then the determinant of | 3A |,
30 3
13A1=10 3 6
0 0 12
Expanding along 1st row, we have
3 6 0 3
|34 |= 3 - +3
0 12 0 12 0 0
=3(36-0) = 0(0—0) + 3(0—0)
=108-0+0
=108 (L.H.S.)
1 0 1
and |[Al=0 1 2
0 0 4
Expanding along 1st row, we have
0 2 0 1
A= 4% 4o o
= 1(4) -0+ 1(0)
=4
then 27|A|=27x4=108 (RH.S.
Thus, we have, |3A|=27|A| Proved

3.5.3 Properties of Determinant
Propertyi. The value of the determinant remains unchanged if all it rows are changed into columns and
all columns are changed into rows.
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1 2 3
Example 3.8. Evaluate A= 10 0 6|.
7 8 9
1 2 3
Solution. Given, A=10 0 6
7 8 9
Expanding along second row, we have
A =36 (Students can find)
Interchanging rows into columns, then we have
1 0 7
(say) A;,=12 0 8
36 9
Expanding along first row, we have
A, =36 (Students can verify it)
Thus, A=A,

Property ii. If any two rows or any two columns of a determinant are interchanged, then the sign of
the value of the determinant is also changed.

1 2 1
Example 3.9. Evaluate A= 0 1 6
1 2 3
1 2 1
Solution. Given, A=10 1 6
2 3
After expanding along 1st row, we have
A=2
Using Property ii, i.e. interchanging second and third rows, we have
1 2 1
(say) A,=11 2 3
01 6
then expanding through 1st row, we have
A ==2
Thus, we have, A=-A

Property iii. If any two rows or two columns of a determinant are identical, then the value of the

determinant is always zero.

(2 SR V)
DN W W

1
Example 3.10. Evaluate A = |1
2
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1 2 3
Solution. Given A=|1 2 3
2 56
Expanding along 1st row, we have
A=0 (Students can calculate)
Thus, A=0

Property iv. If each element of any row or column of a determinant is multiplied by the same
constant, then the value of the determinant is also multiplied by that factor.

1 2 3
Example 3.11. Evaluate A= |1 1 0|.
2 10
1 2 4
Solution. Given A=13 15
0 4 6
Expanding through 1st row, we have
A=-3
Multiply the 1st row by 5, we get
5 10 15
(say) A;=1{1 1 0
2 1 0
=-15=5(A)

= A, =5A

1
Propertyv. The value of the determinant remains unchanged if the elements of one row (or column)
be added to any constant multiple of the corresponding elements of other row (or column) respectively.

1 2 4
Example 3.12. Evaluate A= |3 1 5|.
0 4 6
1 2 4
Solution. Given A=13 1 5
0 4 6
On expanding through 1st row, we have
A=-2
On multiplying the second column by 3 and adding to the first column, we get
1+6 2 4
(say) A;=|3+3 1 5
0+12 4 ©
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7 2 4
=16 1 5
12 4 6
On expanding along 1st row, we have
A ==2
Thus A=A

Property vi. If each element of a row (or column) of a determinant is expressed as a sum of two
(or more) terms, then the determinant can also be expressed as the sum of two (or more) determinant.

2+1 1 0
Example 3.13. Evaluate A= |3+1 0 1.
2+2 1 0

241 1
Solution. Given A=1{3+1 0
2+2 1
2 1 0 (1 1 0
=13 0 1j+(1 0 1
21 0 2 10

=1 (Students can calculate and verify)

Remark: If A is a square matrix of order n, then | kA | = k" | A | |

Example 3.14. Using Properties of determinant, prove that

a a’ be
b b cal = (a—b) (b-0) (c—a) (ab+ be + ca).
c ¢ ab
a a* be
Solution. Let A=|b b ca
¢ ¢ ab

OperatingR2—>R2—R1;R3—>R3—Rl,wehave

a a* bc

A= b—a b —a* ca—bc

c—a c*—a* ab-bc

a a* be
A=|b—a (b-a)b+a) cla-b)
c—a (c—a)(c+a) bla—c)
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Taking out (b —a) and (c —a) common from R, and R, respectively, we have

a a*  be
A=(b-a)(c-=a)|l a+b -
1 a+c -b
Operating R; — R, — R,, we have
a a bc
A=(b-a)(c—=a)|l a+b —
0 c—-b c¢c-b
Taking out (c — b) common from R, we have
a a* b
=(b-a)(c—a)(c=b)|1 a+b -
0 1 1
Operating through third row, we have
2
() (- e-p) e [
1 —c—a-b

(b—a) (c—a) (c=b)] (-1) [-ac—a*—ab - bc + a?]
(b—=a) (c=a) (c=b)] (-1) [(<1) (ac + ab + bc)]
a—-b)(b—c)(c—a) (ab+ bc+ ca) Proved

1 a abc
Solution. Let A= b bca
1 ¢ cab
Taking out common abc from c;, we get
1 a1
A=abc|l b 1
1 ¢ 1
=0 [As 1st and 3rd column are same] [As per Property (iii)]
x 1 1
Example 3.16. Using Property of determinant, prove that |1 x 1|= (x+2) (x— 1)
1 1 x

Solution. Given A=1]1 x 1
1
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Operating C, — C, + C, + C;, we get

x+2 1 1
A=|x+2 x 1
x+2 1 x

Taking out (x + 2) common from C,, we get
1 1 1
=(x+2)1 x 1
1 1 x
Operating R, > R,-R, and R, — R,— R, we have
1 1 1
A= (x+2)[0 (x-1) 0
0 0 (x—1)

Taking out (x — 1) common from R, and R, respectively, we have

1 11
A=(x+2)(x-1%0 1 0
0 01
Expanding along R,, we have
A=(x+2)(x-1)2.(1) L
01

=(x+2)(x-1)2.(1)
=(x+2)(x—1)> Proved

EXERCISE 3.3
1. Evaluate the following determinant:
X —x+1 x-1 Jo 5
& x+1 x+1 b. V20 24
210 117 345 1 -3 2
¢ |19 9 34 d |4 -1 2
7 3 5 3 52
1 0 4
2. Evaluate the given determinant A= |3 5 -1
01 2
a. with the help of second row b. with the help of third column
0 1 sec O

3. Find the value of the given determinant A = {tan® —sec® tan6).
1 1 1
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4. Using the Properties of determinant, prove the following:

11 1 b+c a-b a
a. @ b c|l=0b-0(-a)(a=b)(a+b+c) b. |c+a b-c b| =3abc-a*-b-¢
@ b oc a+b c—-a ¢
1 x x a* bc ac+c
c 21 x = (1-x3)2 d. a’ +ab b? ac | = 422022
x x* 1 ab b* +bc ¢
b+c c¢c+a a+b
e. c+a a+b b+c| =2(a+b+c)(ab+bc+ca—a*>-b*-32)
a+b b+c c+a
x -6 -1
5. Show that x = 2 is a root of the given equation |2 —3x x—3| =0 and solve it completely.
-3 2x x+2
b+c c+a a+b

6. Ifa,bandcarerealand A= |c+a a+b b+c

= 0, then show that either a + b + ¢ = 0 or

a+b b+c c+a
a=b=c
Answers
1. a xX*—x*+2 b. 2 c. 2691 d. 40
2. a. 23 b. 23 sec O (sec O + tan 0)
3.5.4 Applications of Determinants
3.5.4.1 Area of Triangle by using Determinant
The area of triangle whose vertices are (x, y,), (x,, y,) and y
(x5, 15) 1s AlX1, Y1)
1
Area = E[xl(yZ — 1)+ %73 = y)+ x50 = ,)]
or l[xlyz_xz}’l“‘xz)’S_xs»}’z"‘x3)’1_x1)’3] B C
2 (2 ¥2) (X3, ¥3)
This expression in the form of determinant can be written as
x oy 1 1 1 1 o) X
A=Z|% 2 1 or Z|x % X3
2 2 Fig. 3.2
X3y 1 Yi Y2 Vs
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Note: 1. Determinant could be negative but area is always non-negative i.e., > 0.
2. If the area of a triangle is given, then use positive as well as negative values for calculations.

3. Three points are collinear if and only if area of triangle formed by three points is zero.

SOME SOLVED EXAMPLES

Example 3.17. Find the area of the triangle whose vertices are (2, 7), (1, 1), (10, 8).
Solution. Area of triangle is given by

1 1 1

1
= =l x x
A 5 1 2 3
1 V2 Vs

Vertices of triangle are (2,7),(1,1),(10, 8)
AN N2

X X N X3 V3

11 1

A212 1 10
2

7 1 8

Expanding about R, A= % [1(8 -10)-1(16 -70)+1(2 — 7)]
= % [1(=2) = 1(=54) + 1(-5)]
1 47
= E[_2+S4_5]:7

Thus, required area of triangle is 7 square unit.
2

Example 3.18. Find the area of triangle whose vertices are (-2, -3), (3, 2), (-1, -8).
Solution. Vertices of triangle are (-2,-3),(3, 2),(-1,-8)
Il d

Ll
XN X V2 X3 3
Area of triangle is given by
1 1 1
A= 1 X X, X
S R %
Y1 Y2 Vs
1 1 1
1
=—]-2 3 -1
2
-3 2 -8
1
=3 [1(—24+2)-1(16 -3) +1(—4 +9)] [Expanding about R ]
1 30

= —[-22-13+5]=—2=-15
2[ +3] 2
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Since area of triangle is always non-negative, therefore, the required area of triangle is 15 square
units.

Example 3.19. Find the value of k if area of triangle is 4 square units and vertices are (-2, 0), (0, 4),

(0, k).
Solution. Area of the triangle is given by
1 1 1
A= l X X, X
S 2 %
1 Y2 Vs
Here, area of triangle = 4 square units
A=+*4

[area is non-negative but determinant can be positive and negative]
Puttingx, =-2,x,=0,x,=0and y, =0,y,=4,y, =k

1 1 1
t4= l -2 0 0
2 0 4 k
+4= %[_ (-2) (k- 4)] [Expanding about R, ]
+8=2(k—4)
+t4=k-4
So, 4=k-4 and —4=k-4
4+4=k —-4+4=k
8=k 0=k
k=8 k=0

Required value of k = 8, 0.
Example 3.20. Show that the points (-2, —1), (7, 8), (-3, —2) are collinear.
Solution. Three points are collinear if they lie on same line.

Area of triangle = 0
Area of triangle is given by

1 1 1
1
A= B X X, X (1)
i V2 Y3

Points are (-2,-1),(7, 8),(=3,-2)
2
XN X2 )2 X3 V3
Putting the values in (1), we get
11 1
-2 7 =3
-1 8 2

A=

Do | =
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Expanding about R, A= %[1(—14 +24)-1(4-3)+1(-16+7)]

1
= —110-1-9(=0
~[10-1-9]

So, A=0
Hence, given points are collinear.

EXERCISE 3.4

1. Find the area of the triangle with vertices at the point given in each of the following:
a. (1,0),(6,0),(4,3) b. (3,8),(—4,2),(5,1)

2. Find the value of k in following if
i. area of triangle is 4 sq. units and vertices are (k, 0), (4, 0), (0, 2).
ii. area of triangle is 35 sq. units and vertices are (2,-6), (5, 4), (k, 4).

3. Show that points A(a, b + ¢), B(b, ¢ + a), C(c, a + b) are collinear.

Answers
1. a. 152 b. 61/2 2. i. 0,8 ii. 12,-2
3.5.5 Minors and co-factors
3.5.5.1 Minors
Let A = [a,] be a square matrix of order n such that | A | = | a, | .

Then the minor of an element of the matrix A is defined as the determinant obtained by deleting
the row and the column in which the element lies. Minors are required for calculating matrix cofactors.

a b g

Consider amatrixA=|a, b, ¢,

a; by ¢
. ) b, ¢l|la, ¢|la, b
Thus, the minors of a,, b, and ¢, are respectively, 22 , 22 , 2 7
5 Gl |as 6l |as b
.. ) . b, ¢l la, ¢ |a
Similarly, the minors of a,, b, and ¢, are respectively, EERE N A Y
3 C3| |43 €G3 a3 U3
.. . . by ol o <l |4 1
Similarly, the minors of a,, b, and c, are respectively, ) )
by o|la o|la b

3.5.5.2 Cofactor
The cofactor of any element of ith row and jth column is
Cofactor = (=1)" minor
Cofactors are useful for computing both the determinants and inverse of square matrices.
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SOME SOLVED EXAMPLES

Example 3.21. Find all the minors and cofactors of the matrix A= |4 3 2]|.

Solution. Given

Here,

1 2 3
A=14 3 2
7 0 -1
a, =1, a,=2, a;=
ay =4 ap=3, a,;=
ay =7, a;=0, a;=
) 3
M, = minor of a, 0
) 4
M,, = minor ofa12 7
4
M, = minor of a,, = 7
2
M,, = minor of a,, = 0
1
M,, = minor of a,, = 7
1
M,, = minor of a,, = 7
2
M,, = minor of a,, = 3
1
M, = minor of an =y
M, = minor of a3 = |,

A, = cofactor of a,; = (-

A, = cofactor of a,, = (-
A,; = cofactorof a,; = (-
A,, = cofactor of a21 =(-

A,, = cofactor of a, = (-

A, = cofactor of a23 = (-

23

1 2 3
7 0 -1
3
2
-1
2
-1 =-3
2
4 =4-14=-18
3
o =0-21=-21
3
4 =2-0=-2
3
4 =-1-21=-22
2
o =0-14=-14
3
,| =4-9=-5
3
o =2-12=-10
2
4 =3-8=-5
DM, = (-1)*(-3)=-3
1)1+2M =(-1)>(-18) =18
DM, = (-1)* (-21) =-21
DM, = (-1)* (-2) =2
1> M, = (-1)* (=22) =22
1?5 M,, = (-1)° (-14) = 14
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A, = cofactor of a,, = (-1)**! M, = (-1)* (-5) =5
A,, = cofactor of a,, = (-1)**2 M, = (-1)° (-10) = 10
A,, = cofactor of a,, = (-1)**> M, = (-1)° (=5) =5

3.5.6 Adjoint of a Square Matrix

Adjoint of a square matrix A is obtained by replacing each element of A by its cofactor in | A | and then
taking the transpose of the matrix so obtained.

Let the determinant of a square matrix Abe | A | .
fay a, a
Thus, if A=1b b, by|, then
LG @ G
4G 4 4
|A|= by b, b

G 6 G

The matrix formed by the cofactors of the elements in | A | is given by,

A A A
B, B, B
G G G
b, b
where, A = Cz 63 = (bye5—¢,by)
2 G
b b
Ay=- o == (by;=¢,by)
b b
A= o0 o (byc, = byey)
a, a
By =- C == (ayc5 = c,a,)
6 G
a, a
B, = A E (a,c;—ca;)
G G
a, a
By=- REE (ayc,—ca,)
G G
a, az
¢ = b, by~ ab; - bya,
a, 4as
G=- b, by~ (a,by - b,a;)
a a
C, = b b (a,b,—b,a,)
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A B G
Then, the transpose of the matrix of cofactorsis | A, B, C, |is called the adjoint of the matrix
A By G

A and is denoted as adj. A

3.5.6.1 Property of Adjoint

The product of a matrix A and its adjoint is equal to the unit matrix multiplied by the determinant of A.
Symbolically, if A is a square matrix, then
adj. (A) .A=A(adj.A)=|A]|.I

where I is a unit matrix.

SOME SOLVED EXAMPLES

2 3
Example 3.22. Find the adjoint of the given matrix A = { } .

3 5
) 2 3
Solution. Given A= 3 5
Here, a,=2,a,=3a,=3a,=5

Cofactors of a,, a,,, a,, and a,, is given by

A,, = cofactor of @, = (-1)'*"! 5

(5) =
A,, = cofactor of a,, = (-1)'*% (3) = -3
A, = cofactor of a21 =(=1)>*1(3)=-3
A,, = cofactor of a,, = (-1)**%(2) =2
. An Ay
Thus, adj. (A) = { A A22i|
5 -3
= {_3 2} Answer
1 2 4
Example 3.23. Find the adjoint of the given matrixA=|2 3 2
3 3 4
1 2 4
Solution. Given A=12 3 2
3 3 4
Here, =1, a,= 2,a,,=4
=2,a,,=3,a,,=2
=3, a32 3,a

Cofactors of a,, a,,, a,s a21, a and a,, are calculate as discussed earlier.

22 43> a31’ 32
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Then, we have, A, =6, A,=-2, A,=-3
Ay =4 Aypy=-8, Aj =3

(AL Ay A T
Thus, adj. (A) = | A,, Ay Ay
| Az Ay A
A Ay Ay
= adj. (A)= | A, A, A,
Az Ay Ass
6 4 -8
= adj.(A)=|-2 -8 6| Answer
3 3 -1

3.5.6.2 Inverse of a Matrix

If A and B are two square matrices of the same order, such that AB = BA = I, then B is called the inverse
of Aie B=A""and ‘A’ is the inverse of B.

Remarks: 1. Condition for a square matrix ‘A’ to possess an inverse is that matrix ‘A’ should be
non-singular i.e. | A | #0.

2. Any square matrix which possess an inverse is called an invertible matrix.

3. If any square matrix possess inverse, then it is always unique.

To find the inverse of a matrix ‘A’ with the help of its adjoint matrix, we have

A= 3 1 g
Al |A]
(Students can find this result with the help of property of adjoint discussed earlier.)

SOME SOLVED EXAMPLES

2 3
Example 3.24. Find the inverse of the matrix A = L 5} .

3
=10-9=1=%#0
3 5

= As|A|#0,s0‘A’is non-singular and hence A~! exists.

Solution. Given A=

So, we need to find cofactors.

Thus, A, = cofactor of a,; =5
A,, = cofactor of a,, = -3
A,, = cofactor of a, =-3
A,, = cofactor of a,, =2
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) 5 -3
= Adj. (A) = {_3 2}
Now, Aol Adj.(4) _1 { 5 —3}
|A| 11-3 2
= Al= { X _3} Answer
-3 2
1 -2 3
Example 3.25. Find the inverse of the matrix A=| 0 —1 4| and also verify that AA'=A"TA=1
-2 2 1
[ 1 -2
Solution. Given A=| 0 -1 4
2 21
1 -2 3
So we have, |[Al=10 -1 4=1%0
-2 2 1

Thus | A | # 0 means ‘A’ is non-singular matrix and hence A™! exists,
To find A~!, we have to find Adjoint of A, for this we will find cofactors of A.
We have A, =9, A,=-8, A,;=-2

Ay =38 Ay =7, Ay =2

Ay =-5  Ayp=-4, Ay=-l

(AL Ay Ay
Adj. (A) = Ay Ay Ay
[ Az Ay As

(-9 8 -5

=|-8 7 -4

|2 2 -1

Hence, Al= LAdj.(z‘\)

|Al

-9 8 -5

=|-8 7 —4

-2 2 -1

For verification, AATT = ATA=] (Students can try by themselves.)
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EXERCISE 3.5

Questions Based on Minors, Cofactors, Adjoint and Inverse using Adjoint for a given Matrix
1. Find all the minors and cofactors of each element for the given determinant. Also solve the given

1 a be
determinant A= {1 b cqa.
1 ¢ ab
2. Find the adjoint of the given matrices:
1 2 3
1 2
a. [0 5 0 b. { }
3 -5
2 4 3
3 5 7
3. Find the adjoint of the given matrix A= |2 -3 1].
1 1 2
4. Find the inverse of the following matrices:
1 2 3 _
3 5
a. |[-3 50 b. }
2 7
0 1 1 -
3 -3 4
5. Find the inverse of the given matrix A= | -2 -3 4.
0 -1 1]
d 0 0
: d 0 0 .
6. GivenD = p 0 where none d,, d,, d, and d, are zero. Find D1
3
0 0 d,
Answers
1. M, =(ab*-ac®), M, = (ab-ac), M,,=(c-b)
M,, = a’b—bc?, M,, = (ab - bc), M,, = (c—a)
M, = (ca® - cb?, M,, = (ca - bc), M,,=(b-a)
A, = (ab®-ac?), A, = (ac—ab), A, =(c=D)
A, = (b - a®b), A,, = (ab-bc), Ay =(a-o)
A, = (ca® - cb?), A,, = (bc— ca), Ay=(b-a),|A|=(a=b) (b-c)(c—a)

15 6 -15 5 -7 =3 26
2. a 0 -3 0 b. { 3 J 3.1-3 -1 11
-10 O 5 5 2 -19
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5 1 -15 ; s
1 —
44 5|3 1 9 b, i{z 3}
-3 -1 11 1=
vd, 0 0 0
1 -1 0
1 0 ud, 0 0
5. —|2 3 =20 6
5 0 0 Ud, 0
2 3 -15

0 0 0 1d,

INTERESTING FACTS

o The structure of various buildings can be changed or designed with the help of matrices. We can
take an example of “Burj Khalifa’. The design which is not so common was made by using matrices.

e Some specially designed functions, such as the Iterated Function Systems, are really fun to draw
and are computed with the use of matrices.

o In the domain of IT and Information Security (especially encryption), many IT companies also use
these matrices as data structures to perform search queries, track user information, and manage
databases.

o [t can also be used at many places, such as the matrix rotating while playing the car racing game;
building a cluster of networks over the Face book, Twitter, Instagram; or even while trading in the
Wall Street.

VIDEO REFERENCES

Basic Matrix Introduction to Matrix Analysis
Concepts Matrix Algebra - | with Applications

Elementary Row Determinant of

Operations a Matrix

APPLICATIONS TO REAL LIFE

e Various Graphic software such as Adobe Photoshop on your personal computer uses matrices to
process linear transformations to render images.

e A square matrix can represent a linear transformation of a geometric object, for example, a matrix
reflects an object in x or y-axis in a cartesian x-y plane.

e It also has its application in the domain of gaming industry and image processing domain, where
reflections in ponds, rivers, and other upside-down images are seen.
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Matrices also play an important role in computer graphics, like when people want to apply any of
the desired matrix transformations on any object, for example cartoon characters.

They also play significant role in plotting surveys, representation of real-world data such as the
population of people, infant mortality rate can be done through them.

Even in economics, constructing the predictive model of dependent variables, analysing the shares,
studying the trends of business can be done through matrices.

In physics, while calculating the battery power outputs, solving Kirchhoff’s Law, and in the field of
quantum physics, matrix does play an important part.

Also in geology, they play a crucial part while making seismic surveys.

In robotics, the robotic movements are defined on the basis of matrices.

3.6 RANK OF A MATRIX

A non-negative number 7’ is said to be the rank of a matrix ‘A’ if

1.  There exist atleast one minor (square submatrix) of order ‘7’ which is not zero.
2. Every minor of matrix ‘A’ of order greater than ‘7 is zero. Rank of A is denoted by p(A).

Remarks: 1. p(A) =0, when A is a zero matrix.

2. p(A)=1,when A #0.

If ‘A’ is a non-singular matrix of order ‘», then p(A) = n.

If ‘A’ is a singular matrix of order n, then p(A) < n.

If the order of a matrix ‘A’ is m X 1, then p(A) < min. (m, n).

o o ops

Corresponding to every matrix ‘A’ of rank 7, there exist non-singular matrices P and Q such

I, 0
that PAQ = { } .

0 0
2 0 0
For example: Find the rank of the matrixA=|0 1 0
0 0 1
2 00
Solution. Given A=10 1 0
0 01
then |A|=2(1)=2#0
= Aisanon-singular matrix of order 3
= p(A) = 3.

3.6.1 Another Way to Find the Rank of a Matrix

The rank of a matrix is equal to the number of non-zero rows in Echelon Form of that Matrix.

Remark: Non-zero row is that row in which atleast one element is not zero.
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1 2 3
e.g. Consider amatrixA= |0 1 2
0 00O

Clearly, the given matrix ‘A’ is in Echelon form, which has two non-zero rows.
Hence the rank of A =2 i.e. p(A) = 2.

SOME SOLVED EXAMPLES

-1 2 =2
Example 3.26. Find the rank of the matrixA=| 1 2 1].
-1 -1 0

-1 ~2]
Solution. We have, A= 1 2 1

_—1 -1 0_
R, =R, +R,R, »>R,~R, ]

-1 -2

A~| 0O 4 -1

. _3 2_

- o
R, >R, +R, A~| 0 4 -1

(- 1_

(-1 2 -2
R, —4R,-R, A~| 0 4 -1

- 0 5_
The number of non-zero row is 3, therefore Rank (A) = 3

1 2 3 -4
Example 3.27. Find the rank of the matrix A= |-2 3 7 —1|.
1 9 16 -13

12 3 -4
Solution. Here, we have, A= |-2 3 7 -1

| 19 16 -13
R, =R, +2R,R; >R,~R,

1 2 3 -4

A~10 7 13 -9
0 7 13 -9
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1 2 3 —4
R, > R,—-R, A~|0 7 13 -9
00 0 O

The number of non-zero row is 2, therefore Rank (A) = 2.

1 5 4
Example 3.28. For which value of ‘b’ the rank of the matrix A= |0 3 2| is2.
b 13 10
s 4]
Solution. Here we have, A= |0 3
b 13 10
(2 10 8
R, — 2R, A~|0 3 2
b 13 10|
[ 2 10 8]
R,— R,—R, A~ 0 3 2
b-2 3 2]
2 10 8]
R, —> R,-R, A~| O 3 2
b-2 0 0]
If rank of A is 2, then b — 2 must be zero
ie., b-2=0 = b=2.
(2 3 4 5
, , 3 4 5 6
Example 3.29. Find the rank of the matrix A = .
4 5 6 7
|19 10 11 12
2 3 4 5
3 4 5 6
Solution. Here we have, A =
4 5 6 7
9 10 11 12

3 9
R2 —>R2 - ERI’ R3 —)R3—2R1, R4—)R4— ERl

(2 3 4 5]

-1 -3
0 — -1 —

A~ 2 2

0 -1 =2 -3

-7 -21
0o — -7 —
L 2
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R,—R,—2R,R, >R, 7R,

2 3 4 5
o 2L, 3
A~ 2 2
0 0 0 0
0 0 0 0
Here, the number of non-zero row is 2 therefore Rank (A) = 2.
1 3 4 2
_ _ 2 -1 3 2
Example 3.30. Find the rank of the matrix A = .
3 =5 2 2
6 -3 8 6
(1 3 4 2
) 2 -1 3 2
Solution. We have, A=
3 =5 2 2
_6 -3 8 6
R,—> R, -2R,,R,—> R, =3R,R,—> R, - 6R,
1 3 4 2
a0 7 522
0 -14 -10 -4
0 21 -16 —6
R,—>R,-2R,,R,—> R,-3R, )
1 3 4 2
0o -7 -5 =2
A~
0 0 0
(1 3 4 2
0o -7 -5 =2
R, <> R, A~ 0 0 -1 o
0 0 0 o]
Here, the number of non-zero row is 3, therefore Rank (A) = 3.
2 3 -1 1
, , -1 -2 —4
Example 3.31. Find the rank of the matrix A = 5 1 3 ol
6 3 0o -7

Solution. Here, we have, A =

A W =N
—_
|
\S}
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1 -1 -2 —4
2 3 -1 1

R, <R, A~
301 -2
6 3 0 -7|
R,—> R, =2R;, R, —> R, =3R, R, = R, ~6R,
1 -1 -2 -4
0 5 3 9

A~
0 4 9 10
0 9 12 17]

4 9
R, >R, - ng,R4—>R4— gR

1 -1 -2 —4 1 -1 -2 —4
0 5 3 9 0 5 3 9
A~10 0 335 45| — ROPRARy A~ 355 qyys
_0 0 33/5 4/5 0 0 0 -2
Rank = number of non-zero rows = 4, Rank (A) = 4.
1 2 3 0
2 4 3 2
Example 3.32. Find the rank of the matrix A = 3 2 1 3|
6 8 7 5
(1 2 3 0
. 2 4 3 2
Solution. Here we have, A =
3 2 1 3
6 8 7 5
R,—> R, = 2R, R, > R, = 3R, R, > R, ~6R,
1 2 30
0 0o -3 2
A~
0 4 -8 3
0 —4 -11 5
(1 2 3 0]
0 0 -3 2
R4—>R4—R3 A~ 0 -4 -8 3
0 0 -3 2]
1 3 0] 1 2 30
0 -3 2 0 4 -8 3
R,—>R,-R, A~ = R,©&R,, A~
0 4 -8 3 0 0 -3 2
0 0 0 0 0 0 00
Rank = number of non-zero rows = 3, Rank (A) = 3.
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3.7 NORMAL FORM OF A MATRIX (CANONICAL FORM)

Every non-zero matrix of order m x n can be reduced by means of elementary row and column operation
into equivalent matrix of any of the following forms:

1, 0 I,
L i |
0 : 0 0
i [ ;0] iv. (1)

Where I is the identity matrix of order r and 0 represent zero matrix of any order which is called
its normal form or canonical form. The number r so obtained is called the rank of A and we write

I. 0
p(A) = r. The form [Or 0} is called the first canonical form of A. Since both row and column

transformation may be used here, the element 1 of the first row obtained can be moved in first column.
Then both the first row and first column can be cleared of other non-zero elements. Similarly, the element
1 of the second row can be brought into the second column and so on.

SOME SOLVED EXAMPLES

1 2 -1 3
Example 3.33. Find the rank of the matrix A= | -2 —4 4 =7 | by reducing it to normal form.
1 2 1 2
(1 2 -1 3
Solution. Let A=|-2 -4 4 -7
1 2 1 2
C,»>(C -2C,C,—»C,+C,C,—»C,-3C
(1 0 0
A~1-2 0 2 -1
|1 -1
C,—>C, +2C,C,—> (-1)C, )
10 0
A~|-2 0 1
| 100 1
R, =R, +2R, R, >R, ~R, ]
0
A~|0 0 0 1
L 1_
- o
R,—>R,-R, A~ 1
0
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C,eC,

A~

Which is required normal form.

Rank of Matrix (A) = 2.

Example 3.34. Find the rank of the matrix A =

Solution. We have

R, — R, (1/9)

R, —> R, + R,(-4)

C,>C,+C, (%2)

3JC1

C4—>C4+£?

R, — R, —R,(5)

C, > C, +C,(-5)
C, > C,+C,(-6)

R.>R, | —
3 3 (206

3

B O = s o

S =

U = © Ul = O U = O

—_ O

9 0
0 1
4 5
2 3
5 6
30
2/9 3/9
5 6
30
2/9  3/9
5 6
19/9 -12/9)
0  3/9
5 6
19/9 -12/9)
0 0]
5 6
19/9 -12/9
0 0]
5 6
-206 282
99 |
0 0
0 0
-206 282
99 |
0 0
0 0
141

by reducing it to normal form.

L N
S N W



Matrices | 213

1 0 0 O
—141
C,—C, +C, E A~10 1 0 0f=
0 0 1 0
Which is required normal form.
Rank of Matrix (A) = 3.
1 -1
. 4
Example 3.35. Reduce the matrix A = 0 3
0 1
[1 -1 2 -3]
i . 4 10 2
Solution. We have A= 0 3 0 4
0 10 2]
C2—>C2+C1,C3—>C3—2C1,_C4—>C4+3C1_
10 0 O
4 5 -8 14
A~
03 0 4
0 1 0 2]
(1 0 0 O]
0 5 -8 14
R, >R, 4R, A~
0 3 0 4
0 1 0o 2]
(1 0 0 O]
0 1 0o 2
R,<>R, A~
0 3 0 4
0 5 -8 14]
(1 0 0 0]
C C,-2C A 01 00
% — ~
4 4 2 03 0 -2
0 5 -8 4]
[1 0 0 0]
Ry — Ry —3R, A, 0
0 0 0 -2
R, >R, —5R,
0 0 -8 4]
(1 0 0]
0 1 0 0
C,oC, A~ 00 -2 0
0 0 4 -8]

(1 : 0]

-3

S © o N

I. 0
to normal form | " .
0 0
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R, >R, + 2R,

Hence p(A) = 4.

Example 3.36. Find the rank of the following matrix by reducing it to normal form A =

Solution. We have

R, >R, —4R,
R, >R, —3R,
R, >R, R,

C, >C, —2C,
C,—>C;,+C
C, > C, -3,

R, —> R, -R,

6
C; > G +;C2

11
C,—>C, —7()2

1
R, >R, +ER3

A=

r

S O O =

I
S O O =

T 1
S O O

1
O O O = O O O = O O O =

S O O =

—_ W R =

S O = O

S O = O

[\

l\J»l—A»—ﬂ

O O N O © O N O O O N O O N NoO o NN

0
0
0
-2 1
00
0 0_;
10
0 1
1 2 -13
4 1 2 1
3 -1 2
1 2 0 1
-1 3
2 1
2
0 1
-1 3
11
-7
-2
0 0
6 11
4 -7
1 -2
0
6 11
2 4
1 -2
0 0
0 0
-2 4
-2
0
0
-2 4
00
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C,—C, +2C,

R, > —R
2 7 2

-1
R3 —)7R3

Rank of A = 3.

Example 3.37. Reduce the matrix to normal form and find its rank if A =

Solution. We have

3

R, >R, ->R,
2

R, >R, —2R,

R, >R, _§R1

C, -G, —%Cl

R4 e 7R4

R; > R; —R,
R, - R, —R,

A~

A:

1

© O O = O O O -

T

S O O N S O O N O B~ W N

S O O =

S O O

0 0
-7 0
0 -2 0
0 00
0 0
1 0
0 10
0 -2 1

3
4
5

4
5
6

5
6
7

10 11 12

3
-1/2
-1
=7/2

-1/2

=712

—_— = = O
[\CT SR S R )

o O = O
S O O

3 4
4 5 6
5 6

5

7

10 11 12
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C, >C; —2C,
C, - C, -3C,

S O O =
S O = O

Hence its rank = 2.

Example 3.38. Reduce the matrix A to its normal form, when A =

Hence find the rank of A.

Solution. The given matrixis A=
(1 2
R, >R, —2R 0 0
R, >R, —R, A=14 0
R, >R, +R, 0 o
[1 0
0 5
C,oC, A~ 0 4
0 5
(1 0
R, >1/5R, o]0
R; —5/16R, 0 0
0 0
[1 0
C,oC A 01
<~ ~
3 4 00
0 0

Which is required normal form
Hence the rank of given matrix is = 3.

0 0
0 0 I, 0
00 :{0 0}
0 0
1 2 -1
4 3
3
-1 =2 6 -7
1 2 -1 4
2 4 3 4
1 2 3 4
-1 2 6 -7
-1 4 100 0
5 4 C, »C, —2C, 00 5 4
40 = C-oGC+C A~004 0
5 3 C, »C, —4C, 00 5 -3
0 0 (1 0 0 0
0 —4 Ry >R, — 2R, 050 -4
0 0 = > A~10 0 0 16/5
R, >R, —R,
0 -3 0 0 0 1
0 0 (1 0 0 0
0 —4/5 Ry =Ry +—R; 4|0 100
0 1 R, >R, -R, 0001
0 1 0 0 00
0 0
0 0 I, 0
10 :[0 0}
0 0
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00

If A is a matrix of order m X n then write A=1 AT wherel andI aremthand nth order unit matrices
respectively. The elementary row operation on A can be effected by premultiplication with corresponding
elementary matrix i.e. application of the same to I, or to the matrix obtained from I, in subsequent
steps. Similarly, application of an elementary column operation to A is equivalent to application of the

I. 0
3.7.1 To Calculate P and Q where PAQ = { r }

. . . I, 0].
same to I, or the matrix obtained from I in subsequent steps. In the end when we get { r } in place
0 0

of A on left hand side, we have P in place of I and Q in place of I, on the right hand side.

SOME SOLVED EXAMPLES

Example 3.39. Find the non-singular matrices P and Q such that PAQ is in normal form where

22 -6
A= :
{—1 2 2}

Solution. We have (Al ,=1,.A.1,
) o 100
2 -6 0
= A0 1 0
-1 2 2 0 1
- -t 0 0 1
F 11 31 12 o] (1 0 0]
1 =3 _
Ri=>2R R e I T T
2 - 4" - o0 1
o - [1 0 o]
11 -3 1/2 0
R,—>R,+R, = Al0 1 0
0 3 -1 1/2 1
-t - |00 1
C,—>C,-C,C,— C,+3C,
_ L 1 -1 3
10 0 1/2 0
= Al0 1 0
0 3 -1 /2 1
- -t -0 01
10 o] [1/2 0] b-1/s
1
h = A0 1/3 0
G236 01 -1| |12 1
- 40t - |o 0 1
- o [1 -1/3 8/3
1 00 1/2 0
C,—>C,+C, = AlO0  1/3 1/3
01 0] [1/2 1] 0




218 | Calculus and Linear Algebra

] . Find two non-singular matrices P and Q such that PAQ

. on —
~ ~
81
g
¢ on
A 22 e
__11
_
S
7100
o
1l
<
o
=)
<
1
01
AN N
~  ~
—
1
I
aW
(]
9]
=)
(P}
T

-3 4
-3 4
-1

3
2
0

=L

{

Example 3.40. If A

1

[Al3s
-3 4

LAL

Solution.

10

00

0

-1

0

-1

3 0|A|0
0

-2

1

0

3 0|A|0

0 1]A|0

0

0

-1

-1

0 1]A|0

0

0 1140

0

-3 4

0

0 3 4

R, >R, -R,

R,—>R,—2R,

1 00

R, —>R,-3R,

C,—>C-C,

ie.
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A=

Example 3.41. Find the non singular matrices P and Q such that PAQ is in the normal form when

3 1 2 1
1 4 6 1|
2 -3 1 -2
Solution.
(3
2
1
R1<—>R2
2
(1 4
R, >R, -3R 1
R, =R, —2R, o 11
C, > C, —4C, 10
Cy = C; —6C, 0 -11
C, >C G 0 -1
[ 0
R2<—>R3 -11
0 -11
1 0
R,—>R, (-1/11) 0 1
0 —11
10
R,—> R, +11R, 0
0 0
4
C,—>C,-C,C,»C,——C

[u—
[a—
8]

-16
-11

-16
-11

-11
-16

S O = O O O = O

] © O O = O O O -

S O O = O O O = O O O =

-1/11

S = O O O = O O

S O = O

=
1

S O O =

S = O O

S O O

»—-OOOI»—-OOO

- o o ol

|
S O —=

S

S O =

|
IO,_OO\

S = O
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o 1 -4 -2 5/11
1 0 0 0 1 0
0 1 -1 —-4/11
0 0 0l=[0 2/11 -1/11|A
0 0 1 0
0 -5 2 1 -1 -1
4t 0 0 0 1
o 1 -4 -2 5/11
0 0 0 1 0
-1 0 1 -1 -4/11
R,—> —R 0 1 0| = 0 2/11 -1/11|A
5 0 0 1 0
0 1 -2/5 -1/5 1/5 1/5
4t 0 0 0 1
1 -4 -2 -19/55
0 0] 0 1 0
C.>C,+C 2 0 2/11 -1/11 A0 —42/55
- = = -
17T s 5] (01000 0o 0 1  2/5
10 -1/5 1/5 1/5
1L 0 0 1
[I;, 0] = PAQ
1 -4 -2 -19/55
0 1 0
H P 0 2/11 —-1/11 0 1 -1 -2/
- . 1/5 1/5 _1/5 © 0 01 2/5
- 0 0 0 1
Verification:
1 -4 -2 -19/55
0 1 0][3 1
0 1 -1 -42/55
PAQ = 0 2/11 -1/11{|1 4 1
0 0 1 2/5
-1/5 1/5 1/5||2 -3 1 =2
- 0 0 0 1
) 1 -4 -2 -19/55
1 4 6 1
0 1 -1 —42/11
=0 1 1 4/11
0 0 1 2/5
0 1 -2/5
- 0 1 0 1
(1 0 0 0
- 0 0
0 0 10
EXERCISE 3.6
Find the rank of following matrices:
2 -1 1 -2 1 -1
1. 1 0 2 2. 5 4 1 3. 2 -4 7
3 -1 3 2 3 -1 1 -1 -2 -1 -2
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-1

11 -1 1]
4. |1 -1 2 -1
3 1 0 1]
2 3 4 1]
7. 52 0 -1
-4 5 12 1]
Find
11 2
8. |1 2 3
0 -1 -1
2 3 -1 -1
1 -1 2 —4
005 1 5 5
6 3 0 -7
Find
11 1
12. |1 -1 -1
3 1 1
1.
5. .
9. 10.3
1 00 1
12. P=1(1/2 —-1/2 0]|Q=|0
2 -1 1 0
[0 0 1 !
13. P=| 0 1/3 -5/3|Q= g
12 -13 1/6 0

L 0
14. PAQ= {é O}Where p=

|

1

2 3 4

-2 0 5 7

11.

|

1
4
|2

-8

-1
2
2

(3 2 -1 5
13. |5 1 4 =2
|1 -4 11 -19
Answers

3. 2
7.
11. 3
0
1 —1|and PAQ L0
—1 (an =
0 0
0 1
4/7 9/119 9/217
7 =17 -=1/7
0 -1/17 0
0 0 1/31
0 0 1 -1
1 0landQ=|0 1

11

0

2
-1

the rank of following matrices after reducing them to normal form:
—1]

[\

4

14.

N = =

1
1

AN N

1
2

|92 B NS IR ON)

2
3

two non singular matrices P and Q such PAQ is in normal form for the matrix A, where A is
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INTERESTING FACTS

e Rank of a matrix even has its application in the domain of data mining and bioinformatics.

¢ In social sciences, the user preferences for countries are represented in the form of matrices.

¢ In biological sciences, the level of gene expression is represented using matrices.

e In medical sector, cancer and its subtypes are discovered from their molecular data using

matrices.

VIDEO REFERENCES

Rankof a System of Linear System of Linear

Matrix Equations-II Equations

USES OF ICT
e https://youtu.be/puq3qyEWMWs

APPLICATIONS TO REAL LIFE

o These are vitally used to build mathematical and computer programming modelling.
o If some unknown data needs to be recovered in matrix form, let’s say in cyber security space, and it
is known that it has a low rank, then it can be recovered very efficiently and easily.

e The rank even gives an idea about the dimension of the image. For example, the mapping of 3D

space into a 2D plane will not have a “full rank”.

3.8 LINEAR SYSTEM OF EQUATIONS

Suppose in my neighbourhood, there is an eccentric shopkeeper. He is convinced that some Indians eat
more wheat than rice and some Indians eat more rice than wheat. So he offers only two standard packets.
The first packet, call it N, has 5 kg of wheat and 2 kg of rice, whereas the second packet, call it S, has 2 kg
of wheat and 5 kg of rice. Let us invent a shorthand. Whenever we write (m, n), we mean m kg of wheat
and n kg of rice. Now if I buy 3 packets of N, it means that T am buying 15 kg of wheat and 6 kg of rice,
i.e., 3N =3(5,2) = (15, 6).

Similarly, 2 packets of S means 4 kg of wheat and 10 kg of rice, i.e., 25 = 2(2, 5) = (4, 10).

If I buy one of each of the packets , then I would have bought 7 kg of wheat and 7 kg of rice, that is,

N+S§S=(5,2)+(2,5)=(05+2,2+5)=(7,7).

Thus I need m packets of N or n packets of S or both, there is no problem. Suppose I need 19 kg of
wheat and 16 kg of rice. What shall I do? I need to buy x packets of N and y packets of S so that x(5, 2)
+(2,5) = (19, 16).
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That is, (5x, 2x) + (2y, 5y) = (19, 16) or (5x + 2y, 2x + 5y) = (19, 16). Thus I end up solving a system
of linear equations
5x+2y=19
2x + 5y = 16.
Explanation in terms of #n equation in n-unknowns:
A linear system of # equations in n unknowns x,, x, ...... x, is a set of equations of the form

11771 1n""n 1

Ay X, F s +a,,x, =b, (1)
A X F e +a _x =b

nl 71 nnn

where aij (1 <1, j < n) are the known coefficients, b, (1 <i < n) are given numbers.

Note: The system is called homogeneous if all the b7’s are zero. |

Otherwise it is non-homogeneous.
In the matrix notation, the system (1) can be written as

AX=B
Ay Gy eeerererenne a, X b,
Ay Gy e a
21 92 2n
Where A= » X = »B=
Ay Oyy  eveeeeennene a,, X, b,

A Gy e a, b
Ayp Gpy  eeveveenne a,, b,
C=[A:B]=
Ay By eeevereenns a,, b,
A solution of (1) is the set of number x; ............ x,, that satisfy all the n equations.

Remark: Augmented Matrix: An augmented matrix from a system of equations is a matrix of
numbers in which each row represents the constants from one equation (both the coefficient and the
constant on the other side of the equal sign) and each column represents all the coefficients for a single
variable.

3.8.1 Types of Linear Equations
A. Non-Homogeneous Equations
B. Homogeneous Equations

3.8.1.1 Non-Homogeneous Systems
i. Consistent: A system of equations is said to be consistent, if they have one or more solution i.e.
x+2y=4 x+2y=4
3x+2y=2 3x+6y=12
Unique solution Infinite solution
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ii.

Inconsistent: If a system of equation has no solution, it is said to be inconsistent.

x+2y=4
3x+6y=>5
Consistency of a System of Linear equations:
ax, +a,x, + o + a,,x,=b
ay X, + X, F o + a,,x,=b,
a, X+ a,, %t e +a, x =b,
In matrix notation, these of equations are written as:
AX=B
Ay Apy e a, X b,
Ayy Gyy  eevvevenenes a,, Xy b,
where A= , X=| 7 |,B=| .
Ay Oyy eeeeeeerenes Ay X, b,
A G Ay by
o 4y Gy ) b,
Augmented matrix is C=[A:B]= §
Am A A bm
a. Consistent equation:
If Rank A = Rank [A : B]
i. Unique solution: =~ Rank A = Rank [A : B] = n (no. of unknowns)
ii. Infinite solution: = Rank A = Rank [A : B] < n (no. of unknowns)
b. Inconsistent equation:
If Rank A # Rank [A : B]
Thus we can say that the system of linear equations are either non-homogeneous or
Homogeneous. it depends on b, then system of non-homogeneous equations are either
consistent or inconsistent according to which system has unique solution or infinitely many
solution.
In brief

A system of non-homogenous linear egn
AX =B

Find p[A] and p[A : B]

If p[A] = p[A: B] If p[A] # p[A : B]

No solution,
system is inconsistent

Solution exist,
system is consistent

l

| Unique Solution | |

pl[Al=p[A:B]=n pl[Al=p[A:B]<n

Infinite no. of solution |

n = no. of unknowns.



Matrices | 225

SOME SOLVED EXAMPLES

Example 3.42. Show that the equations

2x + 6y =—11
6x + 20y—6z= -3
6y—18z=-1

are not consistent.

Solution. The given system of equations in matrix form is

2 6 0
6 20 -6
0 6 -18

where

Augmented matrix [A : B] is

R,—>R,-3R,

R,—>R,-3R, ~

x [—11
y|=1] -3
z _—1
AX=B
(2 6 0 x
A=|6 20 -6|X=|y|B=
0 6 -18 z
6 0 -11
20 -6 -3

(=
=)}
|
—
o
|
—

2 0 -11
0 -6 30
0 -18 -1

S O N
S N
|
S N O
b L
—_—_ O =

p(A)=2and p(A:B)=3
. p(A) #p(A:B)
Hence, the system of equations are not consistent.
Example 3.43. Test for consistency and solve
5x+3y+7z=4
3x+26y+2z=9
7x+2y+10z=5
Solution. The given system of equations in matrix form is

5 3
3 26
7 2 10

X 4
21y =19
z 5

AX=B
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5 3 7 X 4
where A=13 26 2|,X=|y|,B=|9
7 2 10 z 5
Augmented matrix [A : B] is
(5 3 7 : 4
26 2
7 210 : 5
(1 3/5 7/5 : 4/5
RVAR4}) ~13 26 2: 9
> 7 2 10 5
27 4
5 5 5
R, >R, -3R, Sl 12t o133
Ry —> Ry 7R, 5 5 5
-11 1 -
o 21 L. 3
"5 5 5 |
, 327 4
5 5 5
Ry >Ry + iRz ~ 10 121 -1 3
11
5 5
|0 :0
p(A)=2and p[A:B] =2
s p(A) = pl[A: B]
Hence, the given system of equations are consistent.
But p(A) = p[A : B] < n (no. of unknowns)
So, its solutions are infinite.
7 4
X+-y+-z =< (1)
5
121 11 33
— Y ——2Z = — —z=
5 y 5 = 1lly-z=3
Let z = k, then lly=3+k
3.k
AR TRET

Put value of y and z in (1)

3(3 k] 7

+=| —+— |+=k =

511 11 5

9 3k 7k
+—=+—

x+—
55 55 5



Matrices | 227

5 55
_ 716
THRT!

Example 3.44. Test for consistency of the following system of equations:

x1+2x2+3x3+4x4=5
6x1 + 7x2 + 8x3 + 9x4 =10
11x1 + 12x2 + 13x3 + 14x4 =15
16x1 + 17x2 + 18x3 + 19x4 =20
21x1 + 22x2 + 23x3 + 24x4 =25

Solution. The given system of equations in matrix form is

1 2 3 4 5
6 7 8 o™ 10
11012 13 14| =15
16 17 18 19 20
21 22 23 24|FH 25
AX=B
The augmented matrix [A : B] is
1 2 3
6 7 8
11 12 13
16 17 18
21 22 23
R,—R,—6R,
R,—R,~11R,
R,— R, - 16R,
R,— R, —21R,
1 2 3 4 : 5
0 -5 -10 -15 : —20
0 -10 —20 -30 : -40| =
0 —-15 -30 -45 : —60
0 —20 —40 —60 : —80
12 3 4
Ry = Ry = 2R, 05 10 15
R,—R,-3R, ~lo 0o 0 o
Rs— R;—4R, 00 0 0
00 0 0

4 5
9 : 10
14 : 15
19 : 20
24 : 25
1
0
-D*|0
0
0

5

20

—
wu

[\
o

w

10
20
30
40

15
30
45
60

20
40
60
80
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p(A)=2and p[A:B] =2

s p(A) = p[A: B]
Hence, the given system of equations are consistent.
But p(A)=p[A:B]<n

So, its solutions are infinite.
Example 3.45. For what value of k, the system
x+y+z=1
2x+y+4z=k
4x + y + 10z = k? has a solution.
Solution. The given system of equations in matrix form are

11 1|[x 1
21 4f|ly|=|k
4 1 10|| z K
AX=B
Augmented matrix [A : B]
111 1
21 4 k
4110 : K
R,—R,—2R, ot !
R, >R, 4R, 0 -1 2 k-2
0 -3 6 : k-4
111 1
Ry —>R;-3R, ~lo -1 2 @ k-2
0 0 0 : K -3k+2

If the given system has solution, then
p(A) = p[A: B]
andp[A:B]=2 if K -3k+2=0
k*-2k-k+2=0

(k-2)(k-1)=0
k=2,k=1.
Case I: When k = 1, we have
xty+z=1
—y+2z=1-2=-1
Let z=A

Putting value of z=Ain (2) y=2A + 1
Putting the value of y and zin (1)
x+2r+1)+A=1

(1)
-(2)
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x+3L+1=1
x==-3\
Case II: When k=2
X+y+z=1 ..(3)
—y+2z=2-2=0 ..(4)
Let z=¢

Putting the value of zin (4)
-y+2c=0
y=2
Putting the value of y and zin (3)
x+t2c+c=1
x=1-3c
Example 3.46. Investigate the values of h and | so that the equations.
2x+3y+5z=9
7x+3y—2z=38
2x+3y+Ahz=p
have 1. no solution
il. a unique solution
iii. an infinite no. of solution.
Solution. The given system of equations in matrix form is

2 3 5][«x (9
7 3 2|lyl=1|8
2 3 Az K
(2 3 5
Augmented matrix is [A : B] 7 3 =2
2 3 A :p
7 2 3 5 9
R, >R, - =R,
2 L
R, >R,—R, 22 2
0 0 A-=5: pu-9
i.  No solution: Rank A # Rank (A : B)
A-5=0 n—9#0
A=5 n#9
ii. A unique solution Rank A = Rank (A: B) =n

A=5#0
A # 5, W is arbitrary
iii. An infinite no. of solutions: Rank A = Rank (A : B) < n
A-5=0 u-9=0
A=5 p=29
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Example 3.47. Determine for what value of h and | the following equation have

X+y+z=6
x+2y+3z=10
X+2y+iz=p

i.  no solution

ii. aunique solution

iii. infinite number of solution.

Solution. The given system of equations in matrix form is
1 1 1]|x 6
1 2 3|ly|=|10
1 2 Allz u

AX=B
The augmented matrix is
11 1: 6
1 2 3 10
12 A : p
R,—R,-R, bl 6
o1 2 4
R,— R,~R,
10 1 A-1 p—6
11 1 6
R,—R,~R, 01 2 : 4
0 0 %=3 : p-10

i.  No solution: p(A) # p[A : B]

A-3=0 n—-10%0
A=3 p=10
ii. A unique solution: p(A) =p[A:B]=n
A=3#0

A # 3, uis arbitrary.
iii. infinite solution: p(A) =p[A:B] <n
A-3=0 n-10=0
A=3 w=10
Example 3.48. Show that the equation
-2x+y+z=a
xX=2y+z=0
x+ty-2z=c
have no solution unless a + b + ¢ = 0. In which case they have infinitely many solution? Find these solutions
whena=1,b=1andc=-2.
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Solution. The given system of equations in matrix form is

2 1 1][x a

1 =2 1||yl= b

1 1 2|z c
AX=B

The augmented matrix is [A : B]

1 =2 1 : b
R, &R, ~1=2 1 1 a
1 1 -2 c
R,—>R,+2R, =2 1 b
R3—)R3—R1 —3 3 ﬂ+2b
i 3 -3 c—b
(1 -2 1 b
R, > R, +R, -3 3 a+2b
| 00 a+b+c

Casel: Ifa+b+c#0
p(A)=2and p(A:B)=3
p(A) #p(A:B)

Hence, the system being inconsistent, has no solution.

Casell:Ifa+b+c=0
p(A) = 2,p(A:B) =2

o p(A) = p(A:B)
Hence, the given system of equations are consistent.
But p(A)=p(A:B)<n

So, its have infinite no. of solution.
Case III: On puttinga=1,b=1,c=-2

1 -2 1 : 1
0 -3 3 : 3
0O 0 0 : 0
x=2y+z=1 (1)
-3y+3z=3 ..(2)
-y+z=1

Putz=k, y=k-1
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Put the value of y and z in (1)
x=2k-1)+k=1
x—-2k+2+k=1
x—k+2=1
x=k-1
x=k-1, y=k-1, z=k

3.8.1.2 Homogeneous Equations
For a system of homogeneous linear equations AX = 0.

i. X =0is always a solution. This solution in which each unknown has the value zero is called the
null solution or the Trivial solution. Thus a Homogeneous system is always consistent.

e A system of Homogeneous linear equations has either the trivial solution or infinite no. of
solutions.

ii. If p(A) = no. of unknowns the system has only trivial solution.
iii. If p(A) < no. of unknowns, the system has infinite no. of non-trivial solutions.

A system of homogenous linear eqn.
AX=0

Always has a solution

p(A)=n p(A)<n

Unique or Trivial
solution each unknown
equal to zero

Infinite no. of
non-trivial solution

Example 3.49. Determine the value of b such that the system of Homogeneous equations
2x+y+2z=0
x+y—-3z=0
4x+3y+bz=0
has 1. Trivial solution
ii.  Non-trivial solution. Find Non-trivial solution using matrix method.
Solution.i. For Trivial solution: We know that x =0,y = 0 z= 0, so b can have any value.
ii.  For Non-Trivial solution: The given system of equation in matrix form is
2 1 2]« 0
11 -3||y|=]0
4 3 bz 0
AX=B8B
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Augmented matrix is [A : B]

21 2
1 -3
4 3 b : 0
11 -3 1
R, <R, ~12 1 2
_4 3 -
R,—>R,-2R, b 0
~10 -1 8 0
R,—>R,—4R,
0 -1 b+12 : 0
11 -3
R,>R,~R, ~lo -1 8 :o0
0 0 b+4 : 0
For Non-trivial solution p[A] = p[A:B] <n
b+4=0
b=-4
Example 3.50. Find the value of k such that system of equations
xX+ky+3z=0
dx+3y+kz=0
2x+y+22=0

has non trivial solution.
Solution. The given system of equation in matrix form is

1 k 3][«x 0
4 3 kily|=|0
2 1 2|z 0
AX=0
The augmented matrix is [A : B]
1 kK 3 0
4 3 k O]
2 1 2 0
2 12 :0
R, © R, ~14 3 k 0
1 k 3 :0
R, —>R,-2R, 2 1 2
1 0 1 k-4
Ry >Ry =R ~ )
0 k—— 2
L 2
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1 2

1 0 1 k—4
R3—>R3—(k__jR2 ~
2 1
00 2—(k—5)(k—4) : 0

For Non-trivial solution p[A] = p[A:B] <n

1
2- (k—zj(k—‘l): 0

k
2—k2+4k+5—2:0

9
-+ -k =0
2
k(—k+gj 0
2
9
k=0,k=—.
2
EXERCISE 3.7
Check the consistency of the following system of equations. Also find the solution set:
1. x+2y—2z=3 2. x+3y—z=4
3x—y+2z=1 2x+y+z=7
2x=2y+3z=2 2x—4y+4z=6
x-y+tz=-1 3x+4y=1
3. X +2x,-%x,=6 4. x—4y—-3z=-16
3%, =%, +2x;=3 2x+ 7y + 12z=48
dx, —3x,+x,=9 4x—-y+6z=16
5x-5y+3z=0

5. Discuss the consistency of the equation
x+2y+3z+4t=0
2x+3y+4z-1=0
3x+4y+t=2
4x + z + 2t = 3 Find the solution set if consistent.
6. For what value of A will the equations
3x—-y+Az=0
2Xx+y+z=2
X + 2y — Az = —1 Fail to have a unique solution.
Will the equations have any solution for this value of A?
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7. Use the test of rank to show that the following system of equations is inconsistent:

2x—ytz=4
3x—-y+z=6
dx—y+2z=7
—xX+y—-z=9
8. Show that the following equations are consistent and solve them:
x+2y—-5z=-9
3x—y+2z=5
2x+3y—z=3
4x—-5y+z=-3
9. Solve the system of equations:
Ax+2y—2z=1
dx+2hy—2z=2

6x + 6y + Az = 3 considering specially the case when A = 2
10. For what value of a and b the equation
x+y+5z=0
X+2y+3az=">
x+ 3y +az=1have

i. No solution ii. unique solution iii. infinitely many solutions

Solve the following system of equations:

11. x—y+z=0 12. x+3y-2z=0
3x+y—-4z=0 2x—y+4z=0
7x—=3y—-9z=0 x—11y+14z=10
4x-2y+5z=0

13. 2w+ 3x—-y—-2z=0 14. 3x+4y—-z—-6w=0

dw—-6x-2y+2z=0 2x+3y+2z-3w=0
—ow+ 12x+3y—4z=20 2x+y—-14z—9w =0
8w—24x—-4y +8z=0 x+3y+13z+3w=0

15. Find the value of k such that following system of equations has a non-trivial solution:
(B3k—8)x+3y+3z=0
3x+(3k-8)y—3z=0
3x+3y+ (3k-8)z=0
16. Show that the only real value of A for which the equations:
X+2y+3z=2Ax
3x+y+2z=2A\y
2x + 3y + z = Az have a non-zero solution 6.

Answers

L. -1,4,4 2. Not consistent 3. -1,4,4 4, z—ék,l—kik,k
5

5
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5. Consistent, 2,_—1,_—1,_—1) 6. Inconsistent, )\,:—Z 8. l,é,é
11 11 11 11 2 222

1 . 1 .. 1

9. x=5—k,y=k,z=0 10. 1. azl,b;tz ii. a#z1,beR 111.a=1,b:E
-10 8 1 1
11. x=y=2z=0 12.x=7k,y:;k,z:k 13. ngkl,yzkz,zzkl,w:Ek2

14. x= llk1 +6k2,y=—8k1—3k2,z:k1,w:k2

11 2
15. Non trivial solution if k = 3 ork= 3

3.9 SOLUTIONOFSYSTEMOFLINEAREQUATIONSBYDETERMINANTS

3.9.1 Cramer’s Rule

This method is given by Swiss mathematician Gabriel Cramer. We will explain this method by considering

the following system of equations:
ax+by+cz=d,
ax+by+cz=d,
ax+by+cz=d,

aq b q

Let D=1 b ¢

then xD=|xa, b, ¢,

Operating C, — C, + yC, + zC;, we have

xD = |xa, + yb, + zc,

xa, + yb, + zc,

xa; + yby + zc,

d b q
=l b o
dy by ¢
= D, (say)
then x= Dy
D
d b g
d b, o
dy by ¢
B a b ¢
a b o
a; by ¢

b ¢
b, ¢
by ¢
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. D D
Similarly,y= =% amdz= =
D D

a d ¢ a, b d
Where D2 = az dz Cz and D3 = az b2 dz
a; dy ¢4 a; by d,
D, D, D o .
Thus,x= =L ,y= =2 ,z= =2 are the values of unknowns given in the system of equations.
D D

SOME SOLVED EXAMPLES

Example 3.51. Solve the given system of equations using Cramer’s Rule
xX+y+tz=1,3x+5y+6z2=4,9x+2y—-36z=17.
Solution. Given x+y+z=1
3x+5y+6z=4
9x +2y—36z=17

11 1
Here, D=1|3 5 6
9 2 -36

=1(-180-12) — 1(-108 — 54) + 1(6 — 45)
=-192 +162 -39 =-69

111
D/=|4 5 6
17 2 -36

= 1(~180 — 12) — 1(~144 -102) + 1(8 — 85)
=192 + 246 — 77 = -23

1 1 1

3 4 6

9 17 -36

1(~144 — 102) — 1(~108 — 54) + 1(51 - 36)
= 246 + 162 + 15 = —69

11 1

35 4
9 2 17
= 1(85-8) — 1(51 —36) + 1(6 — 45)
=77-15-39=23

O
I

D:
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By Cramer’s Rule, we have

X = Dl,y:Dz,Z:&
D D D
x:—_23:l’y:—_69:1’Z:£:_1 Answer
-69 3 —69 —69 3

Example 3.52. Solve the given system of equations using Cramer’s Rule
3x+y+2z2=3,2x-3y-z=-3, x+2y+tz=4.
Solution. Given 3x+y+2z=3

2x=3y—z=-3

x+2ytz=4
31 2
Here, D=2 -3 -1
1 2 1

3(3+2)-1(2+1)+2(4+3)
=3(-1)-1(3) +2(7)

=-3-3+14=38
301 2
D,=|3 -3 -1
4 2 1

=3(-3+2)-1(-3+4) +2(-6+12)
=3(-1)-1(1) + 2(6)

= 3-1+12=8
3 3 2

D=2 -3 -1
1 4 1

=3(-3+4)-32+1)+2(8+3)
=3(1)-3(3) + 2(11)

=3-9+22=16
301 3
D,=[2 -3 -3
1 2 4

=3(-12+6)—1(8+3) +3(4 + 3)
=3(-6)— (1) (11) + 3(7)
=-18—-11+21=-8
:§:1, y:&:EZQ, z=D3:__8:_1 Answer
8 D 8

Thus, x= =
8 D

o]
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EXERCISE 3.8

Apply Cramer’s Rule to solve the following equations:
1. x+3y+6z=23x—y+4z=9,x—-4y+2z=7.

2. xty+z=-1,x+2y+4z=-5,6x+4y+2z=0.

3. x—-4y—-z=11,2x-5y+22z=39,3x+2y+z=1.
4. x+2y+3z=6,2x+4y+z=7,3x+2y+9z=14.

Answers
1. x=2,y=-1,z=1/2 2. x=1,y=-1,z=-1
3. x=-1,y=-5,z=8 4. x=y=2z=1

3.9.2 Gauss Elimination Method (To Solve System of Linear Equations)
Consider the system of equations

ax+by+cz=d,

ax+tby+cz=d, (1)

ax+by+cz=d,
The system in matrix form is AX = B, where

a b ¢ d, X
A=|a, b, ¢,|,B=|d, |and X=|y
a; by ¢ d, z

Consider the augmented matrix [A : B]

aq b ¢ : 4
[A:Bl=1|a, b, ¢, : d, ..(2)
a; by ¢y 1 d,

Now Eq. (2) can be reduced to an upper triangular matrix Let a, # 0, then
aq b ¢ : 4
a a3 ’ ’ ’
Rz _>R2__R1,R3 _>R3__R1 = 0 bz C2 . d2 ...(3)

a a
1 1 ' ' . '
0 by ¢ : di

Here a, is called first pivot.
Now, take b; as the pivot (b; #0), then
b, aq b ¢ : 4
Ry _>R3_ER2~ 0 b, ¢ : d ..(4)
0 0 ¢ = df
Now take ¢} # 0 as the pivot from Eq. (4), the given system of linear equation is equivalent to
ax+by+cz=d,
by+cdz=4d,
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/" —_ "
diz=d
d”
or z= 2
C3
) ) c"d = d
By back substitution y= le'dy ~cy'dy”)
b2'63"
_ 1 o 7 an ’ " "y
and x= ———— (d,b’c", + b,csd", — byc,d",— b "\ d)

’ n
abyc"

Notes:

1. This method fails if anyone of the pivots a , b’,, ", becomes zero. In such cases by interchanging
the rows, we can get the nonzero pivots.

2. Partial pivoting: From the first column of Eq. (2), select the component with the largest
absolute value. This is called pivot. Then at the second stage, i.e. from the second column of
Eq. (3), select once again the component with largest absolute value as the pivot. Continue
this process. This procedure is called partial pivoting.

3. Complete pivoting: If one is not interested in the elimination of x, y, z in a particular
order, then choose at each stage numerically the largest coefficient of the entire coefficient
matrix. This requires an interchange of equations and also an interchange of positions of the
variables.

SOME SOLVED EXAMPLES

Example 3.53. Solve the system of equations 3x +y—z=3,2x—8y +z=—5,x—2y + 9z =8, using
Gauss elimination method.

3 1 -1\(x 3
Solution. The given method is equivalentto |2 -8 1|l y|=|-5
1 -2 9)\z 8
The augmented matrix is
31 -1 3

[A:B]=|2 -8 1 : -5

3 1 -1 3

2 1 -26 5
RZ_)Rz_gRl’RS_)R3_§R1 ~10 T 5 -7
o 2B

3
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Choosing _726 as the pivot from the 2nd column, we have

3 -1 3
Ry >Ry == Ry ~ | 0 ? g -7
S
234 26
or 3x+y—-z=3
_—26)/ + Ez =-7
3 3
2079 _ @ 22231><234 -1
234 26 26x2079
Now by back substitution, z = 1
—26y=-26 or y=1
and 3x = 3x or x=1

x=lLy=12z=1
Example 3.54. Using Gauss elimination method, solve the system of equations

3.15x— 1.96y + 3.85z = 12.95

2.13x + 5.12y — 2.89z = -8.61

5.92x + 3.05y + 2.152 = 6.88
Solution. The given system is equivalent to

3.15 -196 3.85)(«x 12.95
213 512 2891 y|=|-8.61
592 3.05 215)\z 6.88
AX=B
3.15 -1.96 3.85
[A:B]=|213 512 -2.89
592 3.05 2.15
Choosing 3.15 as pivot
3.15 -1.96
R2—>R2—2'—£R1,R3—>R3—5'—?§R1~ 0 6.4453
0 6.7335
Choosing 6.4453 as pivot
3.15 -1.96
R, >R, =370 | 0 64453
6.4453 0 0

12.95
—-8.61
6.88

3.85
-5.4933
—5.0855

3.85
-5.4933
0.6534

12.95
-17.3667
—17.4578

12.95
-17.3667
0.6854
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3.15x—1.96y + 3.85z = 12.95
6.4453y —5.4933z = —-17.3667
0.6534z = 0.6854

o 0.6854 5.4933z —17.3667
By back substitution z= =1.04897459, y = z =—1.80043875
0.6534 6.4453
1.96y —3.85z +12.95
and x=12%7 31:+' % _ 1 70875806

Example 3.55. Solve the system of equations
X +x,tx+x,=2
X, +x,+3x,-2x,= -6
2%, + 3%, - x;+ 2%, =7
X+ 2%, +x,—-x, =2
by Gauss elimination method.

11 1 1)\(x 2
) 11 3 =2||x -6
Solution. =
2 3 -1 2| x 7
12 1 -1)\x, -2
AX=B
1 1 1 1 2
11 3 =2 —6
[A:B] =
2 3 -1 2 7
1 2 1 -1 -2
1 1 1 1 : 2
R, >R, - R,
00 2 -3 : -8
R, >R, —2R, ~
0 1 -3 0 3
R, >R, —R
0 1 0 -2 —4

Since the element in second row, second column is zero, interchange second and third row to get
pivot element 1, i.e.

11 1
01 -3 0
RyoRi~1g o 2 3. g
01 0 -2 : -4
11 1 1
01 -3 0
R, >R, —R, ~
4 2 oo 2 -3 -8
00 3 =2 : -7
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Now the pivot is 2, therefore

—
—
—
—
(V]

3 0 -3 0
R4_)R4_ER3: 00 2 -3 -8
5
00 0 = 5
2
x1+x2+x3+x4=2
xX,—3x,=3
2x3—3x4=—8
5
EX4 =5
= x4=2
1 1
= X3— E(—8+3x4)=5(—8+6)=—1

Now by back substitution
X=3+3x,=3-3=0
X, =2-x,-%-x=2-0-(-1)-2=1

X, = l,x2=0,x3=—l,x4=2.

EXERCISE 3.9
Solve the system of equations by Gauss elimination method:
1. x+2y+z=3 2. 2x+3y—-z=5
2x+3y+3z=10 4x+4y-3z=3
3x—y+2z=13 2x=3y+2z=2
3. Sxp+x, +x+x,=4

x1+7x2+x3+x4: 12
x1+x2+6x3+x4=—5
x1+x2+x3+4x4=—6

Answers

1. x=2,y=-1,z=3 2. x=1,y=2,z=3 3. xlzl,x2=2,x3=—l,x4=—2

3.9.3 Gauss-Jordan Method (To Solve System of Linear Equations)

This method is a modified form of Gauss elimination method. The coefficient matrix A of AX = B is
reduced to a diagonal matrix or unit matrix by making all the elements above and below the principal
diagonal of A as zero. The time of back substitution is saved here, even though it involves additional

computations.
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SOME SOLVED EXAMPLES

Example 3.56. Solve the equations
10x+y+z=12
2x+ 10y +z=13
x+y+5z=7

by Gauss-Jordan method.

Solution. The given system in matrix form is

10 1 1)(x 12
2 10 1||y|=|13
1 1 5)\z 7
=B
10 1 1 12
[A:B]=|2 10 1 : 13
1 15 7
1 -8 —-44 =51
R, >R -9R,~|2 10 1 : 13
1 1 5 7
1 -8 -—-44 =51
R, >R, —2R,
~10 26 89 115
R; > R; —R,
0 9 49 58
1 -8 —44 : -51
R,—>3R,—R,~ |0 58 59
0 9 49 58
1 0 420 421
Ry =R, +8R, 0 58 59
BB =%R 1o 0 473 : 473
| 1 0 420 421
R,—>——R, ~|0 1 58 59
473
0 0 1 1
10 1
R, > R, —420R,
R, >R 58, | ! :
% —
2o oo
The system AX = B reduces to the form
1 0 0)(x 1
01 0fjly|=|1 ie. x=1=y=z

0 0 1)\z
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Example 3.57. Solve the equations
10x; + x, + x; =12, x, + 10x, — x; = 10 and x, — 2x, + 10x; = 9 by Gauss-Jordan method.
Solution. The given system in matrix form is

10 1 1)(x 12
1 10 -1||x, | =10
1 -2 10 )\ x, 9

AX=B

10 1 1 : 12
[A:B]=| 1 10 -1 : 10
1 =2 10 : 9

R, >R, -9R,~[1 10 -1 10
1 -2 10 9
-89 10 : -78
Ry =Ry =R 0 99 —11 : 88
Ry >R =Ry 87 0 : 87
R, > ~89 10 : -78
1121 ~ 9 -1 8
Ry —— 1 0 ; 1
87
-89 10 : -78
R,—> R, -8R, ~ 1 -1 0
1 0 ; 1
1 0 -79 : —-78
R, > R, +89R, ) 0
R, >R, —R, 0 |
0 1
R, —> R, +79R, 0101
R, >R, —R, - : :

The system AX = B reduces to
10 0)(x
0 1 O0flx,| =11
00 1)lx

—_

—_

=x2=x3=1.
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Example 3.58. Solve the system of equations
Sx—y—2z=142

x—=3y—z=-30
2x—y—-3z=-5
by Gauss-Jordan method.
5 -1 -2
Solution. Now [A:B]~|1 -3 -1
2 -1 -3
1 -3 -1
R, <R, ~ -1 =2
2 -1 -3
1 -3 -1
R, >R, —5R, X
~10 14 3
R, >R, 2R,
0 5 -1
1 -3 -1
R 3
R, »>—=2~|0 —
14 14
0 5 -1
1 o0 -2
14
R, >R, +3R, 3
R,—>R,-5R, ~ |1 14
00 2
14
1 o0 -2
14
14
R, —)(——jR3 ~10 1 3
29 14
0 0
5 1 0 0
R, >R, +—R
1 1T
3 ~10
R, >R, ——R
2 2T
0 0 1

6%
29

Lo 8337 3199 690

>

4
203 Y 203

29
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Example 3.59. Solve the system of equations

x+2+Z =1
2
£+Z E =0
2 3 4
ﬁ + Z + E =0
3 4 5
by Gauss-Jordan method.
Solution. 6x+3y+2z=6

6x+4y+3z=0
20x+ 15y +12z=0

6 3 2 : 6
[A:Bl=| 6 4 3 : 0
20 15 12 : 0
11
R 1 = = .1
R >t ~ 23
6 6 4 3 :0
20 15 12 : 0
11
1 - = 1
R, >R, —6R, 2 3
~lo 1 1 -6
R, > R, —20R,
1
0 5 .
3
1
X Lo — 4
R, >R —-R
PO 2 o1 1 -6
R, >R, —5R, 1
00 = : 10
3
1
1o — 4
Ry —> 3R, ~
01 1: -6
00 1 : 30
1 100 : 9
R, >R +-R,
6°~]0 1 0 : -36
R, >R, —R, 00 1 : 30

x=9,y=-36,z=30.
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EXERCISE 3.10

Solve the system of equations by Gauss-Jordan method:
1. xtytz+w=2 2. 10x+y+z=12
2x—y+2z—-w=-5 2x+ 10y +2z=13
3x+2y+3z+4w=7 xty+5z=7

x—=2y—-3z+2w=5

3. 3x+4y+5z=18 4. xX+2ytz—w=-2
2x—y+8z =13 2x+3y—z+2w =7
5x-2y+7z=120 xX+y+3z-2w=-6

xtytz+w=2
5. 10x +y+z= 18.141
x+ 10y +z =28.140
x+y+10z= 38.139

Answers
x=0,y=1Lz=-1,w=2 2. x=1L,y=12z=1
3. x=3,y=1,z=1 4. x=1,y=0,z=-1,w=2

5. x=1.234,y=2.348,z=3.455

3.9.4 Gauss Elimination Method for Finding the Inverse of a Matrix

Let A be a non-singular square matrix of order three. Then the inverse of A is a matrix X which satisfy
the equation AX = I, where I is the unit matrix of order three. Now, we have to find the elements of the
inverse matrix X.

Let A=|ay ay ay

and X=1x3 X xp
X311 X3 X33
The equation becomes AX=1
an G a3 || X1 X2 X3 100
Ay Gy Gy || Xy Xy X3 | =0 1 0
a3; Az sz J\X31 X35 X33 0 01

This matrix is equivalent to three equations, which are equivalent to three system of equations
G Gz G || X1 1
Ay Ay Gy || Xy | =0 (1)

a3 dzy  dzz )\ X3 0
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N
[N
1N
W
¥}
D
w
@
x
w
e}
S O O = O

a3 4z dz3 )\ X33 1

..(2)

..(3)

The systems (1), (2) and (3) of Egs. (1)—(3) can be solved by Gauss-elimination procedure. The
solution set of each system of Egs. (1), (2) and (3) will be the corresponding column of the inverse

matrix X.

Since the coefficient matrix is same in all the Egs. (1), (2) and (3), all can be simultaneously solved

by forming a definite system

1 00
[AT) = |ay 4ay a,|0 1 0
0 0 1

a3 dz  ds3

SOME SOLVED EXAMPLES

Example 3.60. By Gauss elimination Method, find the inverse of A =

Solution. The augmented system [A/I] is

0
1
3

1

0|
—4

0 1 11 0 0
[Alll~|1 2 0/{0 1 O
3 -1 —4|0 0 1
Since the element a , = 0, we will interchange the first and second row, the reduced system is
1 2 0/0 1 O
[A/Il~]0 1 {1 0 0
3 -1 —4|0 0 1
1 2 0/0 1
we get Ry, —>R,+(-3)R,~|0 1 1}1 00
0 -7 —4|0 -3 1
1 2 0/0 10
R,—>R,+7R,~ |0 1 1j1 0 0
0 0 3|7 -3 1
X, +2x,,=0 Xy =
Thus Xy + x5 =1 = X, =

3x31= 7 X, =
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X, + 2x22 =1
Xy, T X5, = 0

3x;,=-3

X3+ 2x,,=0

Xyy + X5 = 0

3x5,=1

54

3
Hence e 1

3

Z o

3

Example 3.61. Find by Gauss elimination method, the inverse of A = | =15

Solution. [A/T]

5
R, > R, +5R,R; > Ry —Eijl

l

1
R; > R; + (g)RZ

Now the system is equivalent to three systems.

3 -1
0 1
0 O
-1

1
(U

1

Wl o

W= o —

W= W= W[

|
|

1
5

W= —~ o

Xy, = -1
Xy, = 1
Xy, -1
Xy = 1
33 3
x = — l
23 3
P
373

3 -1
6
5 =2
1 00
010
0 0 1
0 0
10
0 1
0 0
10
1
- 1
3

_5‘

2
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3 -1 1/0
0 1 0|0
and X
0 0 —|1
3
3y =Xy T X5, = x5 =0
X, =5 = X, =5
1
5x31 =0 X, =2
3x, =%, + X5, = 0 X5, = 1
Xy, =1 = Xy, =1
1 1 B
§x32 - g Xp =
3x3 =%y X553 =0 X33=3
Xy =0 = Xy =0
1
—X3; =1 X, =—1
3% 13
2 0 -1
Al=|5 1 o0
01 3
EXERCISE 3.11
1. Find the inverse of the following matrices by Gauss elimination method:
2 0 -1 8§ -1 -3 -1 3 5
i |51 0 ii. |[=5 1 2 ii. |[-3 1 7
01 3 10 -1 -4 7 =5 -11
Answers
3 -1 1 21 -1 ) 3 1 2
1. i. |-15 6 -5 i. [0 2 1 iii g -3 -1
5 =2 2 5 2 -3 1 2 1

3.9.5 Gauss-Jordan Method for Finding the Inverse of a Matrix

Let A be square matrix of order three and | A | # 0. Then the inverse of A is a matrix X which satisfies
the equation AX = I, where [ is the unit matrix of order three. Now, we have to find the elements of the
inverse matrix X.
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Let A= |91 4 a3

and X=Xy Xp X3

ap qp A3 || X1 X2 X3 100
Then, Ay Gy Gy || Xy Xy X3 | =0 10
a3 Az dz3 )\ X313 X3 X33 0 01

This equation is equivalent to three equations, which are equivalent to three systems of equations.
Solve each system by Gauss-Jordan method. The solution set of each system will be corresponding
column of the inverse matrix. Here also we can solve all the systems simultaneously by forming the
augmented system.

a, a, a3|1 0 0
[A/l] = | ay ayp a0 1 0

as; as as|0 0 1

SOME SOLVED EXAMPLES

-3 4
Example 3.62. Find the inverse of A= |2 -3 4| by Gauss-Jordan method.
0 -1 1
Solution. The augmented system [A/I] is
3 -3 0 0
[A/l=|2 -3 4[0 1 0
0 -1 10 0 1
1 -1 é l 0 0
1 313
Rl —)gRl ~ -3 40 0
-1 110 0 1
1 -1 é l 0 0
31 3
4 2
Ry,—>R,-2R/~ |0 -1 =|-2 1 0
31 3
0 -1 1] 0 0 1
1 -1 é l 0 0
313
R,—>(DR,~ |0 1 e =
313
0 -1 110 0 1
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1.

R,— R, +R,and R, —> R, + R, ~

R,— (-3) R, ~

4
Ry, >Ry + R, ~

Inverse of

10 0
01 -2
3

1

00 —=
3

0 o 1
4| 2

1 ==2| =
3| 3

0 1]-2
0 1
1 0|-2
0 1|2
1 -1 0
3 4

-3

EXERCISE 3.12

Find the inverse of the following matrices by Gauss-Jordan method:
-1
-3

2 0 -1
L. |51 0
01 3
0 1
v. |1 2
3 -1
3 -1
1 -15 6
5 =2
g -1
v |4
3
§ -1

ii.

1
0

|
W= W= WM

3
2
0

-3 4
-3 4
-1 1

iii.

Answers

iii.

@ | —

7

3

1

3
1
-5

1
-3
2

5
7
-11

2
-1

4 1
iv.|2 3
1 -2

iv.

W Wlu W

2
-1

» L
3

o -8
3

10

3 =
3
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INTERESTING FACTS

o It has a unique application in the domain of environmental sciences, like, in determining average
caloric value of specific fishes, growth of forest and its types, etc. For example, if there are 5 different
types of trees in a forest, we can create a linear equation to measure their age. Similarly, we can
create linear equations to find the intake of carbohydrates of marine life based on their diet, and
there are many such examples.

e In real world, we can apply this in Traffic Control Management to tackle the issue of Traffic
jams using Gauss Jordan method, involving the technique of finding inverse of a matrix, by
forming neutrosophic linear equations (which revolves around unrealistic dataset and represents
determinate and/or indeterminate information)and applying MATLAB programming.

VIDEO REFERENCES

Gauss Gauss-Jordon
Elimination Method

System of Linear
Equations -Gauss

Elimination

APPLICATIONS TO REAL LIFE

o Finding the values of unknown quantities; let it be age, cost, or any other thing.

e Atairports, where high-end computers are used to calculate and encode information about flights,
passengers, etc.

e In circuit analysis, Gauss Jordan process is used on mesh-connected processors.
e [t is used in scheduling algorithms.

o Useful in Fingerprint Image Enhancement, which involves the application of Gaussian Elimination
method.

SUBJECTIVE SOLVED QUESTIONS
(HOTS)

Example 1. Determine the number of values of k for which the system of equation
(k+1)x+ 8y =4k
kx + (k+3)y=3k-1

has infinitely many solution.
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Solution. Given system of linear equation is
(k+ 1)x+ 8y =4k
kx+ (k+3)y=3k-1

It can be written in the form AX = B,

k+1 8 [x}
where Az_ K k+3}’X: y
[ 4k
and B:_Sk—l}
[k+1 8 @ 4k }
Now, [A:B] =
k k+3 : 3k-1
, ok
Operating Ry,—>R,- Tl R,
[k+1 8 : 4k
ABI~ 0 a8 aron- 2
| k+1 k+1
[k+1 8 : 4k
~1 k* — 4k +3 : —k* +2k -1
k+1 k+1

It is given that system of equation has infinitely many solution
p(A) = p(A:B) <n(=2)

k> —4k+3
For this, Tl (1)
and el -(2)
k+1

From (1), k2—4k+3=0
= (k-=3)(k-1)=0
= k=31
From (2), —-k2+2k-1=0
= k-2k+1=0
= (k=1)2=0
= k=1

k = 1 is the only solution for which system of equation has infinitely many solution.

a b ao+b

Example 2. Prove that the determinant b c bo+c | =0ifa, b, carein G.P

ao+b bo+c 0
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a b ao.+b
Solution. Let, A= b c bo + ¢
ao+b bo+c 0
Operating R; — R; — (R + R,)
a b ao+b
=|b ¢ ba+c
0 0 —an’—2bo—c

Expanding along R;, we get

b aa+b a ao+b

A=0 — (a0 + 2bo. + ¢)

a b
b

¢ ba+c b bo+c

= —(ao? + 2bo. + ¢) (ac—b?)
= (b? - ac) (ao? + 2bo. + ¢)
Thus, A =0 if either b2—ac=0

or ao? + 2bo+c=0
But it is given that
: b? = ac
b ¢
or =0
i.e.,a, b, care in G.P. Hence, A = 0.
1 0 0 1 0 0
Example3.IfA=|0 1 1|;I=]0 1 0|andAl= l (A2 + cA + dI) where ¢, d € R, then
0 -2 4 0 0 1 6

find the value of (¢, d).
Solution. We have |[A|=14+2)-0+0=6

6 0 O
A_l:adj(A):l 0 4 -1
4] 6 0 2 1
1 0 0|1 0 O
Now, A2=AA=|0 1 1 1
0 -2 4 -2 4
(1 0 0]
=10 -1
10 —10 14
_ o 0]
Also, cA=10 ¢ c
|10 —2¢ 4c|
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d 0 0
and dl=|0 d 0
0 0 d
Given that Al= é (A2 + cA +dI)
i 0] 1 0 0] [c 0 0] [d 00O
% -1 :é 0 -1 5|+|0 c cl|+|0 d 0
i 1] 0 -10 14| [0 -2c 4c| |0 0 d
6 0 0] l+c+d 0 0
0 4 —1|= 0 —l+c+d 5+¢
0 2 1 0 —-10-2¢c 14+4c+d

By equality of matrices, equating corresponding elements, we get
6=1+c+d = 5=c+d
-1=5+¢ = —b6=c
So, 5=-6+d = d=11
So, (- 6, 11) is the required value.
k 2k

2 kz} and vector X = [X; X,]T.

Example 4. Consider matrix A = {

Find the number of distinct real values of k for which the equation AX = 0 has infinitely many solution.
Solution. The given system has infinitely many solution.

|A|=0

ko 2k
o -k K|
ie. -2k (—k) =0
k- 2k + 2k = 0
-k +2k*=0
k2 (—k+2) =0

k=0 or k=2
Hence, k has two values for which given system of linear equation has infinitely many solution.

a 0 3 7
2 5 1
Example 5. The matrix A = 0 0 2 4 has det. A = 100 and trace A = 14. Find the value of
la—b| 0 0 0 b
Solution. Given that trace (A) = 14
= a+5+2+b=14

a+7+b=14
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a+b=7
Also, det. A = 100
Expanding about R,
a 0 3
bl|2 5 1| =100
0 0 2
= b[a(10-0) -0+ 3(0)] = 100
= 10ab = 100
= ab=10
po 10
a

Putting the value of b from (2) in (1), we get

10

—_ O © O© O

0

S O ~ © © O

S S =~ O O

0

S © © ~ O

0

S S © © O ~

which is obtained by reversing the order

of the columns of the identity matrix Is. Let P = I + oJs where a. > 0, o. € R. Find the value of o. for which

at+ — =7
a
= a’?+10="7a
= a?—7a+10=0
= (a=5)(a-2)=0
= a=5o0r2
From (2), b=2or5
Now, |la-b|=|5-2]or|2-5]
=3.
[0
0
0
Example 6. Consider the matrix Jg = 0
0
1
det (P) = 0.
Solution. Let P=1,+aJj,

|P|=1-a?
det.P:I4+(XJ4
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1 0 0 «
0 a 0
10 o 10
o 0 0 1
1 a O 0 1 «
|[Pl=|loc 1 0]|-04+0-0a|0 o 1
0 0 1 a 0 0
=1[1(1-0)—oa(a—0) + 0] —a[a(l —a?)]

=l-a?-a(a—03)
=l-a?-o?+at

=1-2a2+ a4
=(1-0a?)?
Similarly if P = I + o], then
|P|=(1-0a2)?3
det. P=0 = (1-02)3=0
= l1-a2=0
= 1-a)(1+a)=0
= a=-1,1
"+ o 1s non-negative.
a=1
Example 7. Let A be m X n matrix and B be n X m matrix. It is given that det (1, + AB) = det (I, + BA),
2 1 1 1
where I is the k X k identity matrix. Using the above property, calculate determinant of matrix | ; i
1 1 1 2
Solution. Given
211 1 [1 00 0] 1111
1 2 11 01 0 0 1111
1121 oo 101111
I 112 10 0 0 1 1111
1111
1 111
Let AB =
1111
1111
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1
1

= [*[1111]=4%B
1

1 0 0 O
01 0 O
and I, = 00 1 0
000 1],
| I [=1

It is given that, |I,+AB|=|I,+BA|

BA=[1111]*

—_ = = =
Il
—
>~
s

det (I, + BA) = | [4] + [1] |
=|5]=5
Example 8. Find the maximum value of the determinant among all 2 X 2 real symmetric matrices with
trace 14.
Solution. General 2 x 2 real symmetric matrix is

-l

where | A|=ac-0b*and
traccA=a+c=14 (1)
For maximum value of | A |, b2 must be minimum.

Since b? is always non-negative number so the minimum value is

b2=0
i.e., b = 0 for maximum determinant.
|A|=ac=a(14-a) [from (1)]
= 1l4a - a?
For maximum value of | A |, we may write
d|A|
“da
= 14-2a=0
a=7
From (1), c=14-a

= c=7
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Maximum determinant is

|A|=ac=7x7=49.

Example 9. There are two families. Family P consists of 3 men, 3 women and 12 children. Family Q
consists of 2 men, 2 women and 4 children. The recommended daily allowance for calories is man : 2400,
woman : 2000, child : 1400 and for proteins is man : 60 g, woman : 40 g and child : 35 g. Using matrix
multiplication, calculate the total requirement of calories and proteins of each of the two families.

Solution. Let A be the matrix representing the number of men, women and children in families P
and Q. Then A can be written as

Men Women Children
A=P| 3 3 12
Ql 2 2 4

Let B be the matrix representing the recommended daily allowance for calories and proteins. Then
B can be written as

Calories Proteins

Man | 2400 60
B = Woman| 2000 40
Child| 1400 35

The total requirement of calories and proteins for families P and Q are given by the product of two
matrices i.e.,

_ 2400 60
o512 2000 40

AB = 2 2 4
- 1400 35

[3%2400+3%2000+12x1400 3x60+3x40+12x35
| 2%x2400+2x2000 + 4 x 1400 2><60+2><40+4><35}
[ 7200 + 6000 +16800 180 +120 + 420
| 4800+ 4000 + 5600 120+80+140}

Calories Protiens
P 30000 720
Q| 14400 340

Hence, the total requirement of calories and proteins for family P are 30000 calories and 720 g
proteins respectively and for family Q are 14400 calories and 340 g proteins respectively.

SUMMARY

1. Matrix is an array representation of (m X n) elements and write as
A=laglyxwi=12,.,m
j=12,..,n
2. Idempotent Matrix: A square matrix ‘A’ is said to be idempotent if A2 = A.
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3. Involutory Matrix: A square matrix ‘A’ is said to be involutary if A2 = I. Unit matrix is always an
involutary matrix.

4. Rank: Number of non-zero rows in an echelon form of the matrix is called the rank of matrix.

5. For a non-homogeneous system
a. If p(A) = p(A : B) = number of unknowns, then the system is consistent with unique solution.
b. If p(A) = p(A: B) < number of unknowns, then system is consistent with infinite many solutions.
c. If p(A) # p(A : B), then system is inconsistent.

6. For a homogeneous system
a. If p(A) = number of unknowns, then system is consistent with unique solution (trivial solution).
b. If p(A) < number of unknowns, then system is consistent with infinite solutions (non-trivial

solutions).
7. If determinant = 0, then Cramer’s is rule can not apply.

8. If the determinant of a matrix is non-zero, then its inverse exists and it is always unique.

OBJECTIVE QUESTIONS
x 9] 1 -1 9 15
1. If2 +3 = , then the values of x and y are
y 6] 0 2 12 18
a x=6,y=3 b. y=6,x=3 c. x=9/2,y=6 d.x=-1,y=-2
(7 0 30
2. IfX+Y= ) 5 and X-Y = 0 3 , then the value of the matrix X is,
2 0 10 0 5 0 4 0
b. d.
1 1 2 8 1 4 2 2
1
3. IfA=[2,1,-3]and B= | 2 |, then the product BA is
3
21 -3 2 4 6
a. 15 b. |4 2 -6 C. 1 2 3 d. 26
6 3 -9 -3 -6 -9
4. The values of y for which the following matrices are equal
{3x+7 5} {7 5]
= is
x+y 3 4 3
a. 4 b. 3 c. 0 d. -1
6 -1
5 1
5. IfA=|2 5 ande{ },then
4 3 0 4

a. AB exists b. BA exists c. (A+ B) exists d. A — Bexists
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10.

11.

12.

13.

14.

15.

Let A be a square matrix of order 3, then | kA | is equal to

a. 3k|A| b. k|A]| c. kA d. KB|A]|
2 3 x 3
If 4 5= |2k 5| then value of x is
a. 3 b. 4 c. 2 d. -1
If A is an invertible matrix of order 2, then det (A-!) is equal to
a. 0 b. detA c 1 d. !
det A
0 9 12
The value of the determinant | 1 -3 —4 | is
1 9 12
a. 1 b. -1 c 0 d. 2
x+2 3
If = 3, then the value of x is,
x+5 4
a. 7 b. 8 c. 12 d. 10
If a matrix A is both symmetric and skew-symmetric, then
a. Ais a diagonal matrix b. A isazero matrix
c. Aisa scalar matrix d. Aisasquare matrix

—c+id a-ib
a+ib  —c+id a—-ib —c—id a—ib c—id a+ib
a. . . b. . . C. ) . d.
—a+id a-ib c—id a+ib —c—id a+ib —c+id
coso.  sina 0
If A(o, B) = | —sina.  cosa 0 |, then A(a, B)~!is

a+ib c+id ]
IfA = and a2+ b2+ 2+ d?=1,then A-lis

0 0o o
a. A(-a, ) b. A(-a,—p) c. Alo,-B) d. Ao, B)
2 3
IfA= {5 _2} ,such that A-1 = kA, then the value of k is
1 1
a. — b. —— c. 1 d. - RS
19 19 17 17
1 1 1
The rank of matrix | @ b ¢ |,a, b, cbeing real, is 3, then
a v oo
a. a=b=c
b. a, b, care all differentbuta+b+c=0
c. two of the numbers g, b, ¢ are equal but are different from the third
d. a, b, care all differentanda+ b+ c#0

c+id

a—ib

|
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16.

17.

18.

19.

20.

13.
17.

Find the value of p for which, the rank of the given matrix is 1.

3 pp
p 3 p
p p 3
a. 4 b. 2 c. 3 d. 1

Solve the following equations using Gauss elimination method
x+2y+3z=4,2x+3y+4z=5,3x+4y+5z=6

a. x=0.5,y=0andz=1 b. x=05y=0andz=-1
c. x=-05y=0andz=1.5 d. x=05,y=0andz=-1.5
In Gauss Jordon method which of the following transformations are allowed?
a. Diagonal transformation b. Column transformation
c. Row transformation d. Square transformation

Apply Cramer’s rule to solve the following equations
3x+y+22=3,2x-3y—z=-3,x+t2y+z=4

a. x=1Ly=2,z=-1 b. x=2,y=1,z=-1

c x=2,y=-1,z=1 d x=1lLy=-1,z=2

Cramer’s rule fails for

a. determinant > 0 b. determinant <0

c. determinant =0 d. determinant = non-real
Answers

b 2. ¢ 3. b 4. b

a 6. d 7. ¢ 8. d

C 10.d 11. b 12. ¢

b 14.a 15. d 16. ¢

C 18.c 19. a 20. ¢

SUBJECTIVE UNSOLVED QUESTIONS
(HOTS)

Show that if A has a zero row, then AB also has a zero row.

Show that if B has a zero column, then AB also has a zero column.

Let A be an m X n matrix with rank m and B be an n X p matrix with rank n. Determine the rank of
AB. Justify your answer.

Prove that if Bis a 3 X 1 matrix and Cisa 1 X 3 matrix, then the 3 X 3 matrix BC has rank at most
1. Conversely, show that if A is any 3 X 3 matrix having rank 1, then there exist a, 3 X 1 matrix B and
1 X 3 matrix C, such that A = BC.

Find 2 x 2 invertible matrices A and B such that A + B is not equal to zero and A + B is not invertible.
Let A € M, (F). Under what conditions, det (—A) = det (A).
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7. A certain economy consists of two sectors: goods and services. Suppose that 60% of all goods and
30% of all services are used in the production of goods. What proportion of the total economic
output is used in the production of goods?

8. Give a counter example to the following statement: If the co-efficient matrix of a system of m linear
equations in n unknowns has rank m, then the system has a solution.

PROJECT/PRACTICAL/ACTIVITIES

PROJECT
Prepare a model showing various types of matrices and their applications in graph theory

PRACTICAL

1. Write a MATLAB function that takes a matrix, a row number and a column number. Beginning with
the row number passed to the function, scroll down the column passed to the function and return
the row number that contains the largest absolute value in the column.

2. Using MATLAB, find the determinant of the 3 x 3 matrix.

ACTIVITY

1. A shopkeeper sells packets P, of 1 kg. of wheat, 1 kg of rice and 1 kg of Bajra and P, containing of
1 kg. of wheat, 0 kg of rice and 1 kg of Bajra and P; comprising of 0 kg. of wheat, 1 kg of rice and 1
kg of Bajra.

Check, Is it possible to buy only one kg. of Bajra?
If Yes, How?

2. Whatis a vector? Is it a Type of Matrix? Think and support your answer by giving an example.

3. Form a group of students from various cities, make a graph and form adjacency matrix for the same
with vertices as cities and edges as transportation cost of a good.

KNOW MORE
x 1 1
1. The least value of the product xyz for which the determinant | I y 1| is non-negative is
1 1 z
a. -8 b. -1 ¢ 22 d. -16v2
0 o «a
2. IfA=1|2B B -B|isan orthogonal matrix, then the number of possible triplets (., B, y) is

Yy =Y 7
a. 8 b. 6 c. 4 d. 2
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3 1+ f(1) 14f(2)
Ifo,B#0and f(n) =+ Prand | 1+ f(1) 1+f(2) 1+f(3)|=k(1-a)2(1-P)%(a—P)% then
1+ f2) 1+f(3) 1+f4)

k is equal to

a. af b. 1/ap c 1 d. -1

2
1 x x

Find therankof A= |1 y y2
2

1 z z

a 0 1
Find ‘a’ so that the rank of the matrix A= |1 2 a/| isless than 3.

1 2 3

Answers
a 2. a 3. ¢
3 ifx#y,y#z,z#x

p(A) =42 ifeitherx=y orx=zand y#z 5.0,3

1 ifx=y=z
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UNIT SPECIFICS

This unit elaborately explains the following topics - vector space, linear dependence and independence

of vectors, linear combination, linear span basis, dimension, linear transformations (maps), range
and kernel of a linear map, rank and nullity, inverse of a linear transformation, rank-nullity theorem,
composition of linear maps, matrix associated with a linear map. All the concepts have been connected
with ample examples to make theory and application part more clear to the students.

RATIONALE

Linear algebra is applied everywhere, but it can be hard to see sometimes. Today, vector spaces are
applied throughout mathematics, science and engineering. They are the appropriate linear-algebraic
notion to deal with systems of linear equations. A linear transformation is not an application in itself;
rather, it is a model. Linear transformation is one of the core content of linear algebra. Concept of linear
transformation is the transformation of coordinates in analytical geometry. Its theory and methods lies
in analytical geometry, differential equations and many other fields and it has widespread application
also. Matrices could be used to encode messages, and the decoder is the inverse of the matrix. A matrix is
a linear map between vector spaces and we can use certain matrices to study rotations in a plane.

PRE-REQUISITES

1.  Good understanding of rank, inverse and determinant of matrix.

2. Command on formation and analysis of solution of system of linear equation.
3. Student should know how to apply elementary operations on matrix.
4

Clear understanding about the behaviour of function such as surjective, injective etc.

UNIT OUTCOMES

After completion of this unit, students will be able to:
U4-01: Understand the concepts of vector spaces, subspaces, bases, dimension and their properties.
U4-02: Learn about properties of linear transformations; interpret the correlation of matrices with
linear transformations from R" to R™ and vice-versa.
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U4-03: Examine and determine, how the matrices change, when their bases are changed; learn

about Rank-Nullity Theorem.

U4-04: Evaluate the concept of range spaces, null space, kernel space and special types of linear

transformations; relate basis/linear maps with matrices and vice-versa.

MAPPING OF UNIT OUTCOMES WITH COURSE OUTCOMES

EXPECTED MAPPING WITH COURSE OUTCOMES
Unit 4 (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
Outcomes
CO-1 CO-2 CO-3 CO-4 CO-5
U4-01 - - - 3 1
U4-02 - - 2 3 2
U4-03 - - 1 3 2
U4-04 - - 2 3 2
HISTORY

The idea of a vector space developed from the notion of ordinary two- and
three-dimensional spaces as collections of vectors {u, v, w, ...} with an associated
field of real numbers {a, b, ¢, ...}. Vector spaces as abstract algebraic entities were
first defined by the Italian mathematician Giuseppe Peano in 1888. Peano called
his vector spaces “linear systems” because he correctly saw that one can obtain
any vector in the space from a linear combination of finitely many vectors and
scalars—av + bw + ... + cz.

“The only way to learn mathematics is to do mathematics.” —Paul Halmos

41 VECTOR SPACE

Let F be a field and a non-empty set V together with two binary operations called vector addition ‘+’
and scalar multiplication © .’ is called vector space over field F if this structure satisfies the following
conditions.

i
ii.
iii.

iv.

Vi.

Vii.
viii.

Vis closed under addition i.e. u+v € Vforallu,v e V.
Associativity, means u + (v +w) = (u+v) + wforall u,v,w € V.

Existence of additive identity: There exists an element 0 € V' such that u +0=0+ u = u for all
ueV.

Existence of additive inverse: For each u € V, there exists a unique element — 1 € V such that
u+ (—u)=0=(-u) + u.

Commutativity: u + v=v+uforallu,v € V.

V'is closed under scalar multiplication; i.e., au € Vforalla € F,u € V.
au+v)=au+avforallae F,u,ve V.

(a+b)u=au+buforalla,be FFueV.
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ix. (ab)u=a(bu)foralla,be FFueV.
x. lu=uforall u € Vand ‘I’ is multiplicative identity of F.
Hence, V(F) is a vector space.

| Remark: Elements of V are called vectors and elements of F are called scalars.

For example. Check Z(Q) is a vector space or not?

Solution. Let 1 € Z and 1 e Q.
2

By Property (vi),au € Vforalla e Fandu € V.

2 2

Thus, Z(Q) is not a vector space.

411 Vectorsin R”

A vector in n (real) dimensional is defined to be an ordered n-tuple (a,, a,, a,), where each of the a, is
real number (a; € R). The set of all 7 is dimensional vectors is denoted by R". An ordered n-tuple of real
numbers is called real n-vectors. Mathematically, it is written as

Mathematically, R"={a;,a,..,a, | a;e R,1<i<n}.

4.1.2 Vectors in Matrices

M __ (F) = set of all m x n matrices whose entries are from F

mxXn
a;;p ap A
a a . a
21 22 2n
= »a; € F
aml amZ amn

4.1.3 Vectors in Polynomial of Degree atmost n
P (F) = set of all the polynomials of degree atmost n with coefficient from F
and zero polynomial
={a,+a,x+..+a,x" a,€ FFneNU/{0}}

SOME SOLVED EXAMPLES

Example 4.1. Prove that the set of all diagonal matrices over R is a vector space with respect to matrix
addition and scalar multiplication.
Solution. Let V = set of all diagonal matrices of order n X n
= a0 a; € R
As we know that matrix addition of same order n X 7 is defined and matrix multiplication is
aA = [OL aii] nxn

[b..] . € V, then

nxn’ L7 nxn

i. Let[a,]
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]+ 10y] 1 = [+ By],
is also a diagonal matrix.
i Let [a” nxn’ [bii]nm’ [Cii]an eV
O L P U P el ) P o L Y P
[ u]nxn [b + Ci]nxn
=la,+ (b, + ;)] .,
=[(a;+b,) +c;l,., [
= a + b3l + (il
[an]nxn [bzz]nxn [Cii]nxn
iii. Let A=lail] V.
We know that zero matrix of order n X n belong to set V and is denoted by 0.
= [O]an
A+0=lay,, +10],,
= la; + 0],
= la)pn = A
Similarly, 0+A=A

iv. LetA=][a,] . € V,then there exists
_A [ all]nXﬂ € V

Now, A+ (-A) =la,],., + [-a,] .,
= [a;-a),,
= (0],,,
=0
Similarly, (FA)+A=
v. LetA=[a], .B [b”]m
. A+B= [a ]nxn [bii]nxn
= la; + byl
= [b;+ayl,, [
= [0l * 1]
=B+A
vi. LetaeRA=][a,] €V
Now, aA=alay], ..
= laa;],,

= diagonal matrix of order n X n.
B=1b,],,€ VandaeR

addition is associative in R’]

addition is commutative in R]

vii. Let A=lagl,..» Loscn

- a(A +B) = allag] i, + (0],
= ala; + bl = lala; + by)l
= [a.a; +ab;],., [+ Multiplication is distributive in R]
= [a. ;) 1A bl

= [ aj; ]nxn +a[bn ]nxn
=aA +aB
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14 nxn

viii. Leta,b e RandA=[a.] €V
: (a+b)A=(a+D)la,]

[(a+Db).a,]
la.a;+b.a],..,
la.a.], ., +1b.a,]
+[b.a,]
+b.la,]

nxn

nxn

= ala,]

14 nxn nxn

a[aii]nxn
= aA + bA.
ix. Leta,beRandA=[q,] eV

nxn

(ab)A = (ab) [a,]
= [(ab) aii]nxn
[a(baii)]nxn
a[b : aii]nxn
= a([blagl,,,)
= a(bA)
x. LetA=[a,] . € V,then
1.A=1. [aii]nxn = [1 : aii]nxn

= [aii]an =A
Thus V satisfies all the properties of vector space and hence V(R) is a vector space.

nxn

Example 4.2. Show that the set M of all m X n matrices with their elements as real no. is a vector space
over the field R of real numbers w.r.t. addition of matrix addition of vectors and multiplication of a matrix
by a scalar as scalar multiplication.

€ R}
ij
Matrix addition of same order m X n is defined and also matrix multiplication is also defined.
i. LetA= [aij]mxn, B= [bij]an € M, then

A+B= [aij]mxn +[b

= [aij+b

ii. LetA=la],  eMB=I[b]l,.,

[aij]an + {[bij]an + [Cij] )
= [aij]mm+ [bij +c
a.+b.+c.]
ij ij iji mxn
(a;+b.)+c.]

ij ij ijd mxn

+ [c.

zj] mxn

f+ e

Solution. M = {[alj]mxn; a

ij]mxn
ij]an eM

eM,C=|c eM

1]] mxn
ij] mxn

[+ addition is associative in R]

(
[
[ ij ij]an
[ +[b

[aij] mxn 1]] mxn z]] mxn

iii. LetA= [alj]mxn eM
We know that zero matrix denoted by 0 of order m X n belongs to set M.

ie., 0=1[0],,,
Now, A+0= [aij]an+ (0],
= [aij + O]mxn
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=A

= [aij] mxn

0+A=A
e M, then there exists
eM

Similarly,
iv. LetA= [aij]

mxn
_aij]mxn

+ [-a,]

Now, A+ (-A)= ai]‘] mxn ij mxn

ij +aij] mxn

vi. Letae Rand A = eM
Now, aA = a[aij]mxn
=[aa.] _ e M.

ijd mxn
vii. Letae Rand A = [aij]mxn e M,B= [bij]an eM
a(A+ B) = a{[aij]an+ (b
a[aij + bij]mxn

= [a(a,.j +b

[aij] mxn

ij]m><n}

ij]mxn
a.a;+a. bij]mxn
+ [a : bij]mxn
+[a.b,]

1]] mxn ij- mxn
+alb

=
= [a : aij]mxn
=la.a
= a[aij]mxn
=aA +aB
viii. Leta,b € Rand A = [aij]mm eM
‘ (a+b)A=(a+Db) [aij]mxn
=[(a+Db).a

=la.a;+b.a
j

ij]mxn

ij] mxn
zj]m><n

=la.a.) _ +[b.a.]

ijd mxn il mxn
= a[aij]mm + bla
= aA + bA.
ix. Leta,beRandA= [aij]mxn eM
' (ab)A = (ab) [a,],,,
= [(ab)ay],

=la(b.a,)]

ij/ dmxn
=alb. aij]an

ij] mxn

addition is commutative in R]

Multiplication is distributive in R]
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- albla,) ..
= a(bA)
x. LetA= [aij]mxn € M, then
l.A=1. [alj]mxn_ (1. aij]mxn
= [ai]]an A

Thus, M satisfies all the properties of vector space and hence M is a vector space over R.

Example 4.3. Is the set of vector (x, X,, x;, x,) € R* such that x, > 0 is a vector space for usual addition
and scalar multiplication?

Solution. Let V = {(x, x,, x;, x,); x, >0and V x, € Ry 1 <i <4}

Let—1 € Rand (x}, x,, x5, x,) € therex >0

Now, by property (vi),au € VVae Fandu e V

= —1(x}, %5, X35 ) = (=2 =X, X5, —X,) € V
because x, <0
V(R) is not vector space.
EXERCISE 4.1
1. Prove that
i. Cisa vector space over C ii. Risnota vector space over C
iii. C is a vector space over Q iv. Zis not a vector space over Q

v. Cis a vector space over R
2. LetV={(a,b);a,b e R} then show that V'is not a vector space over real under addition and scalar
multiplication defined as in each one of following cases:
i. (a,b)+ (¢,d)=(a+c b+d)andk(a,b)=(0,kb)
ii. (a,b) + (¢,d) =(0,b+ d) and k(a, b) = (ka, kb)
iii. (a, b) + (¢, d) = (ac, bd) and k(a, b) = (ka, kb)
iv. (a,b) + (¢, d) =(0,0) and k(a, b) = (ka, kb)
3. Which of the following subsets of R* are vector spaces for usual addition and scalar multiplication?
The set of vectors (x,, x,, x5, x,) € R* such that
a. x,=0 b. x,<0 c. x,=0 d. x,220
e. 2x,+3x,=0

4. Prove that the set of all matrices of the form { } where x, y € C is a vector space over C with

respect to matrix addition and scalar multiplication.

Answers

1. a. Yes b. No c. Yes d. Yes
e. Yes
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4.2 LINEAR DEPENDENCE AND INDEPENDENCE OF VECTORS

Linearly dependent vectors: Let V(F) be a vector space. The vectors {v,, v,, ..., v,} € V are said to be
linearly dependent (L.D.) if there exist scalars a,, a,, ..., a, € F (not all zero) such that

av,tay,+..+ayv =0
Linearly independent vectors: Let V(F) be a vector space. The vectors {v,, v,, ..., v,} € V are said to
linearly independent (L.I.) if
av,+ay,+..+ayv =0foralla, e F1<i<n
= a,=a,= ... =a =0
Results:
i.  The empty set is defined to be L.I.
ii. A set containing only zero vector/null vector i.e. {0} is L.D.

iii. A set containing only one non-zero vector is L.I.

iv. Two vectors are L.D. iff one of them is a scalar multiple of other.

SOME SOLVED EXAMPLES

Example 4.4. Examine the linear dependence/independence of the following set of vectors:
i {(1,23),(1,00),(0,2 3)}inR3 ii. {(1,1,1),(1,23),(0,1,3)} in R>.
Solution. Let u = (1, 2, 3),v=(1,0,0), w= (0, 2, 3)
Let au + bv +cw = 0 for some scalars a, b, ¢

a(1,2,3) + b(1,0,0) + ¢(0,2,3) = 0

= (a+ b,2a+ 2¢,3a+ 3¢c)=(0,0,0)
Equating the corresponding elements, we get
a+b=0 (1)
20+2c=0 = a+c¢=0 ..(2)
3a+3c=0 = a+c=0
From (1), a=-b
From (2), a=—c

a=-b,a=—cis a solution for every value of a.
Ifa=1,b=-1,c=-1,is a solution. Then, the given set of vectors are L.D.
Alter method: Construct a matrix ‘A’ whose columns are given vectors.

11 0

A=1|2 0 2

13 0 3

Operating R2 — R2 - 2R1, R3 - R3 - S»R1
1 10
A~|0 -2 2
0 -3 3
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Operating R, —> R, — 3 R,

1 10
A~|0 =2 2
0 00

This is row-echelon form of matrix A and p(A) = rank of A = 2 < No. of column of A.
Hence, given vectors are L.D.
ii. Construct a matrix A by writing vectors in column i.e.,

110
A~|1 2 1
1 3 3
Operating R, > R, - R, R, > }33 -R,
1 10
A~10 1
0 2 3
Operating R, — R, - 2R, ) _
1 10
A~|0 1 1
0 0 1

This is row-echelon form of m;triXA an_d p(A) =3 = no. of column of A.
given vectors are L.I.

Remark: To check whether, vectors are L.D./L.I. by matrix method.

i.  Form a matrix A whose columns are given vectors.

ii. Reduce matrix A into row-echelon form by using elementary row operation.
=n=no.of column = LI

iil. p(A) {

<n=(no.of column) = L.D.

Example 4.5. Find o if the vectors {(1, -1, 3), (1, 2,-3), (o, 0, 1)} are L.D.

Solution. Let u = (1,-1,3),v=(1,2,-3) and w= (0, 0, 1).

Since vectors are L.D., then

au+bv+cecw=0
where a, b, ¢ are scalars and not all are zero.
a(1,-1,3) + b(1,2,-3) + (0, 0,1) = 0
(a+b+ac,—a+2b,3a-3b+¢c)=1(0,0,0)

Equating the corresponding elements, we get

a+b+oc=0 (1)
—a+2b=0 ..(2)

3a-3b+c¢c=0 ..(3)
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Multiply (2) by 2 and adding with (3)

3a-3b+c=0
—2a+4b =0
a+ b+c=0 ..(4)
Subtracting (4) from (1), we get
ac—c=0
or ca=1)=0

Butc#0,s00-1=0 = oa=1
Example 4.6. Show that the set {x> —x + 1, X’ + 2x + 1, x + 1} is L. set of vectors in the vector space of
all polynomial over the field of real numbers.
Solution. Leta, b,c € R
a®—-x+1)+b(*+2x+1)+c(x+1)=0
(a+b)x>+(—a+2b+c)x+(a+b+c)=0
Equating coefficient of like power of x on both side, we get

a+b=0 ..(1)
—a+2b+c=0 ..(2)
a+b+c=0 ...(3)
Subtracting (1) from (3), we get
c=0
From (2), -a+2b=0 = a=2b
From (3), a+b=0 = a=-b
Thus, -b=2b = 3b=0
= b=0andso,a=0

The only solution is a = 0, b = 0, ¢ = 0. Hence, given vectors are L.I.
Alter method: Construct a matrix A, whose columns are given by vectors.

f1 1 1] [Constant coeff.]
-2 21 [Coeft. of x]
4= 0 00 [Coeff. of x*]
1 0], [Coeff of x°]

Operating R, > R, + R;,R, > R, - R,

1 1 1
0 3 2
“lo o
0 0 —1]
1 _
Operating R, <> Ry ~ g (3) 21
00 O
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This is row-reduced echelon form of matrix A.
p(A) = 3 = no. of columns of A
Hence, given vectors are L.I.
Example 4.7. Determine whether the given set of vectors (1, -5,-2, 3), (1,0, 0,-1), (1, 0, 2, 4) are L.D.

or L.I

—
.

Solution. Let u = (1,-5,-2,3),v=(1,0,0,-1),w= (1,0, 2, 4).
Let au + bv + ew = 0 for some scalars a, b, c € R
a(1,-5,-2,3) + b(1,0,0,-1) + ¢(1,0,2,4) = 0

= (a+b+c,—5a,-2a+ 2c¢,3a-b+ 4c) = (0,0,0,0)
Equating the corresponding elements, we get
a+b+c=0 (1)
—5a=0 = a=0
—2a+2c=0 ..(2)
3a-b+4c=0 ..(3)

From (2),we getc=0
Usinga =0and c=01n (1), we get
b=0
a=0,b=0,c=0is the only solution.
Hence, the given set of vectors are L.I.

EXERCISE 4.2

Determine which of the following sets of vectors ar L.D. or L.I.

i {(2,3,1),(-1,4,-2),(1,18,-4)} i. {(0,2,-4),(1,-2,-1),(1,-4,3)}
iii. {(1, 2, 3), (0,1, 2), (-1, 4, 5)}

iv. {(2,3,-1,-1),(1,-1,-2,-4), (3, 1, 3,-2), (6, 3,0, -7)}

Find p if the vectors (1,-1, 3), (1, p, 3) and (1, 0, 1) are L.D.

Find k if the vectors (2, 0, k), (3,-1, 5), (5,-1, 1) are L.D.

In the vector space of polynomial of degree < 4, which of the following sets are L.1.?

Lox+ L3+ x+x3 85 +xh x4 -1 i, C+L°-1,xxt—x
Answers

i. L.D. 1. L.D. mi. L.I. iv. L.D.

p=-1 3. k=—4 4. i. L.D. ii. L.L

4.3 LINEAR COMBINATION OF VECTORS

Let V(F) be a vector space. A vector v € V is said to be linear combination (L.C.) of the vectors v,, v,, ...,
v, € Vif v can be written as

v=ayv tayv,+..tay
where ai’s are scalar € F.
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Illustration:

i. Letv,=(1,0,0),v,=(0,1,0) vy = (0,0, 1), then
V=(2,3,4)

is a linear combination of the vectors v,, v, and v, and can be expressed as
(2,3,4)=2(1,0,0) + 3(0,1,0) + 4(0,0, 1)

V=2v +3v,+4v,

ii. Zero vector 0 can also be expressed as L.C. of finite number of vectors v, v, ... v, as
0=0v,+0v,+..+0v,

SOME SOLVED EXAMPLES

Example 4.8. Write the vector u = (2, -5, 4) as L.C. of vectors v, = (1, -3, 2) and v, = (2, -1, 1) in vector
space V,(R).
Solution. Let u =av, + bv;a,b e R
= (2,-5,4)=a(1,-3,2) + b(2,-1,1)
(2,-5,4)=(a+2b,-3a—b,2a+b)
Equating the corresponding elements, we get

a+2b=2 (1)
Ba-b=-5 (2)
2a+b=14 ..(3)
On adding (2) and (3), we get
a=1
From (3), we get b=2
Buta =1, b =2 does not satisfy (1)
as a+2b=1+4=5#2

Hence, given vector cannot be expressed as L.C. of v, and v,.

a -b 1 1
Example 4.9. Find the condition on a, b, ¢ such that the matrix [b } is a L.C. of {0 J,
C —

o)l o)

a -b 1 1 1 1 1 -1
1 = +a +a
Solution. Let booc alo 1 2021 o 5o 0 (1)
where a,, a,, a, € R
{a —b} {al +a,+a; a +a, —aﬂ
s =
b ¢ —a, -,
By the definition of equality of two matrices, we have
a=a,+a,+a, ..(2)

-b=a,+a,—a, ...(3)
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b=-a, ..(4)
c=-a, ...(5)
On adding (2) and (3), we get
a-b=2a, +2a, ...(6)
Using (4) and (5) in (6), we get
a-b=-2c-2b
a+b+2c=0

which is the required condition.
Alter method. Construct a matrix [A : b] by writing the elements of matrix in columns i.e.,

(1 1 1 : a
1 1 -1 : -b
[A:b] =
0 -1 0 b
-1 0 c
Operate R, —> R, ~ R, R, —> R, + R,
(1 1 1 a
o 0 -2 ~b—a
“lo -1 o0 b
K 1 1 c+a
Operate R4—>R4 + R3, R2 - _TRZ
111 a |
0 0 1 b+a
~ 2
0 -1 0 b
0 0 1 cta+b|
Operate R, = (-1)R;, R, > R, - R,
1 1 1 a
00 1 atb
2
~10 1 O -b
00 0 a+b+2c
L 2
(1 0 a |
0 -b
Operate R, <> R,, ~10 0 1 a;b
00 0 a+bz+2c

Required conditionisa + b + 2c=0.
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Example 4.10. Find k so that w = (1, k, 4) isa L.C. of u = (1,2, 3) and v= (2, 3, 1).

Solution. Since w is L.C. of u and v, then there exists scalars a,, a,, € R such that
w=au+ay

a,(1,2,3) +a,(2,3,1)

(a, +2a,2a, + 3ay, 3a, + a,)

Equating the corresponding elements, we have

(1,k 4)

a, +2a,=1 (1)
2a, +3a,=k ..(2)
3a,+a,=4 ..(3)
From (1) and (3), we get
.
5
Substituting these values in (2), we get
Box = k=4
5 5 5
Alter method: Construct a matrix A by writing u and v in columns i.e.,
(1 2 1
A=12 3|, B=|k
3 1 4
1 2
So [A:B] = 3
3 1 :
Operate R, > R,-2R,,R; > R, -3R,
12 1
~ -1 k-2
0 -5 1
1 2 : 1
Operate R, — R, - 5R,, ~10 -1 : k-2
0 0 : 11-5k

Since wis L.C. of u and v, so
11-5k=0
= k= E
5

Example 4.11. Can the polynomial 3x> — 5x + 7 be expressed as L.C. of the polynomials 2x*> + 7x — 3
and x* + 3x - 5.

Solution. Let 3x2 — 5x + 7 = a(2x? + 7x — 3) + b(x* + 3x — 5) where a, b € R.
3x2-5x+7=(2a+b)x*>+ (7a + 3b)x + (-3a - 5b)
Comparing the coeff. of like power of x, we get
3=2a+b (1)
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—5=7a+3b -(2)
7=-3a-5b ..(3)
From (1) and (2), we get, a=—14,b =31
Substituting these values in (3),
—3(~14) =5(31) = 42 - 155 =-113 # 7 (R.H.S. of eqn. (3))
Hence, eq. (1), (2) and (3) has no solution.
Thus, 3x? — 5x + 7 cannot be expressed as L.C. of 2x? + 7x — 3 and x* + 3x — 5.
Alter method: Construct matrix A by writing the coeff. of different power of x in columns i.e.,

-3 -5 7

A= 7 3|, B=|-5

| 2 3
-3 -5 7
[A:B]=| 7 3 : -5
i 1 3

Operate R, —> R, + ZR,R, —> R, + 2R
3 3

-3 -5 7
~1 0 =26/3 : 34/3
=7/3 : 25/3
Operate R, — 3R,, R; = 3R,
(-3 -5 7
~ -26 : 34
L -7 : 25
Operate R; > R, — 7 R,
26 )
-3 -5 : 7
~1 0 =26 : 34
0 0 : 206/13

p(A) =2,p(A: B) =3, system has no solution.
Hence 3x? — 5x + 7 can’t be expressed as L.C. of given polynomials.

4.3.1 Linear Span

Let V(F) be a vector space and S = {v,, v,, ..., v, } be a non-empty subset of vector space V(F), then the set
of all L.C. of finite set of elements of S is linear span. It is denoted by L(S).

L(S)=<S>
n
= {2 a;v; ;a; € F,v; €S, nfinite
i=1

i.e., every vector of Vis a L.C. of vectors in S.
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not.

For example: The set {(1, 0, 0), (0, 1, 0), (0, 0, 1)} is spanning set of R*(R) as every vector of R can
be expressed as L.C. of three vectors.

(%, y,2) = x(1,0,0) + (0, 1,0) +2(0, 0, 1).

SOME SOLVED EXAMPLES

Example 4.12. Examine whether (1, -3, 5) belong to the vector space generated by S ={(1, 2, 1), (1, 1,
-1), (4, 5,-2)} or not.

Solution. Given setis S={(1,2,1), (1, 1,-1), (4,5,-2)}

Let a, b, ¢ € R are scalar, we have to check that (1, -3, 5) can be expressed as L.C. of vectors of S or

(1,-3,5)=a(1,2,1) + b(1,1,-1) + c(4,5,-2)
(1,-3,5)=(a+b+4c,2a+b+5¢c,a—b-2c)

Equating corresponding elements, we get

l=a+b+4c
—3=2a+b+5c
5=a-b-2c

On adding (1) and (3), we get

20+ 2c=6 = a+c=3

On subtracting (2) from (1), we get

—-a—-c=4 = a+c=-4

Eq. (4) and (5) has no solution.

Thus, given vector (1, -3, 5) cannot be expressed as L.C. of vectors of S.

Example 4.13. Show that the S={(0, 1, 1), (1, 0, 1), (1, 1, 0)} spans R® and write the vector (2, 4, 8) as
a linear combination of vectors in S.

Solution. Here S = {(0, 1, 1), (1,0, 1), (1, 1, 0)}.
Let (x, y, z) € R® be any arbitrary vector.
Now express (x, , z) as a L.C. of vectors of S.
There exist scalars a, b, ¢ € R such that
a(0,1,1) + b(1,0, 1) + ¢(1,1,0) = (x, ¥, 2)
(b+ca+ca+b)=(xy2)
On equating the corresponding elements, we have

b+c=x
atc=y
at+b=z

Subtracting (1) from (2), we get
a-b=y-x
On adding (3) and (4), we get
g YoX+z
2
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From (4), b=a-y+x
y—x+z
—y+x
5 y
Xoyrz (5)
2
From (1), we get, c=x-b
- XTrrz [using (5)]
2
_xty-z
2
Thus, =2 2oL+ 22 2000+ 2 "2 0,1,0)
Thus, set S spans R? i.e., every vector in R? can be expressed as L.C. of vectors of S.
Now, (%2 =12,48) = x=2,y=4,z=38
4-2+8 2—-4+8 2+4-8
(2,4,8) = T(O,l,l)+T(1,0,1)+T(1,1,0)

(2) 4) 8) = 5(0’ 1) 1) + 3(1’ O) 1) - 1(1) 1>O)
Thus, (2, 4, 8) is expressed as L.C. of vectors in S.

EXERCISE 4.3

Express the vector v = (4,-5,9,-7) asa L.C. of vectors v, = (1, 1,2, 1),v, = (3,0, 4 1), v, = (-1, 2,
5,2).

Consider the vector v = (1,-2, k) in R*(R). For what value of k (if any) the vector v can be expressed
as L.C. of vectors v, = (3,0,-2) and v, = (2, -1, -5)?

3 -1
1 -2

11 1 -1
27021 o’ T o ol

Which of the following vectors can be written as a L.C. of <(1, 2, 1), (1, 1,-1), (4, 5,-2)>?
. . -1 11
i (2,-1,-8) 1l (— > —j
3 33
Which of the following polynomials belong to the vector space spanned/generated by {x°, x> + 2x,
+2,1-x?

1 1
} in the vector space of 2 X 2 matrices as a L.C. of v, = { },

Express the matrix v = { 0 -1

i 3x+2 ii. 3x2+x+5
iil. 203 + 3x2 + 3x+ 7 iv. x*+7x+2
Answers

v==3v,+2v,—v, 2. k=-8 3. v=2v,-v,+2v,
(2)_1)_8) 5. 3x2+x+5
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4.3.2 Basis of a Vector Space

Let V(F) be a vector space. A set of vectors S = {v,, v,, ... v;} € V'is called a basis of V' if
1. Vi ¥y - v, are LI
ii. v,,v,..v, space Vie.,every vector of Visa L.C. of the vectors of S.

Remarks:

i.  The no. of vectors in a basis is unique but basis of a vectors are not unique.
Example: {(1, 0), (0, 1)} is basis of R*(R) and also {(1, 1), (1, 0)} is basis of R% No. of vectors
in basis = 2 but basis for R? can be infinite.

ii. Basis of a vector space are L.I. sets but L.I. sets of vectors need not be basis of vector space.

Example: {(1,0)} is a L.I. set but not basis of R>and {(1, 0), (0, 1)} is basis of R? and also these
vectors are L.I.

4.3.3 Dimension of Vector Space
The number of elements/vectors in any basis of vector space V(F) is called dimension of V'and is denoted
by dim V.

If dim V = n, then Vis called n-dimensional vector space.

A vector space of finite dimension is called finite dimensional vector space.

Example: {(1, 0), (0, 1)} are basis of R2. . dimR?=2

Results:

i.  Asetof vectors v}, v,,...v € Vis basis of Viff each element of V can be uniquely expressed

as L.C. of the vectors v, v,, ... V..
ii. If Vis a finitely generated vector space, then any two basis of V have same number of
elements.
iii. IfdimV=nandS={v,v,,..v }is L.l subset of V, then Sis a basis of V.

iv. IfdimV=nandS={v,v,,.. vn} generates V, then S is a basis of V.

v. IfdimV=nandS={v,v,, .v, v having (n + 1) vectors, then S is L.D.

}
n+l
OR A set S contains more vector than dimension is always L.D.

vi. dim (zero vector) = 0 and basis of zero vector = { } or ¢

Vector space Standard basis Dimension
C(C) {(1,0,...0), (0,1, ... 0, ..., (0, 0, ...1)} n
C(R) {(1,0,...0), (0,1, ... 0, ..., (0, 0, ...1), (i, O, ... 0), 2n

©,i,...0), ..., (0,0, ..., }
RY(R) {(1,0,...0), (0,1, ...0), ..., (0, 0, ...1) n
P.(C)over C {1, x, x2..., x™} n+1
P.(C)over R {(1, x, X3, ..., x", i, ix, ix2, ..., ix™} 2(n+1)
P.(R) over R {1, x, X3, ..., x™} n+1
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Dimension

mn

2(mn)

mn

Standard basis

Vector space

,(C)over C
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SOME SOLVED EXAMPLES

Example 4.14. Show that the vectors (2, -1, 0), (3, 5, 1), (1, 1, 2) form a basis of R>.
Solution. We know that dim (R?®) =3 and S = {(2,-1,0), (3, 5, 1), (1, 1, 2)} is a set of three vectors
then for S to be basis of R3 it is sufficient to show that vectors of S are L.1.

Let a, b, ¢ € R such that
a(2,-1,0) + b(3,5,1) + c(1,1,2) = 0
= 2a+3b+c,—a+5b+c¢,b+2c)=0

= 2a+3b+c¢c=0
—a+5b+c=0
b+2c=0

On solving these equations, we get
a=0,b=0,c=0
Hence, S is L.I. and forms basis of R3.
Alter method: Construct matrix A by writing the vector in columns i.e.,

2 3 1
A=|-1 5 1
L 01 2:3><3
-1 5 1
Operate R2 > R1 ~ 3 1
1 2
-1 5 1
Operate R, > R, + 2R, ~1 0 13 3
| 0 1 2
-1 5 1]
Operate R, > R,— 13R,  ~ 0 -23
1 2
s d
Operate R, <> R, ~1 0 1 2
0 0 -23

which is row echelon form of A_ So, p(A) = 3; = no. of columns

Hence, given vectors are L.I. and form basis of R>.

Also dim (R3) = 3.

Example 4.15. Determine a basis of space spanned by vectors (-3, 1, 2), (0, 1, 3), (2, 1,0), (1, 1, 1).
Solution. Let S = {(-3, 1, 2), (0, 1, 3), (2,1, 0), (1, 1, 1)}

Clearly, {(-3, 1, 2)} being a singleton set of non-zero vector is L.I.

Also, {(-3,1,2), (0, 1, 3)} is L.I. set of vectors because neither vector is a multiple of other.

Let us now consider the set of three vectors {(-3, 1, 2), (0, 1, 3), (2,1, 0)}.

Let a(=3,1,2) + b(0,1,3) +¢(2,1,0) = 0
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= (-3a+2c,a+b+c¢2a+3b)=0
= -3a+2c=0 (1)
a+b+c=0 ..(2)
2a+3b=0 ..(3)
Multiply eq. (2) by 2 and subtract it from (1), we get
-5a-2b=0 = 5a+2b=0 ..(4)
On solving (3) and (4), we get
a=0,b=0
Now, from (1), c=0

Thus, only solutionisa=0,b =0, c = 0.
Thus, the set of vectors {(-3, 1, 2), (0, 1, 3), (2,1,0)} is a L.I. set.
Also, elements of S € R3

dimR3=3
Since every set of (1 + 1) vectors of an n-dimensional vector space V'is L.D.
Sis L.D.

Therefore, {(=3, 1,2), (0, 1, 3), (2, 1,0)} is L.I. and spans R, hence it is basis of R>.

Remark: Extension of Vectors

i.  Form a matrix A whose rows are given vectors.

ii. Reduce matrix A into row-echelon form by using elementary row-operation.

iii. Pick the column which do not have any pivot.

iv. Extend the set of vector by selecting a vector such that all the column have pivot.

Example 4.16. Extend the set of vector {(1, 2, 3), (2, 2, 3)} to form basis of R>.
Solution. Construct a matrix A whose rows are these given vector i.e.,

(1 2 3
A=12 2 3}
Operating R, — R, - 2R,
1 2 3
A~ 0 -2 —3}

which is row-echelon form and third column does not contain the pivot.
The three vectors {(1, 2, 3), (2,2, 3), (0,0, 1)} are L.I. and form basis of R3.

Remark: Extension of basis is not unique.

Example 4.17. Extend the set of vectors {(1, 2, 3), (2, 1, 0)} to form a basis of R>.

Solution. As dimR3=3

Let A=1{(1,2,3),(2,1,0)}

Clearly A is L.I. set because none of them is scalar multiple of other. Now, we need one more vector
to form set A a basis of R3,

Standard basis of R3are {(1, 0, 0), (0, 1, 0), (0,0, 1)}

Let us consider S = {(1, 2, 3), (2,1, 0), (1,0, 0), (0, 1,0), (0,0, 1)}
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Start with first three vectors and check whether they form a L.I. set or not.
Leta(1,2,3) + b(2,1,0) + ¢(1,0,0) =0

= (a+2b+c¢2a+b,3a)=0
= a+2b+c=0 (1)
2a0+b=0 (2)
3a=0 = a=0 ..(3)

Using (3) in (2),weget b=0

Now, from (1), we get a=0

Thus, only solution of (1), (2) and (3)isa=0,b=0,c=0.

Set {(1,2,3),(2,1,0),(1,0,0)} is L.I.
Since dimR®*=3

Set {(1, 2, 3), (2,1,0), (1,0,0)} forms a basis and it is required extended set.
Alter method. Construct a matrix A by writing the vector in rows i.e.,

(1 2 3]
A=12 1 0
1 2 3
Operating R, > R, - 2R, ~ 0 -3 —6
-1 (@ 2 3]
OperatingR, > | — |R,, ~
p 8 2 (3) 2 _0 @ 2—

which is row echelon form of A and 3rd column does not contain the pivot.

Hence, the vectors {(1, 2, 3), (2, 1, 0), (0,0, 1)} are L.I. and form a basis of R3.

Example 4.18. Determine the basis and dimension of w generated by the vectors (1, —1, 1), (8, 4, 2),
(2,2,0), (3,9, -3) of R®.

Solution. We have to check that how many vectors are L.I. among these four vectors.

Construct a matrix A by writing the vectors in rows

1 -1 1]
8 4 2
A =
2 2 0
13 9 3]
Operating R, > R, -8R, R, > R, - 2R, R, > R, - 3R,
(1 -1 1]
0 12 -6
0 4 =2
|10 12 -6
. 1 1 1
Operating R, — gRz, R,—> ER3, R,— gR4
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1 -1 1
0 2 -1
o2 4
0 2 -1
Operating R, > R,— R, R, > R, - R,
1 -1 1
0 2 -1
“lo o
10 0 0]

The non-zero rows forms basis of w.
{(1,-1, 1), (0,2,-1)} forms basis of w.
S dimw = 2.
Alter method. Clearly (1, —1, 1) being a non-zero vector is L.I. and {(1, -1, 1), (8, 4, 2)} are L.I.
because none of them is scalar multiple of other.
Now check {(1,-1, 1), (8,4, 2), (2,2,0)} are L.D. or L.I. vectors.
Let a, b, c € R are scalars such as a(1,-1,1) + b(8,4,2) + ¢(2,2,0) =0
[a+8b+2¢c,—a+4b+ 2c,a+2b) =0
= a+8b+2c=0 (1)
—a+4b+2c=0 ..(2)
a+2b=0 ...(3)
Subtracting (2) from (1), we get
2a+4b=0 = a+2b=0
= a=-2b
From (1), -2b+8b+2c=0
6b+2c=0
c=-3b
a =-2b, c=-3bis a soltuion for every value of b.
In particular,if b=1 = a=-2,b=-31isasolution.
Hence, {(1,-1, 1), (8,4, 2), (2,2,0)} are L.D.
Similarly check the set {(1,-1, 1), (8,4, 2),(3,9,-3)}.
This set is also L.D.
Thus, basis of w = {(1,-1, 1), (8, 4, 2)} and dim w = 2.

EXERCISE 4.4

1. Show that the following sets of vectors are basis of R*:
i. {(1,0,0,0),(0,1,0,0),(0,0,0,1),(0,0, 1,0)}
ii. {(1,0,0,0),(1,2,0,0),(1,2,3,0),(1,2,0,4)}
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2.

Show that the following sets of vectors form a basis of R>:

i 1(4,3,2),(2,1,0), (=1,1,-1)} ii. {(~1,1,0),(0,3,-3), (2,0, 1)}

iii. {(2,1,4), (1,-1,2), (3, 1, =2)}

Determine the basis of the sub-space spanned by the vectors {(1, 1,1),(1,0,-1), (3,-1,0), (2, 1,-2)}.
Determine a basis of the subspace spanned by the vectors {(3, 2, 4), (1,0, 2), (1,-1, -1), (6,7, 5)}.
Extend the following sets of vectors to form a basis of R3:

i 1(1,2,3),(2,-2,0)} i {(2,1,-3), (1,-2,2)}

iii. {(0, 1, 2), (2,-1, 4)}

1 -5
Let V be the vector space of n X n matrices over R and w be the subspace generated by |:_ },

4 2
1 1] [2 4] [1 -7 1 =5][o 2 . .
1 sPlos 71 |5 l-Showthat 4 ol 1 forms a basis and dim w = 2.
Answers
{(171)1),(170)_1),(37_1)0)} 4' {(3>274)>(170)2),(17_1)_1)}
i- (1>2)3): (2)_2)0):(1)0)0) 11 (2> 1)_3)>(1>_2)2))(1>0)0)

111 (07 1) 2)) (2) _1) 4)) (1) 07 0)

4.4 LINEAR TRANSFORMATIONS

Let U and V be two vector spaces over a same field F, then a map function T': U — V is called linear
transformation or vector space homomorphism if

i. T preserves addition i.e.,
T(u+v)=T(u) + T(v) forall u,v e U
ii. T preserves scalar multiplication i.e.,
T(au)= aT(u)forallae Eue U

Remarks:

1. The two property in the definition of L.T. can be summed up as a single property
T(au+v)=aTl(u)+ T(v) foralla e Eu,ve U

If U=V, then L.T., T: U — U is called linear operator.

A linear transformation T : U — F where F is field of scalars, is called linear functional.

Zero transformation. The zero map 0: V— V such that 0(v) =0 forallv € V.

Identity transformation. The identity map I: V — Vsuch that I(v) = Vforallv e V.

If a mapping defined in a L.T. is not linear, then mapping is not L.T.

CINEE

SOME SOLVED EXAMPLES

Example 4.19. Show that the function T : R> — R? defined by T(x, y, z) = (3x -y, x + y — 2z) is a linear

transformation.
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Solution. Let u = (x,y,,z,) € R*and v = (x,,7,,2z,) € R®.
T(u+v) =T, +x, ¥, t ¥, 2, + 2,)
= (3x,+ 3%, =y, =y X, + X, + ¥, + ¥, 22, - 22,)
={(3x; —y)) + 3x,—y,), (x, + y, = 22)) + (x, + y, = 22,)}
= (3x, —ypx, +y,=22) + (3%, = y,, x, + ¥, = 22,)
=T(u) + T(v)
Also fora e Rand u = (x,,,,2,) € R3, we have
T(au) = T(ax,, ay,, az,)
= (3ax,,—ay,, ax, + ay, — 2azl))
=a(3x, —ypx, +y,—22)
=aT(u)
T is a linear transformation.
Example 4.20. Show that the function T : R> — R’ defined by T(x, y) = (x + 1, 2y, x + y) is not a linear
transformation.
Solution. Let u = (x|, y,) € R*and v = (x,, y,) € R? be arbitrary.
: T(u) = T(x,, ) = (x, + 1,2y, x, +y))
T(v) = T(xpy,) = (x, + 1,2y, x, + ,)

Now, T(u+v) =T, +x,y, +y,)
=(x,+x,+2,2y, + 2y, x, tx, +y, +y,) (1)
Also, T(u) + T(v) = (x; +x,+ 2,2y, + 2y, x, + ¥, + %, + ;) ..(2)

From (1) and (2), we have
T(u+v)=Tu) + T(v)
Hence, T is not a linear transformation.
Example 4.21. Prove that the function T : V — P,(x) where V is the vector space of square matrices

a

b
defined by T(A) =a+ (b +c) x + dx for A = [ d}e VisaL.T

c

d

naew=r([" 2 1)
= (o

=(a+c)+(b+f+c+Qx+(d+h)x’
=la+ (b+c)x+dx*] + [e+ (f+ gx + hx?]

=T(A) + T(B)

a b
Also fora € Rand A =
c d

a b e f
Solution. Let A = e Vand B= eV
c g h

} e V, we have
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o) - T{[aa ocbD
oc od

= aa + (ab + oc)x +odx?
=afa+ (b+c)x+ dx?]
=aT(A)

T is a linear transformation.

To find linear transformation
LetT:U— Vbeal.T.
Requirement i. Basis of U.

ii. Image of basis under T.

Example 4.22. Let T: R? > R3is a L.T. such that T(1,2) = (3,-1,5) and T(0, 1) = (2, 1, —1). Describe
the mapping completely.

Solution. We can see, u, = (1, 2) and u, = (0, 1) are L.I. and basis of R%.
Let u = (x, x,) € R?be arbitrary.
So, u can be expressed as L.C. of u; and u,.

There exists scalars a and b such that

u=au, +bu,

(x5 x,) = a(1,2) + b(0, 1) ..(1)
(x,x,) = (a,2a + b)
= X, =a
x,=2a+b = b=x,-2x

Putting the values of a and b in (1), we get
(x5 x,) = x,(1,2) + (x; = 2x,) (0, 1)
Now, applying T on both sides
T(x,, x,) = T[(x,(1,2) + (x, - 2x,) (0, 1)]
=x, T(1,2) + (x, - 2x,) T(0, 1) [+ TisL.T.
T(x,, x,) = x,(3,-1,5) + (x, = 2x))(2, 1,-1)

(3x), =x, 5x) + (2x, — 4x}, X, — 2%, —x, + 2x,)

T(x,, x,) = (2x, — x|, =3x, + x,, 7x, — x,) which is the required L.T.
Example 4.23. Find a linear transformation T : R> — R? such that T(1, 1, 1) = (1, 1) and T(1, -1, 1)
= (0, 1).
Solution. Since dim R? = 3 and the set {(1, 1, 1), (1,—1, 1)} does not form a basis of R3, so, we shall
extend the set of vectors to get basis of R3.

Standard basis of R® = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}.
Let S = {(17 1) 1)) (1)_1) 1)) (1) 0) 0)) (0) 1) 0)7 (0) 0) 1)}
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A=|1 -1 1|~|0 =2 O [Operating R, - R, —R|]

which is row-echelon form of A
p(A) = 3 = no. of columns

So, {(1,1,1),(1,-1, 1), (0,0, 1)} are L.I. and form basis of R3.
Given that, T(1,1,1)=(1,1)

T(1,-1,1) = (0,1)
Assume that, T(0,0,1) = (0,0)
Let u = (x, y, z) € R?be arbitrary and can be expressed as L.C. of vectors of basis.
Let a, b, c € R are scalars such as

u=a(l,1,1) + b(1,-1,1) + (0,0, 1)

= (%y,2)=(a+ba-b,a+b+c)
= x=a+b
y=a-b
z=a+b+c
On solving these equations, we get
a= m,bz u,c:z—x
2 2

Putting these value in (1), we get

x+
u= 4

(1,1,1)+%(1,—1,1)+z—x(0,0,1)

Applying T on both sides, we get

T(x, y,2) = % TA,1L,1)+2 ; YT, —1,1)+ z - x(0,0,1) [ TisL.T]
T(x, y,2) = y L)+ . (0,1)+(z = x)(0,0)
_ (x +y ,x)
2
which is the required L.T.

Remark. Answers may not unique as it depend upon the extended vector and its image chosen.

1 0 1
Example 4.24. Find the linear transformation T : R> — R3 such that T(x) = AX whereA=| 2 1 1]|.
-1 1 2
Solution. Suppose that (x,, x,, X;), (7, 7,» ¥;) € R®
TCx), X, ;) = (yl’}/z’ya)
= T(X) =
Then, Y=AX [« T(X) =AX]
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" 1 0 1] x
=12 1 1|l x,
ys] |1 1 2| x5 ]
BANERES |
Vo | = | 2% x5 + x5
V3] =% tx +2x;5
=Xt

Y, = 2%, + %, + x5
Vi =X X, + 2xg
Hence required linear transformation is
T(x), x5 %3) = (%) + x5 2%, + X, + X5, =X + X, + 2X;).

EXERCISE 4.5

1. Determine which of the following mappings are linear transformation:
i. T:R®— R%defined by T(x,y,2) = (z,2x+y)
ii. T:R*>— R?defined by T(x,y,2) = (| x|,0)
iii. T:R?— R3defined by T(x,y) = (x+y,x-», %)
iv. T:R?>— Rdefined by T(x, 5, 2) = x> + x,% + x33
v. T:R?>— Rdefined by T(x,y) =|2x-3y|
vi. T:R?>— Rdefined by T(x, y) = xy
vii. T: R? — R3 defined by T(x, y) = (x + 2y, 3x— 5, »)
viii. T: R? — R? defined by T(x, y) = (x% )
ix. T:R* — R? defined by T(x, ) = (x cos 0 + y sin 6, —x sin 6 + y cos 0)

2. Let P be a vector space of all polynomials over real numbers. Then the function T': P — P defined

by Tlp(x)] = di p(x), p(x) € Pis alinear operator on P.
x

3. Find a linear transformation in each of the following cases:
i. T:R?— R?such that T(2,3) = (4,5) and T(1,0) = (0, 0)
ii. T:R3>—> R?suchthat T(1,1,-1) =(1,0), T(4,1,1) = (0,1) and T(1,-1,2) = (1, 1)
iii. T:R3— R?such that (1,1,1),(-1,1,-1), (1, 2,2) in R3 transform to (1, 1), (1, 1), (1, 0) in R?
under L.T.
4. Find a linear transformation in the following cases:
i. T:R3>—> RZ%such that T(1,2,3) =(1,1) and T(0, 1,2) = (1,2)
ii. T:R3>—> R?such that T(1,1,0) = (1,0) and T(1,-1,0) = (1, 1)
iii. T:R3>— R?such that T(1,1,1) =(1,0) and T(1, 1,2) = (1,-1)
1 2 3
5. Find the linear transformation T: R* — R? such that T(X) = AX where the matrix A= |0 1 1|.
1 0 -1
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Answers
1. 1 Yes ii. No ii.  Yes iv. No
v. No vi. No vii. Yes viii. No
ix. Yes
4y 5
3. i T(x,y)= (?y , ?y) ii. T(x,y,2z)=(5x—12y—8zx-2y—2)

ii. T(x, y,2) = (), x + y—z)
4. 1. Answer is not unique. Taking last vector to (0, 0), then T(x, y, z) = (—=x + y, =3x + 2y)

ii. T(x,y,2) = (x, a ; )/J ii. T(x,y,2) =(x,x—2)

4.5 MATRIX ASSOCIATED WITH LINEAR MAP/TRANSFORMATION

Order Basis: A basis of a vector space is called an ordered basis if its vectors are written in a specific order.
Let B = {v,, v,, v,} is a basis of vector space V.
Now by changing the order of vectors let B' = (v,, v/, v,}.
Band B’ are same basis but different ordered basis since order of three vector in B and B’ is different.

4.5.1 Matrix of a Linear Transformation Relative to Ordered Basis

Let B = {u}, tty, ..., u, } and B' = {v, v, ..., vm} be ordered basis for the finite dimensional vector space U

and V respectively. Let T: U — V be a linear transformation.

Since T(u,), T(u,), ..., T(u,) € Vand {v,v,,... v, }is a basis of V, therefore, each T(u,), 1 <i<ncan
be uniquely expressed as a L.C. of vectors {vl, Vos eens vm}.

Let T(u)=a,v,+a,v,+..+ta,, v,

T(u,) =ay, v,+a,v,+..+a,, v,

T(u,)=a,v,+a,v,+..+a, v ajeFforaHlSlSn,lS]Sm.

nm “m’

an G Dm
. . . .| Gar Gy Dm

The coefficient matrix of this system of equation is
Ay Gy ee Gy,

The transpose of this matrix is a # X n matrix, called the matrix of T w.r.t. ordered basis B and B/,
denoted by [T': B, B'] and is given by

dapp dy an
12 9 )
[T:B,B'] =
hm om Am mxn
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Remarks:

i.  The order of matrix of a linear transformation T: U — Vis m X n i.e.,dim V X dim U.

ii. If U= Vand B is the basis used on both sides, then the matrix of T is denoted by [T : B]
instead of [T': B, B'].

iii. If either B or B' is changed or both are changed, the matrix also changes accordingly.

To find the matrix of a linear transformation T : R — R" in standard basis on both sides, then
matrix is formed by picking the first coordinate in defining formula of T and write the coordinate of x,
¥, z in first row of the matrix and so on.

For example: T: R*> — R? defined by T(x, y) = (x,—y). Let B= B’ = {(1, 0), (0, 1)} be standard basis

1 0
ofRz,then[T:B]=|: i| .
0 -1
If we are required to find defining formula of T, when the matrix is [T : B, B'], here the procedure:

[When standard basis are given]. Multiply the scalars in first row by x, y, z etc. and add. This gives the
first coordinate of the defining formula. Similarly, other coordinate can be found.

1 -1
For example: T': R? — R® whose matrixisA=|-2 3
0 1
Let B={(1,0), (0, 1)} and B' = {(1,0,0), (0,1,0), (0,0, 1)} be standard basis of R* and R? respectively,

then T(x, y) = (x —y, —2x + 3y, ).

SOME SOLVED EXAMPLES

Example 4.25. Find the matrix [T : B, B'] of the linear transformation T : R> — R? defined by T(x, y,
z) = (x+y,y+2z) in following cases B={(1, 1, 1), (1, 0, 0), (1, 1, 0)} and B' = {(1, 2), (0, 1)}.
Solution. Given linear transformation is
Tx, p2)=(x+py+2)

For the ordered basis B={(1, 1, 1), (1, 0,0), (1, 1, 0)}, we have
T(1,1,1) = (2,2)
T(1,0,0) = (1,0) (1)
T(1,1,0) = (2,1)

Now, writing T(1, 1, 1), T(1, 0,0), T(1, 1, 0) as a L.C. of vectors of B' = {(1, 2), (0, 1)}.

T(1,1,1) = (2,2) =a(1,2) + b(0, 1) for scalars a, b € R ..(2)
We have, (2,2)=(a,2a+b)
= a=2
and 2a+b=2 = b=-2

Putting these value in (2), we get
T(1,1,1)=(2,2) =2(1,2) + (=2) (0, 1)
Similarly, T(1,0,0) = (1,0) =1(1,2) + (=2) (0, 1)
T(1,1,0) = (2,1) =2(1,2) + (=3) (0, 1)
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Matrix T relative to B and B’ is transpose of matrix of coefficients in above system is

2 1 2
[T:B,B'] = 2 2 3

1 -1 2
Example 4.26. Find the linear transformation T : R> — R? whose matrix [T : B, B'] is [ }
3 1 0
WhereB = {(1) 17 1)) (1) 2; 3)) (1) 0) 0)} (l?’ld B = {(1’ 1)7 (1) _1)}

1 -1 2

Solution. Here, [T:B,B'] = 3010
T(1, 1, 1) = linear combination of vectors of B' using scalars of first column of [T : B, B']

=1(1,1) + 3(1,-1)

= (4,-2)
Similarly, T(1,2,3) = -1(1,1) + 1(1, 1) = (0,-2)
and, T(1,0,0) = 2(1,1) + 0(1,-1) = (2, 2)
Now, let (x, y, z) € R3 be any vector and
(x%9,2)=a(1,1,1) + b(1,2,3) + ¢(1,0,0) (1)
(%y,2)=(a+b+ca+2ba+3b)
= x=a+b+c
y=a+2b
z=a+3b

On solving these equations, we get
a=3y-2z,b=z-y,c=x-2y+z
Using these value in (1), we get
(%9,2)=0By-22) (1,1, 1) +(z-y) (1,2,3) + (x—-2y + 2) (1,0,0)
Applying T on both sides,
T(x,y,2) = 3y—22) T(1,1,1) + (z—y) T(1,2,3) + (x -2y + 2) T(1,0,0)
[ TisL.T)]

=By—-22)(4,-2)+(z—y) (0,-2) + (x 2y + 2) (2,2)

=(12y—8z+2x—4y +2z—6y +4z—2z+2y +2x—4y + 22)
So, T(x, y,2) = (2x + 8y — 62, 2x — 8y + 42)

which is required linear transformation.

1 1 -1
Example 4.27. If the matrix of a linear operator T on R relative to the standard basisis | =1 1 1|,
1 -1 1
then determine the matrix T relative to the basis B' = {(1, 2, 2), (1, 1, 2), (1, 2, 1)}.
1 1 -1
Solution. Here [T,B]=|-1 1 1
1 -1 1

= T(lx 0) 0) = l(]-> 0) 0) + (_l) (0) 1) 0) + ]-(0) 0) l) = (]-)_1) 1)
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T(O) 1) 0) = 1(1’ 07 O) + 1(0’ 17 O) + (_1) (07 0) 1) = (17 1)_1)
T(0,0,1) =-1(1,0,0) + 1(0,1,0) + 1(0,0,1) = (-1, 1, 1)
Let (a, b, ¢) € R? be arbitrary so (a, b, ¢) can be expressed as L.C. of vectors {(1, 0, 0), (0, 1, 0),
(0,0,1)}

We have, (a,b,c)=a(1,0,0) + b(0,1,0) + ¢(0,0,1)
Applying T on both sides,

T(a, b,c) =aT(1,0,0) + bT(0,1,0) + cT(0,0, 1) [+ TisL.T)]
= T(a,b,c) =a(l,-1,1) + b(1,1,-1) + c(-1,1,1)

=(a+b-c-a+b+ca-b+c)
which is required linear transformation.
Alter method. Let B={(1,0,0), (0,1, 0), (0,0, 1)} be standard basis of R3. Then
T, y,2)=(x+y—z,—x+y+z,x-—y+2)
Now, ordered basis B’ = {(1, 2,2), (1,1, 2), (1,2, 1)}, we have
T(1,2,2) = (1,3, 1)
T(1,1,2) = (0,2,2)
T(1,2,1)=1(2,2,0)
Now, writing T(1, 2,2), T(1, 1,2), T(1, 2, 1) as a L.C. of vectors of B' = {(1, 2,2), (1, 1,2), (1,2, 1)}

T(1,2,2) = (1,3,1) =a(1,2,2) + b(1, 1,2) + (1,2, 1) (1)
(1,3, 1)=(a+b+c,2a+b+2¢2a+2b+c¢)
= a+b+c=1
2a+b+2c=3
2a+2b+c=1

On solving these equations, we get
a=1,b=-1,c=1
Putting these values in (1), we get
T(1,2,2)=1(1,3,1)=1(1,2,2) + (1) (1, 1,2) + 1(1,2, 1)

Similarly, T(1,1,2)=1(0,2,2) =4(1,2,2) + (-=2) (1, 1,2) + (-2) (1,2, 1)
and, T(1,2,1) = (2,2,0) =—4(1,2,2) + 2(1, 1, 2) + 4(1, 2, 1)
Thus matrix T is relative to basis B’ is

1 4 —4

[T,B]=|-1 =2 2|.
1 -2 4
EXERCISE 4.6
1. Find the matrix [T : B, B'] for the linear transformation T : R — R? defined by T(x, y) = (x, —)

where

i. B=(e;e,)and B'={(1,1),(1,-1)} ii. B={(1,1),(1,0)}and B'={(2, 3), (4,5)}
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10.

11.

12.

Write the matrix of linear transformation T': P,(R) — P,(R) defined by T(a, + a,x + a2x2 + a3x3)

=a, + (a, + a;,)x + (a, + a,)x? relative to the basis B = {I,x— 1, (x— 1) (x— 1)’} and B' = {1, x, x*}

respectively.

Let V be a vector space of some particular real function and B = {1, t, ¢/, te'} is a basis of V. Let D: V

— V be differential operator on Vi.e., D(f) = % Find the matrix [D, B].

Find the matrix representing the linear transformation T': R* — R* defined by T(x, y,z) = (x + y +

z,2x + z, 2y — z, 6y) relative to standard basis of R® and R*.

Find the matrix representing the transformation T': R — R? given by T(x,, x,) = (3x, — x,, 2x, + 4x,,

5x, — 6x,) relative to the standard basis of R? and R®.

i. Find the matrix representing the linear transformation T': R* — R? defined by T(x,y,2) = (x—y
+2,2x + 3y —2z/2, x + y — 22) relative to the ordered basis B = {e}, e,, ¢;} and B’ = {1, 1, 0), (1, 2,
3), (-1,0, 1)}

ii. Find the matrix representation of the linear transformation T: R> — R? defined by T(x, y) = (2y,
3x — y) relative to the basis {(1, 3), (2, 5)}.

1 2
Find the linear transformation T : R? = R3 whose matrixis | 0 1| relative to ordered basis:
-1 3
B={(1,1),(-1,1)} and B'={(1, 1, 1), (1,-1, 1), (0, 0, 1)}.
172 1
Describe the linear operator T on R? determined by the matrix [ 23 4}, relative to the ordered
basis B={(1,0), (1, 1)}.
1 -1
Describe the linear map T : R — R?® determined by matrix A = | =2 3|, relative to the ordered
0 1
basis: B={(1,1), (0,2)} and B ={(0,1, 1), (1,0,1),(1,1,0)}.
1 0 0
Find the linear transformation T : R®> — R3 whose matrixis |0 1 0| relative to ordered basis:
0 0 1

a. B=B ={e,e,es}
b- B = {(13 17 1)) (1) 07 0)7 (07 1) O)}) B, = {13 2) 3)7 (1)_1) 1)7 (2) 1) 1)}
Find the linear transformation T: R3 — R3 w.r.t. the basis (5, 1, 3), (3,2,2), (1, 2, 1) when the matrix

3 2 =2
of transformationis | -1 0 1.
2 1 -1
If the matrix of a linear transformation T on R3 relative to the ordered basis B = {(1, 0, 0), (0, 1, 0),
0 1 1
(0,0,1)is | 1 0 —1| and then find the matrix relative to the basis B’ = {(0, 1, -1), (-1, 1, 0),
-1 -1 0

(1)_1) 1)}
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Answers
12 —1/2 [—9/2 —5/2 0 0 1
Loayy blisn an 2. |0 I =2
- 1 -1 2
0100 11 1 =
000 0 20 1 > -l
3 4. 5. |2 4
00 1 1 0 2 -1
5 -6
00 0 1 06 0 -
, 2 6 0 ) —30 —48
6. i [T:B,B']=|0 -3/2 -1/4 i [T:Bl=| |g 59
1 112 -5/4
7x+23y 2x+10y
7. T(xy) = (Q2y—xy,-3x+3y) 8. Tlxy)= s ' 3
9. T(x,y)=(-4x+2y,x-2x+y)
10. a. T(x,y,2) = (x,p, 2) b. T(xy,z)=(x+2y-2z,—x+y+2z,x+y+2)
1 00
12. [0 -1 0
0 0 0

4.6 COMPOSITION (Product) OF TWO LINEAR TRANSFORMATION

Let U, V, W be three vector spaces over a field F. Let T, : U — Vand T, : V — W be two linear
transformations. We define T, T, : U — Wis called product (composition) of T, and T by (T,T,) (u) =
T(T,(u)) forallu e V.

Remarks: i. Composition of two L.T. is again a L.T.
ii. T,T, is defined under the condition that range of T,  domain of T,
Or Range of post factor transformation c domain of pre-factor transformation.

iii. Let Uand V be two vector spaces over the field F.If T, : U— Vand T, : U - V be two L.T.
then

a. Sumof T,and T, by T, + T, : U— V'is a L.T. defined by
(T, +T,) (u) =T,(u) + T,(u) forallu € V.
b. If a € F be any scalar then scalar multiple of T with a is denoted by aT: U —» Vis a L.T.
and is defined by (aT) (1) = a(T(u)) for all u € U.

SOME SOLVED EXAMPLES

Example 4.28. Let T, : R® — R? such that T\ (x, y, z) = (3x, 4y —z) and T, : R* — R? such that T,(x, y)
= (-, y). Compute T,T, and T,T,.
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Solution. Range of T,(=R?*) & Domain of T,(=R?)
T, T, is not defined.
Now, T,T, is defined because range of T|(=R?)  Domain of T,(=R?).
T,T, = R* - R*is a L.T. defined by
T,T,(xy,2) = T,(T\(x, y,2)) = T,(T,(3x, 4y — z) = (-3x, 4y — 2)
Example 4.29. Let T and S be two linear transformation from R> — R? defined by T(x, y, z) = (2x -3y,
7y + 2z) and S(x, y, z) = (x — z, ). Compute S + T, 3S, 25— 3T, ST, TS, T(TT).
Solution.i. As Sand T are L.T. then S+ T'is also L.T.
S+ T:R3>— R? defined by
S$+T) (%2 =S92 + T(xy,2)
=(x—2zy)+ 2x-3y,7y + 22)
= (3x—3y—2z8y +22).
ii. SisL.T,so3Sisalso L.T.
35 : R?* — R? defined by
(3S) (x%,9,2) = 3S(x, 1, 2) =3(x— 2z, )
= (3x—3z,3y)
iii. Sand T are L.T., so 2S, 3T are also L.T.
S 2S-3TisL.T.
25-3T:R®> — R? defined by
(258-3T) (%, 9, 2) = 2S(x, y, 2) = 3T(x, ¥, 2)
=2(x—zy) —-3(2x-3y,7y +22)
= (2x—2z,2y) — (6x—9y,21y + 62)
= (—4x + 9y —22,-19y - 62)
iv. Range of T(=R?) & domain of S(=R?)

.. STis not defined.

v.  Range of S(=R?) & domain of T(=R3)
.. TSis not defined.

vi. Range of T(=R?) & domain of T(=R?)
. T?is not defined.

Example 4.30. Give an example of two L.T. T, and T, such that T, T, = 0 and T,T, # 0.
Solution. Let us define T, : R* - R?by T,(x,y) = (0,)

and T,: R* - R*by T,(x, y) = (3, 0)
T,T, and T,T, both are defined.

Now, (T,T)) (x,y) = T(T,(x,y)) = T,(0, y) = (3, 0)

= T,T, = (y,0) #0

Also, (T,T)) (x,y) = T\(T(x, ) = T,(y,0) = (0, 0)

= T,T,= 0.
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4.6.1 Inverse of a Linear Transformation (Operator)
A linear transformation T: U — Vis said to be invertible if it is one-one, onto and inverse of Tis T-': V
— U such that T-'(v) = u iff T(u) = v.

Remarks:i. T°':V— UisalsoaL.T.

ii. T,:U—VandT,:V— ware two invertible L.T., then T, T is also invertible and (TZTI)*1
=T -1 T -1
1 f2 o

SOME SOLVED EXAMPLES

Example 4.31. Let T be a linear operator on R3 defined by T(x, y, z) = (2x, 4x — y, 2x + 3y — z). Show
that T is invertible and find T-1.

Solution. We know that T is invertible iff T is one-one and onto.

Tis one-one: Let u = (x,,y,,z) and v = (x,, y,, 2,) € R3 be arbitrary vector such that
T(u) = T(v)

= T(xp ¥ 2,) = T(xy, 95, 2,)

= (2x), 4%, =y, 2%, + 3y, — 2) = (2x,, 4x, — ), 2x, + 3y, — 2,)

)

2x, = 2x, = X, =X,
dx) =y = 4%, = n=r
2%, + 3y, -z, =2x,+ 3y, -2, = z,=2,
= (e 1 2) = (%57 2))
= u=v

So T'is one-one.
T'is onto: Let (x, y, z) € R? be any vector and let (a, b, ¢) € R? be a vector such that
T(a, b, ¢) = (x, ¥, 2)
(2a,4a-b,2a+3b-¢) = (x, ¥, 2)
= 2a=x
da-b=y
2a+3b-c=z
On solving these equation, we get

a= g,b=2x—y,c=7x—3y—z

Since x%¥,z€R = a,b,ceR
o (a,b,¢) € R
Thus T'is onto.
T being one-one and onto is invertible.
Thus, T(a, b, ¢) = (x, ¥, 2)
TYx, y,2) = (a, b, ¢)

T x,y,2) = (g,Zx—y,7x—3y—z).
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Alter method: T(x, y, z) = (2x,4x — y, 2x + 3y — 2)
Matrix associated with T relative to standard basis is

2 0 0
A=14 -1 0
2 3 -1
Matrix A is invertible iff | A | # 0
|[A|=2(1-0)-0+0 [Expanding along R ]
= |[A|=2#0
_ 1 4 147
We know, Al= adj A -1 0 -2 -6
Al |A]
0 0 -2
) 1 0
Thus, Al= 2 4 =2
14 -6 -2
/72 0 O
or Al=| 2 -1 0
7 =3 -1

Thus, Linear transformation T-! : R?> — R3 relative to standard basis is

THx, y,2) = (g,Zx—y,7x—3y—z)

EXERCISE 4.7

Let the linear transformation T : R®* — R* such that T|(x, y, z) = (4x, 3y — 2z) and T, : R? - R? such
that T,(x, y) = (=2x, y). Compute T, T, and T,T,.

T,:R*—>R%LT,:R* - R*and T,: R? — R? be the linear transformations defined by T,(x, y, z) =
x+2), T,(x, 3, 2) = 2z, x = y), T5(x, y) = (y, 2x).

Find the defining formula, if exist, for the following linear transformation:

i TT, ii. T,T, ii. T,T, iv. T,T,

v. T,T,+T,T,

Let T, and T, be linear operators on R? defined by T,(x, y) = (0,x) and T,(x, y) = (y, x). Compute
i T +T, ii. 2T,-3T, iii. T,T, iv. T\T,

v. T,? vi. T2

Let T: R* — R? be given by T(x, ,z,t) = (x — y + 2z, y — t) and let S : R — R3 be given by S(x, y) =
(x + 3y,—x + y, 2y). Show that ST is linear transformation.

Let T'and S be linear operators on R? defined by T(x, y, z) = (x— 3y, — 2z, y — 4z) and S(x, y, z) = (2x,
4x —y, 2x + 3y). Show that ST # TS.

Let T: R®> - R3 is defined by T(x, y, z) = (0, x, y). Show that T? # 0 but T° = 0.
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7. Let T:R3>— R3is linear operator defined by T(x, y, z) = (0, 0, x). Show that T'# 0 but T? = 0.

8. Illustrate with the help of an example that there exist linear transformations T, : R”* - R*and T, :
R? — R*such that T, T, = 0 but T, T, # 0.

9. If T:R3>— R3be alinear operator defined by T(x, y, z) = (x + z, x — z, y), show that T'is a invertible
and find T-.

10. Show that each of the following operators T on R® is invertible and find T
i T(xyp,2)=(x—3y—2z,y—4z2) . T(x,9,2) =Bx,x—y,2x+y+2)

11. Let T: R? - R? be a linear operator defined by T(x, y) = (y, 2x — y). Show that T is invertible and
find a formula for T-'.

Answers

1. T,T,is not defined; T, T,(x, y, z) = (-8, 3y — 2z)

2. i. notdefined ii. not defined
iii. T,T,(x, ,2) = (x +2,2y) iv. T,T,(x,y,2) = (x-y,42)
v. T,T,+T,T,(x,y,2) = (2x—y+ 22y + 4z)
3. i (T,+T,) (xy) = 2x) ii. (2T,-3T)) (x,y) = (2y,—x)
iii. (T,T,) (x,y) = (x,0) iv. (T|T,) (x,y)=(0,y)
v. (T) (x,9)=(xy) vi. (T}%) (x,y)=(0,0)
Xy x vy
8. T (xy) =(0,x),T,(xy) =(x0) 9. THx,y2) = (—+— yZy— ——)
2 2 2 2
10. i. TYx,p,2) = (x+3y+ 14z, y + 4z, 2) ii. T x 2= (g,g—y,z—x+y)

4.7 NULL SPACE OR KERNEL OF L.T.

Let T: U — Vbealinear transformation. The null space (Kernel) of T'is the subset of U consisting of all
the vectors whose image under T is 0. It is denoted by N(T) or Ker (T)

Ker (T)=N(T)={ue U:T (u) =0}

4.8 RANGE OR IMAGE OF A LINEAR TRANSFORMATION

Let T: U — V be a linear transformation. The range space (image) of T is the set of all those vectors of
V which are images of vectors of U under T. It is denoted by R(T).

R(T) = {T(u), u € U}

49 RANKAND NULLITY OF AL.T.

Let T: U— Vbe a linear transformation. The rank of T is denoted by p(T) and is defined as dimension
of R(T).
The nullity of T is denoted by p(7T) and is defined as dimension of N(T).
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4.9.1 Sylvester’s Law/Rank—Nullity Theorem
Let T': U(F) — V(F) is a linear transformation, then
Rank T + Nullity T= dim U
ie., p(T) + uw(T) =dim U
or dim (R(T)) + dim (N(T)) = dim U
Proof: Let S = {u,, u,, ..., u, } be basis of N(T) so that
dim (N(T)) = u(T) = n
S is basis of N(T), therefore Sis L.I. in N(T) and N(T) c U.

= SisL.Iin Uand it can be extended to basis S" = {u,, ), ..., i, U, |5 .., 1, } for UL
Hence dim (N(T)) = w(T) =n
dimU=m

We now show that the set
P={T(u,,,), T(u,,), ..., T(u,)} is basis of R(T).
Since §' is basis of U and for any vector u € U can be expressed as L.C. of vectors of §'.
u=au +au,+..+au +a _ u  +..+tau,
Applying T on both sides, we get
T(u)=a, T(u,) +a,T(u,) +..+a,Tu,)+a, T(u,)+..+a, T(u,) [+ TisaL.T.]
T(u)=0+0+..+0+a,,, T(u, )+..+ta, T(u,) [~ w,eN(T),1<i<n]
Tw=a, T(u,)+..+a, T(u,)
T(u) is L.C. of vectors of set P and thus, P spans R(T)
Now, to show that P is L.T.

a, T, )+a T )+..+a, T(u,)=0

= T(an-H n+l+an+2 n+2+a u ):0

= an+l n+1+an+2 n+2+ +{l Ll EN(T)

Since S = {u,, u,, ..., u,} basis of N(T)

: anH g ta, u +..+ta, u =bu+bu,+..+bu

= (=b)u,, (-b)u, +..+(-b)u,+a,  u,  +a  u +..+a u, —0

n
Since S’ = {u,, uy, ..., U, U } is basis of U= §"is L.I.

Uiy -
b, = b w==b =a_ ,=.=a,=0
In particular, a, . =a,,=..=a, =0.

Thus, Pis L.I. and spans R(T)
={T(u,,,), T(u,_,), ..., T(u,)} is basis of R(T)
dim (R(T)) p(T)=m—n
p(T) = dim U—u(7)
p(T) + (1) = dim U

which proves the theorem.

SOME SOLVED EXAMPLES

Example 4.32. For the linear transformation T : R> — R such that T(x, y) = (x + y, x—, y), find basis
and dimension of range space and its null space. Also verify, Rank-nullity theorem.
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Solution. 1. To find null space of T and its dimension; by definition null space
={ueR*:T(u)=0 e R}
Let u = (x, y) € R? be an arbitrary elements of null space.

= T(u)=0

= T(x,y)=0
(x+yx=yy)=(0,0,0)

= x+y=0

x—-y=20

y=0

On solving these equations, we get
x=0,y=0

Thus, null space is a zero vector.

N(T) = {0}
S Nullity of T = dim (N(T)) = 0.
2. To find range space of T and its dimension:
Let V € R(T) € R3 be an arbitrary element.
Thus, there exist (x, y) € R? such that V = T(x, y)
Now, (x, ¥) =x(1,0) + y(0, 1)

= xe, + ye,
where e, = (1,0) and e, = (0, 1)
Applying T on both sides, we get
T(x, y) = T(xe, + ye,)

=xT(e) +y T(e,) [+ TisL.T.]
Now, T(e,) = T(1,0) = (1+0,1-0,0)
= (1> 1, 0)

T(ez) =T0,1)=(0+1,0-1,1)=(1,-1,1)
T(x,y) =x(1,1,0) + y(1,-1, 1)
V=2x(1,1,0) + y(1,-1,1) (1)
Since V € R(T) is arbitrary, therefore
1. shows that R(T) is spanned by the vectors S = {(1, 1, 0), (1,1, 1)}
3. To check Sis L.I.
Let a, b € F are scalars such as
a(1,1,0) + b(1,-1,1) = 0
(a+b,a—b,b)=1(0,0,0)

= a+b=0
a-b=0
b=0
On solving these equation, we get
a=0,b=0

Thus, S is L.I. and therefore, it is a basis set of R(T).
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R dim (R(T)) =2
Also, dim U=dim R*=2
Rank (T) + Nullity (T) =2 +0
=2
= dim R?

Example 4.33. A linear transformation T: R?> - R3isas T(1,2) = (3, -1,5) and T(0, 1) = (2, 1, -1).

Find the defining formula for T and then find range space, rank, null space and nullity.

Solution. u; = (1,2) and u, = (0, 1) are L.I. and basis of R
Let u = (x,y) € R*be arbitrary.
So u can be expressed as L.C. of u, and u,.
There exists scalars a, b € F such that
u=au, +bu,
(x,y) =a(1,2) + b(0, 1)
(x,y) = (a, 2a+b)
= x=a
y=2a+b = b=y-2x
Putting the value of a, b in (1), we get
(% y)=x(1,2) + (y—2x) (0,1)
Now applying T on both sides,

T(x, y) = x T(1,2) + (y - 2x) T(0, 1) TisL.T.
T(x,y) = x(3,-1,5) + (¥ —2x) (2, 1,-1)
=(—=x+2y,-3x+y,7x—-y)
which is the defining formula for T.
Matrix associated with L.T. is
SRR
A=1-3 1
L 7 _1_
Operating R, > R, = 3R, R, > R, + 7R,
-1 2] [ED 2
~1 0 =5|~| 0 @ [Operating R, — R, + 13/5R,]
0 13 0 O

R(T) = I_{ange sp;ce
=<(-1,-3,7),(2,1,-1)>c R’

= Basis of R(T)
dim (R(T)) = 2 =p(T)
Dimension of N(T)
Let u=(x,y) € N(T) c R?
: T(u)=0

(=x+2y,-3x+y,7x—y) = (0,0,0)
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= -x+2y=0
3Bx+y=0
7x—y=0
On solving these equation, we get
x=0,y=0
Thus, N(T) = {0}
dim (N(T)) = 0 = (1)
Also, p(T)+W(T)=2+0=2
= dim R?

Example 4.34. Find a L.T. T : R* — R® whose range space is generated by (1, 0, —1) and (1, 2, 2).

Solution. Basis of R(T) = {(1,0,-1), (1,2,2)}
We know that
Basis of R’ (domain) = {e, = (1,0, 0), e, = (0,1,0), e, = (0,0, 1)}

3 T 3

R

Fig. 4.1
Since R3 is a three-dimensional vector space and {(1, 0, 0), (0, 1, 0), (0, 0, 1)} is a basis of R3, there
exists a unique L.T., T such that

T(1,0,0) = (1,0,-1)
T(0,1,0)=(1,2,2)
T(0,0,1) = (0,0,0)
Let u = (x, y,z) € R?be arbitrary so u can be expressed as L.C. of ey e, e

There exists scalars a, b, ¢ € F such as
u = ae, + be, + ce,
(x,9,2) = a(1,0,0) + b(1,0,0) + ¢(0,0, 1)
(x%,9,2) = (a,b,¢c)
= a=x,b=y,c=z
Putting these value of g, b and c in (1), we get
(%, 9, 2) = x(1,0,0) + ¥(0, 1,0) + (0,0, 1)
Applying T on both sides, we get
T(x, y,2z) = xT(1,0,0) + y1(0, 1,0) + z7(0,0, 1)
T(x,y,z) = x(1,0,-1) + y(1, 2, 2) + 2(0,0,0)
T(x, y,2) = (x +y, 2y, —x + 2y)
which is required L.T.

Tis L.T.]
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Example 4.35. Find a linear transformation T : R* — R3 whose null space is spanned by (2, 3, 4, 1) and
(1,0, 1, 1).
Solution. Basis of  N(T) ={(2,3,4,1),(1,0,1,1)}
u(T) = dim (N(T)) =2

dimR*=4
So we have to extend the basis of N(T) so that the set becomes basis of R*.
Standard basis of R*={(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1)}
Let us consider S=1(2,3,4,1),(1,0,1,1),(1,0,0,0),(0,1,0,0), (0,0, 1,0), (0,0,0,1)}

T

(0,0,1,0)
(0,0,0,1)
Fig. 4.2
Construct a matrix A by writing 4 vectors in columns i.e.,
2 1 0 0]
A= 3000
4 110
110 1
1 1 0 1]
Operating R, <> R, ~ 3000
4 110
(2 1 0 0]
Operating R, > R, -3R,R; >R, —4R,R, > R, - 2R,
[1 1 0 1]
0 -3 0 -3
o -3 1 -3
0 -1 0 -2]
Operating R, > R,— R, R, > R, - % 3R,
(1) 10 1]
030 -3
"o o) o
o o0 o ()
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p(A) = 4 = no. of columns
So,{(2,3,4,1),(1,0,1,1), (0,0, 1,0), (0,0, 0, 1)} is basis of R%

Now, T(2,3,4,1) = (0,0, 0) [~ eN(D]
T(1,0,1,1) = (0,0, 0)
Let T(0,0,1,0) = (1,0, 0)
)

7(0,0,0,1) = (0, 1,0
The images of other vectors must be L.I. otherwise these vector belong to N(T) which is not possible
as dim (N(T)) = 2.
Let u = (x, y, z, w) € R*be arbitrary and can be expressed as L.C. of vectors of S.
There exists scalars a, b, ¢, d € F such as

u=a(2,3,4,1)+b(1,0,1,1) + c(0, 0, 1,0) + d(0,0,0, 1) (1)
= (%9, z,w)=(a+b,3a,4a+b+ca+b+d)
= x=2a+b

_ y _

=3a = L =a

7 3

z=4a+b+c

w=a+b+d
On solving, we get azZ,b:x—2—}/,czz—x—2—y,d:w—x+Z

Putting these value in (1), we get
2 2
(%7, 2 W) = %(2,3,4,1)+(x—?y)(l,o,l,1)+(z—x—%)(0,0,1,0)+(W—x+§)(0,0,0,l)
Applying T on both sides, we get

2 2
T(x, y, 2, W) = %T(z, 3,4, 1)+(x—?y) T(1,0,1, 1)+(z —x—?y) T(0,0,1,0)
+(W—x+§]7‘(o,o,o,1) [+ TisLT]
2 2
T(x, 3,2, W) = g(0,0,0)+(x—?y)(0,0,0)+(z—x—7y)<1,0,0)+(w—x+§)(o,l,0)

2
T(x,y,2,w) = (Z—X—%,W—x+§,0)

which is defining formula of L.T.

EXERCISE 4.8

1.  Find R(T), rank (T), N(T) and nullity (T) for the following linear transformations and verify the
Sylvester law:

i. T:R®— R*definedby T(x,y,2) = (x+y,y +2)
ii. T:R*— R3definedby T(x,y,z, w)=(x—y+z+w,x+2z—w,x+y+ 3z—3w)
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AN

10.

iii. T:R?*— R?defined by T(x, y) = (x + y, x)

iv. T:R?*— R?defined by T(x,y) = (x,x+ y,7)

Find a linear transformation T : R® — R* whose range space is generated by (1, 2, 0, —4) and (2, 0,
-1,-3).

Find a linear transformation T : R* — R® whose range space is generated by (1, 2, 3) and (4, 5, 6).
Find a linear transformation T : R* — R* whose null space is generated by (0, 1,-3) and (0, -3, 4).
Find a linear transformation T : R* — R® whose null space is generated by (1, 2, 3,4) and (0, 1, 1, 1).
Find the range, rank, null space and nullity for zero transformation and the identity transformation
on a finite dimension vector space V.

Let T: V— Vbe alinear map such that R(T) = N(T), where V is finite dimensional. Prove that dim
Vis even.

Let T: R> — R?is a linear transformation such as that u(T) = 2, then find dim R(T).

Is there a linear transformation T: R* — R? such as p(T) = 3, u(T) =

If T: R* - R®is a linear transformation defined by T(e,) = (1, 1, 1), T(e,) = (1,1, 1), T(e,) = (1, 0,
0), T(e,) = (1,0, 1), verify that p(T) + p(T) = dim R* = 4.

Answers
i. R(T)=R*p(T)=2,N(T) = {(1,—1 DL u(T) =1
ii. R(T)={(1,1,1), (0 L,2)}, p(T) =2,N(T) ={(2,-1,1,0), (1,2,0, 1)}, u(T) = 2
iii. R(T) = R% p(T) = 2, N(T) = {OMl(T? 0
iv. R(T) ={(1,1,0), (0, 1, D}, p(T) = 2, N(T) = {0}, p(T) = 0
T(x, y, 2) = (x + 2y, 2x, =y, —4x — 3y) 3. T(xy,2) =(x+4y,2x+ 5y, 3x + 6y)
T(x, y,2) = (x,0,0,0) 5. Txp,zt)=(z-—y—x1t-2x-y,0)

Zero transformation: Range = {0}, Rank = 0, Null space = V, Nullity = div V'
Identity transformation: Range = V, Rank = dim V, Null space = {0}, Nullity = 0
3 9. No

INTERESTING FACTS

e A vector space is a collection of mathematical objects called vectors.
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o Two operations are defined in a vector space: addition of two vectors and multiplication of a vector
with a scalar. These operations can change the size of a vector and the direction it points to. But the
result is still in vector space.

e We cannot change the vector in a way that does not make it, vector anymore.

e Addition of scalar with vector is not possible, because they come under different dimensions in
space.

VIDEO REFERENCES

Vector Spaces Invertible Linear The Matrix
—Basis and v Transformations of a Linear
Dimension JLEnsfoations and Matrices Transformation

APPLICATIONS TO REAL LIFE
Rank vs L.D. and L.I.

A is located 4 km in north and 4 km in east from my location. Then this tells the unique coordinate
of the point A from my present location. But in an addition, if I say that point A is 5 km in north-east
direction, then this is of no use!. It means two informations both are related to different directions are
sufficient to locate any point in 2D plane. Similar concept is for higher dimensional planes. In terms of
matrix A of size n X m, if number of linearly independent vectors are ‘7, it means that with the help of
these ‘r’ vectors, one can describe all the directions associated with this matrix.

Now the number of linearly independent vectors of matrix is nothing but the rank of matrix. It means
for any matrix when you are asked to find the rank, it means in-directly you are giving the sufficient
number of directions associated with the matrix.

Relation between Matrix and Linear Transformation

I will try to explain with a camera and a robotic hand. Let’s say you have a robotic hand that does
something depending upon the input of the camera. Now the camera is placed in the corner of the
room. So, from the camera’s point of view, distances will be different. Sometimes you need to scale up,
scale down or rotate depending upon the orientation. For all these you need linear transformation.
You need to transform the matrix from its original form to a different form so that you can work on it.

SUBJECTIVE SOLVED QUESTIONS
(HOTS)

Example 1. Give a basis for each of the following vector space over the indicated fields:

i. R(J2) overR ii. Q(2"*)over Q
where Q, R are field of rational and real numbers.

Solution.i. We have R (\/5) = (a+ J2b: a,beR)
Now zero element of R(\/E ) can be writtenas0=0+20. J2



Vector Spaces | | 313

Leta, b € R, such that

al+2b =0
= a+ zb:0+0.\/§
= a=0,b=0

= Sislinearly independent.
Let x + \/Ey be any element of R (v/2) . Then x + \/Ey =x.1+ 2y

= every element of R(+/2) is expressible as the linear combination of elements of S.
= L(S) = R(¥2)

Hence, S = {1, ND } is a basis of R (\/E ) having two elements so that dim. R (\/5 ) =2
ii. We have
Q2™ ={a+(2"b:a,b e Q}
The zero element of Q(24) is 0 = 0 + (21/4).
Let S = {1,2"4}, then S < Q(2"%). Now we shall see that S forms a basis of Q(2!4).
Leta,b e Qsuchthata.l1+b.(2"4) =0
= a+ b2 =0+0.02"%
= a=0,b=0
= Sislinearly independent.
Let x + (2'4)y be any element of Q(2/4)
Then, x+ UMy =x1+ (2"4).y
= every element of Q(2'#) is expressible as a linear combination of elements of S.
= L(S) = Q(2'%)
Hence, S = {1,274} is a basis of Q(2"4) and dim. Q(2/4) =2
Example 2. In the space c[0, 1], let f, g, h and j be the vectors defined by

f(x) =1, g(x) = x, h(x) = cos x, j(x) = cos® % for 0<x <. Show that f, g, h and j are linearly dependent

by writing j as a linear combination of f, g and h.
Solution. We know that cos? x = 2 cos? x — 1

X
Replacing x by oo we get

x
cosx=2c0525—1
x
= cosx+1=2coszz
cosx+1 , X
= =cos® =
2 2
X1
or cos” 5 = E.(cosx)+— 1)
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i) = %h(x) " % F()

or jlx) = %.h(x)+0.g(x)+%.f(x)

Example 3. Let T be a linear operator on a vector space V(F). If T? = 0, what can you say about the
relation of the range of T to the null space of T? Give an example of a linear operator on V,(R) such that T?
=0but T#0.

Solution. Since T2 = 0, then foro. € V
T’ (o) =0(a) = T[T(a)] =
T(a) € N(T) [By definition of null space]
But T(a) e R(T)Va eV
R(T) = N(T)

Hence when T? = 0, the range of T'is contained in null space of T.
Example 4. Let V(R) be the vector space of all polynomials in x with coefficients in the field R. Let D
and let T be two linear transformations on V defined by

D) = L () ¥ fix) € Vand TG(0) =10 ¥ fix) < V

then show that DT # TD. Also, show that DT —TD = L.
Solution. Let f(x) € V. Then

(DT) (flx)) = D[T(f(x))] = D[xf(x)]

- £ 0] =) +x £ f) (1)
Also, (TD) (fix)) = T(D(f(x)))

_ o4 . d

7 ( 4 f(x)] —x. L fin 2)
Therefore, from (1) and (2), we can say that there exists f(x) € V such that

(DT) (f(x)) # (TD) (f(x))
Hence, DT;t TD.
Also, (DT) (fix)) — (TD) (fix)) = flx) = I(f(x))
DT TD = I

Example 5. Define T: R® — R*by T(x) = (X, = %5 X, + X, X=X, X, = 2X,) forall x = (x, x,, x;) € R3.
a. FindT(1,-2, 3)

b. Find a vector x € R? such that T(x) = (8, 9, =5, 0).

Solution. T': R* — R* defined by

T(xp5 %55 5) = (X = X5 X) + X, X3 — Xy, X, — 2X,)
a. T(l)_2)3) (1_3,1+( 2)) ( 2)>1_2( 2))
= (_2> _1> 5) 5)

b. Letx= (u,v,w) € R3such that
T(M, V, W) = (8) 9) _57 0)
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(u—wy,u+v,w—v,u—2v)=(8,9,-5,0)
On comparing, we get

u-w=38 (1)
u+v=9 ..(2)
w—v=-5 ...(3)
u-2v=0 = u=2w .(4)
Subtracting (1) from (2), we get
v+w=1 ...(5)
Adding (3) and (5), we get
w=-=2
From (5), y-2=1 = v=3
From (4), u==6

Thus, (u, v, w) = (6, 3,-2) is the required vector in R* whose image is (8, 9, -5, 0) in T.
Example 6. Let v, = (-1, 2,0), v, = (3, 2, —1) and v, = (1, 6, —1) be three vectors in R3(R). Then show
that [v,, v,] = [v, v, v5].
Solution. Clearly, [vl, vl =0 + v, i A, A, €R)
and, (v, v ] {ulvl + WV, + Vst g, Wy, My € R}
Let = (1,6,-1) = v, + a,v,. Then,
(1, 6,—1) = (- ocl +3a,, 20, + 201, —01,)

= —a1+30c2: 1, 20c1+2a2:6,—oc2:—1.
= o, =2,0,=1
(1,6,—1) = 2(=1,2,0) + 1(3,2,-1)
= 1,(1,6,-1) = 2p1,(=1,2,0) + py(3,2,-1)
= WV = 21,v, + 1Y,
Now, [V, vy vl = {y vy + v, + 205y, + gy, s g, Wy, By € R}
= (V1 vy V3] = {0y + 205)v) + (1, + 13)7, 2 1y g, 1y € RY
= (v vy vil = {Av + A, i A A, € RY
= (v, vy vl = [v), 1]

Example 7. Let V be the vector space of 2 X 2 symmetric matrix over R. Show that dim. V = 3.

. . . . a b )
Solution. An arbitrary 2 X 2 symmetric matrix is of the form where g, b, c € R. Now setting
¢

La=1,b=0,c¢=0,ii.a=0,b=1,c=0,iii. a=0,b =0, c = 1, thus we obtain the following matrices

T X

We shall show that the set S = {A, B, C} is a basis of V.
First we show that S is linearly independent.
Let x, y, z € R such that XA+yB+2zC=0

=l oo o 1= )
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- MR

= x=0,y=0,z=0

. S={A, B, C} is linearly independent.
Now, we show that L(S) = V.

a b
Let [b J be any element of V, then we have

fa b] a 0] [o v] [o o
= + +
_bc_ 0 0 b ¢ 0 ¢
[a b] o], fo 1], foo
= b ] =% ol"[1 o] 0 1
S
= =aA + bB+ cC
b ¢

= Every element of V is linear combination of elements of S.

Example 8. Let V be a finite dimensional vector space and T be a linear operator on V. Suppose that
rank (T?) = rank (T). Prove that the range and null space of T are disjoint i.e., have only the zero vector in
common.

Solution. We know that, dim. V = rank (T) + nullity (T) (1)
Now, T2 is also a linear operator on V, then
dim. V = rank (7?) + nullity (T?) .(2)

From (1) and (2), we have
rank (7T) + nullity (T) = rank (7?) + nullity (7?)
= nullity (T) = nullity (7?) [+ rank (T) =rank (T?))]
= dim. of null space of T'= dim. of null space of T?.
If a € null space of T, then

T(a) =0
= T[T(a)] = T(0)
= T* (o) =0 [~ T(0)=0]

o € null space of T?

null space of T < null space of T2.
But null space of T and null space of T? are both sub-spaces of V and have the same dimension.
Then, null space of T = null space of T?
= null space of T? < null space of T

= T>(a) =0

= T(a) =0

Let B#0andp € R(T) " N(T),then 3 € R(T) and B € N(T).
Now, BeN(T) = T@P)=0

Also B=R(T) = da € Vsuchthat T(a) =

Now T(o) =B
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= T[T(a)] = T(B) =0
Thus there exist oo € V such that T[T(a)] = 0 but T(at) = B # 0 which is contradiction to the
equation (1). Therefore, there exists no B € R(T) N N(T) such that B # 0. Hence R(T) N N(T) = {0}.

SUMMARY

1. For a vector space V(F), ‘F is always a sub-field of V'i.e., V can be defined only over its sub-field.
2. If p(A) = number of columns, then vectors in ‘A’ are L.I. otherwise L.D.
3. Ifdim V = # (finite dimensional) and S = {v, v,, ..., v, } is L.I. subset of V, then § is basis of V.
4. The number of vectors in any basis of V(F) is called dimension of V.
5. dim. of range space = Rank
ie., dim R(T) = p(T)
dim. of null space = Nullity
ie., dim N(T) = w(T)

6. Rank-Nullity theorem states that
p(T) + W(T) = dim. U, where ‘U’ is a vector space
7. Thelinear map T: U(F) — V(F) is called linear transformation if
T(au+v)=aT(u)+ T(v)Vae Fu,ve U
8. Composition of two linear transformation is defined only when
Range of Post-Factor transformation ¢ domain of pre-factor transformation.

OBJECTIVE QUESTIONS
1. Consider the set of all functions f defined on [0, 1], such that
3
L f Gj -0 mf [Zj 1 L fix) = xf(x) IV. f(0) = f{1)
Then the correct code is
a. only (I) is vector space b. only (I) and (IV) are vector spaces
c. only (I), (IIT), and (IV) are vector spaces d. All are vector spaces

2. Consider the vector space V over the field of real numbers spanned by the set S = {(0, 1, 0, 0),
(1,1,0,0),(1,0,1,0),(0,0,1,0),(1,1,1,0),(1,0,0,0)}
What is the dimension of V?
a. 1 b. 2 c. 3 d. 4
3. LetX=(3,2,-1),Y=(2,4,1),Z=(4,0,-3) and W = (10, 4,-5) be vectors in R>, a real vector space.
Which one of the following is correct?
a 2X+Z=WY+Z=W b. 2X-Y=ZY+2Z=W
. X+Z=W2X+Y=Z d Y+2Z=WX-Y=Z
4. Given the vector oo =(1,2,3),3=(3,1,0),y=(2,1,3) and 6 = (-1, 3, 6).
Consider the following statements:
I. yisalinear combination of a and p.



318 | Calculus and Linear Algebra

10.

11.

12.

13.

14.

II. dis alinear combination of a and f3, then which of the following statement given above is/are
correct?

a. Tonly b. Il only c. BothlandII d. Neither I nor II

Which one of the following is not a basis of R*?

a. (3,0,0),(0,-1,0),(0,0,1/2)

c. (1,2,-1),(1,1,1),(1,3,5)

Which among the following is not linear?

a. F:R?>— R?such that F(x, y) = (2x -y, x) b. F:R®— R?such that F(x,y,z) = (z,x + y)

c. F:R — R?such that F(x) = (2x, 3x) d. F:R*— R%suchthat F(x,y,z) =(x+1,y+2)

The two transformation T: R*> — R? and S : R* — R? defined as T(x, y,z) = (x + 1, y + z) and S(x, y,

z) = (| x|,0), then

a. T and S both are linear b. Tand S both are not linear

c. Tislinear but S is not linear d. Tis notlinear but S is linear

The unique linear transformation T : R> — R? such that T(1, 2) = (2, 3) and T(0, 1) = (1, 4), then

the rule for T'is,

=

(0> 0) _3)) (1> 2) 3)1 (1) 2) 1)
(1,1,0),(1,2,3),(0,0, 1)

A

a. T(x,y) = (y,—5x + 4y) b. T(x,y) = (-5x+ 4y, y)

c. T(x,y)=(x,—-5x+4y) d. T(x,y)=(—4x+5y,%)

A linear transformation T': R — R? such that T(3,1) = (2,—4) and T(1, 1) = (0, 2). Then, T(7, 8) is
a. (-1,3) b. (-1,19) c. (2,-3) d. (-3,2)

Let F be any field and let T be a linear operator on F? defined by T(a, b) = (a + b, a), then T-'(a, b)
is equal to

a. (bya-">) b. (a-b,b) c. (a,a+Db) d. (a+b,a-0)

The matrix of the linear transformation T on R? (R) defined as T(x, y, z) = (2y + z, x — 4y, 3x) W.r.t.

the basis B={(1, 1, 1), (1, 1,0), (1,0, 0)} is
3 3 3 3 6 6 3 6 6 (3 6 6
a |6 —6 -2 b. |3 -6 5 c. |-6 5 =2 d.|6 5 2
6 5 -1 3 =2 -1 -1 3 3 12 3

Let T be a linear transformation from R* — R? defined by T(x, y, z) = (x + y, y — z). Then the matrix
of T w.r.t. ordered basis {(1, 1, 1), (1,-1,0), (0, 1,0)} and {(1, 1), (1,0)} is

2 1 0 2
-2 0 1 0 -1 1

a. c. |0 -1 d |-1 1
1 1 -1 2 1 0

1 1 1 0

Let T, and T, be two linear operators on R’ defined by T, (x, 3, 2) = (X, x + y, x =y — 2), T,(%, 1 2) =
(x+2z,y—2z,x+y +z). Then,

a. T,is invertible but not T, b. T, isinvertible but not T|

c. both T} and T, are invertible d. neither T, nor T, is invertible

For a linear transformation T': R' — R® the Kernel is having dimension 5. Then, the dimension of
the range of T'is

a. 5 b. 6 c 4 d. 2
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15.

16.

17.

18.

19.

20.

13.
17.

If T: V,(R) > V,(R) defined as T(a, b) = (a + b, a— b, b) is a linear transformation, then nullity of

T'is

a. 0 b. 1 c 2 d. 3

Consider the following linear transformation from the vector space R? into the vector space R?
T(x,y) = (~x—y,3x + 8y, 9x — 11y),

then, the rank and nullity of T are respectively,

a. 2and 0 b. 1and0 c. landl d. —-land2

Let T': R?> — R® be the linear transformation defined by

T(x, y,2) = (x+ 2y —z, ¥ + 2z, x — 22z), then the dimension of kernel T'is

a. 0 b. 1 c 2 d. 3

Choose the correct matching from a, b, c and d for the transformation T, T, and T, (mapping from
R? — R?) as defined in group I with the statements given in group II:

Group-l Group-ll
P. T,(x, y) = (x, x, 0) 1. L.T. of rank 2
QT y)=xx+y,y) 2.NotalL.T.
R. T y)=(x, x+1,y) 3. L.T. of rank 1
a. P-3,Q-1,R-2 b. P-1,Q-2,R-3 c. P-3,Q-2,R-1 d. P-1,Q-3,R-2

If T: R* > R® be the linear transformation defined by
T(x, 3,z w) = (x—y+ z+ w, x + 22— w, x + y + 3z— 3w), then the dimension of its range is
a. 3 b. 2 c 1 d. 0
Let T: R® — R’ be the linear transformation defined by
T(x}, x5 x3) = (x; + 3%, + 2x5, 3x, + 4x, + x5, 2%, + X, — Xx3)
Then, the dimension of the null space of T'is,

a. 0 b. 1 c. 2 d. 3
Answers

c 2. ¢ 3. b 4. b

b 6. d 7. b 8. a

b 10.a 11. a 12. b

a 14.a 15. a 16. a

a 18.a 19. b 20. b

SUBJECTIVE UNSOLVED QUESTIONS
(HOTS)

Find the dimension of Q (\/5 3 ) over Q.
Show the set of functions {x, | x |} is linearly independent in vector space of continuous functions
defined in (-1, 1).
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3.

10.
11.

Let {a}, 0Ly, sy 0L, O, O,y ooy 04} De @ linearly independent set of k vectors in R and let B, =

r+1°

k
Z a;o; with a # 0. Prove that {o), o), ..., 001, B, B, 5 .o 0} 18 linearly independent.
=1

If V(F) be the vector space of all polynomials in x and D and T be the two linear operators on V'
defined by

df (x)
dx

for each f(x) € V. Then show that the product of these operators is not commutative, i.e., DT # TD
and (TD)?*= TD + T?D>.

Dif(x)] = » T[f(x)] = xf(x)

Let f,(x) = sin x, f,(x) = cos (x + gj and f,(x) = sin (x —gj for 0 <x <2m. Show that {f,, f,, f;} are

linearly dependent by finding constants o and f3 such as af, — 2f, - Bf; =0

Let T be the linear map from R3 to R? defined by T(x, 3, z) = (x + 2y — 2, 2x + 3y + z, 4x + 7y — 2).
The kernel of T'is (geometrically) a ......... .

Whose equations(s) is (are) ......... .

The range of T'is geometrically a ......... .

Whose equation(s) is (are) ......... .

The P, be the vector space of all polynomial functions on R with degree strictly less than n. The
usual basis for P is the set of polynomials 1, £, %, , ..., #*~. Define P, — P, by

T(f(x)) = jo" [ OuP(t) dt ¥V x,ueR.

a.  Find matrix representation of T from P, to P, w.r.t. usual basis.

b. What is kernel of T.

c.  The range space of T is spanned by which vector.

Let T be the reflection in the line y = x in R%.

a. Write down the standard matrix of T.

b.  Use the standard matrix to compute 7(3, 4).

Consider the linear map T : R® — R? defined by T(x, y, z) = (x + y + z, y — 2z, y — 3z) and the unit
sphere S = {(x, 3, z) : x¥* + y* + 22 = 1} in R?, then find

i T(S) i, TYS)

Let T: V — V be a linear operator, then prove that i. N(T) < N(T?) ii. R(T*)< R(T)

Let T: V — V be a linear operator such that rank (7?) = rank (T), where V is finite dimensional.
Prove that

i. N(T)=N(T? ii. R(T)=R(T?) iii. R(T?) N N(T?) = {0}

Answers

4 5. Ot:\/g—LB:\/g 6. line,_?ng:z;plane,2x+y—z=0
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0 O 0

0 O 0
all2 0 o0 b. {0} ¢ {x x% %%}

0 16 0

0 0 12
1

a |° b. (4,3)

1 0
i x?—8xy+26y*+ 6xz—38yz+ 142> =1 il. x>+ 2xy+ 3>+ 2xz—8yz+ 1422 =1

KNOW MORE

Which of the following is not a vector sub-space of the vector space of polynomials with real
coefficient?

a. w consists of all polynomials divisible by x

b w={p(x) e V:p(3) =0}

c. w={p(x)e V:p(a)=p(l-a),acR}

d. w consists of all polynomial with integral coefficient.

Let V' be a vector space over the field F of dimension ‘n’. Consider the following statements.

I. Every subset of V containing ‘n’ elements is a basis of V.

I1. No linearly independent subset of V contains more than ‘n’ elements.

Which of the above statements is/are correct ?

a. (I) only b. (II) only
c. Both (I) and (II) d. neither (I) nor (II).
Let V be the vector space of real polynomials of degree not exceeding 2.
Let flx)=x-1, gx)=x+1
h(x) =x*—1, jx) =x*+1
Then the set {f, g, h, j} is
a. linearly independent b. linearly dependent fg=h

c. linearly dependent because f+ g—h =0 d. linearly dependent because f—g—h+;j=0
Consider the sub-space w = {[aij], a; = 0if i is even} of all 10 x 10 real matrices, then dimension of
wis

a. 25 b. 50 c. 75 d. 100

If T:R>— R3is given by T(x, y,z) = (x—y,y + 3z, x + 2y), then T is

]_ X z 1 1 X
a. —|2x+z,—-x+z,=+y—— b. 3 2x+y,—x+y,—x——+z]
3( 3 y 3) 3[ 3 3y
1 1 1 xX+y+z
c. —|x+2y,x—y,——x+—y—2z d —Z2 =
3( PETRTIETSY j 3
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6.

10.

[\S I

AN

Define T on R? into itself by T(x,, x,) = (x, + x,, X, — x,). Then, matrix of T-! relative to the standard
basis for R? is

1 1 -1 -1 172 1/2 -1/2 -1/2
o1 bl g < 2 -2 Al »
Let N be the vector space of all real polynomials of degree at most 3. Define, S: N — N by (Sp)(x) =

p(x+1),p € N. Then the matrix of S in the basis {1, x, x?, x°}, considered as column vectors, is given

by

1 0 0 O 1 1 1 1 1 1 2 3 0 0 0 O
0 2 0 O 01 2 3 1 1 2 3 1 0 0 O
a. b c. d.
00 3 0 0 01 3 2 2 2 3 01 0 1
0 0 0 4 0 0 0 1 3 3 3 3 0 0 1 0
The set of all x € R for which the vectors (1, x, 0), (0, x%, 1) and (0, 1, x) are linearly independent in
R3is
a. {xeR:x=0} b {xeR:x#0} c¢. {xeR:x=1} d. {xe R:x#-1}

Forany n € N, let n € N, P, denotes the vector space of all polynomials with real co-efficients and
of degree almost . Define T: P, — P, by T(p)(x) = p'(x) - pr(t) dt . Then, the dimension of the
0

null space of T'is
a. 0 b 1 c. n dn+1

define a linear
-2 4

Let V be the real vector space of all 2 x 2 real matrices. For Q = (

transformation T on V as T(P) = QP. Then the rank of T'is

a. 1 b 2 c. 3 d. 4
Answers
d 2. b 3. d 4. b
6. ¢ 7. b 8. ¢
a 10.b
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UNIT SPECIFICS

The concepts of eigen values and eigenvectors and their respective properties, eigenbases, eigenspace,

symmetric, skew-symmetric matrices ,theoremsbased on these and orthogonal matrices, diagonalization,
inner product spaces, Gram-Schmidtorthogonalization are thoroughly explained in this unit. All these
topics are discussed as per students need along with sufficient number of examples.

RATIONALE

Now-a-days, matrices are typically used in statistical analysis, for many reasons. These can be used
for making an algorithm in programming, as basically a database, but is more often used for statistics
regarding economics and mathematics. Now, the natural frequency of the bridge is the eigen value of
a system having smallest magnitude that models the bridge. Eigen value analysis is also used in the
design of car stereo systems, where it helps to reproduce the vibration of the car due to the music.
The application of eigen values and eigen vectors is useful for decoupling three-phase systems through
symmetrical component transformation. Eigen values and eigen vectors allow us to reduce a linear
operation to separate simples problems. Eigen values are not only used to explain natural occurences,
but also to discover new and better design for the future. By diagonalization, we can determine the
natural frequency of vibrations.

PRE-REQUISITES
1. Good knowledge of vector space, basis, dimension.
2. Deep knowledge of L.I. and L.D.
3. Student should know all the techniques to convert L.I. into matrix.
4.

Aware of different types of matrices.

UNIT OUTCOMES

After completion of this unit, students will be able to:

U5-01: Relate matrices with linear transformations; compute eigen values, eigen vectors of matrices
and linear transformations to diagonalize the matrices.
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U5-02: Learn properties of inner product spaces and determine orthogonality w.r.t. these spaces;
familiar with symmetric matrices and associated norms.

U5-03: Realize and explain the importance of adjoint of a linear transformation and its canonical
form.

U5-04: Define Cauchy-Schwarz inequality and triangle inequality in inner product spaces; obtain
orthonormal basis using Gram-Schmidt orthogonalisation.

MAPPING OF UNIT OUTCOMES WITH COURSE OUTCOMES

EXPECTED MAPPING WITH COURSE OUTCOMES
Unit 5 (1- Weak Correlation; 2- Medium Correlation; 3- Strong Correlation)
Outcomes
CO-1 CO-2 CO-3 CO-4 CO-5
U5-01 - - 1 8 3
U5-02 - - 2 1 8
U5-03 - - 1 8 2
U5-04 - - 2 3 1
HISTORY

Eigen vectors gradually appeared in 18t century in solving
differential equations. It may sound strange but eigen vectors
(eigen functions) appeared under various names long before
linear algebra, and before the word “vector” came into common
use. They played central role in the theory of small oscillations.
Later, Leonhard Euler studied the rotational motion of a rigid
body, and discovered the importance of the principal axes.
Joseph-Louis Lagrange realized that the principal axes are the
eigenvectors of the inertia matrix. Cauchy also coined the term
racine caractéristique (characteristic root), which is now called
eigen value; his term survives in characteristic equation.

The term “eigenvector” comes from German, under the influence

of the book of Hilbert-Courant, first edition in 1920s. —Augustin Louis Cauchy

5.1 EIGEN VALUES AND EIGEN VECTORS OF A LINEAR OPERATOR

Let T be a linear operator on a vector space V(F). If there exist a non-zero vector v €V such that T(v) =
Av for some A € F, then v is called an eigen vector of T corresponding to A and A is called an eigen value
of T corresponding to v.

The eigen vector is also called characteristic vector or latent vector and eigen value is also called
characteristic value (root) or characteristic root or latent root.
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5.2 EIGEN VALUES AND EIGEN VECTORS OF A MATRIX

Let A be a square matrix and ‘X’ is a column vector, then the matrix equation
AX=)X
is equivalent to the n equations

(all — 7\,)x1 + apxy + ...+ a X, = 0,
ar1 Xy + (022 — 7\,)9(:2 + ...+ aznxn - 0, (].)

X + an.zxz +..+(a,,-M)x,=0
The above system of linear homogeneous equations (1) in ‘4’ unknowns always has the trivial
solution x; =x, = ... = x,, = 0.
In order to find a non-trivial solution, it is necessary that the determinant of the coefficients in (1)
vanishes; i.e.

a; — A app Ay
a a,, — A a
21 22 2
) =0 -(2)
an a,n R A

It is clear that eqn. (2) is of degree n in A’s This is called the characteristic equation of the matrix A.
We can write it as

A A PV A At Py M Py =0 ~(3)
In particular, py=—(ay, +ayp+...+a,,) =—(trace A) ..(4)
and pn= (1" a;|=(-1)" (det. A) .(5)

The left hand side of eqn. (3) is called the characteristic polynomial.

Equation (3) will have n-roots. These are called characteristics (or latent) roots or eigen values of
the matrix A. Corresponding to each root, eqn. (1) will have a non-zero solution.

X

X

which is known as characteristic vector or eigen vector.
If the eigen values of A are Ay, Ay, ... A,,, we can write the characteristic equation as
(A=2) (A =2y) ... (A=%,) =0,
or AM—A+A+ X)L+ L+ (1) M A, A, =0
Comparing with eqn. (3), we can see that
A +A,+ ...+ A, =—p =trace A, by (4)
and MAy oo Ay = (=1)" p, = det. (A), by (5)
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Remarks:

1. Eigen values are also called as characteristic value, proper value, latent value or spectral
value.

2. Similarly, Eigen vectors are also called as characteristic vector, proper vector, latent vector or
spectral vector.

5.2.1 Properties of Eigen Values

a. The eigen value of a square matrix A and its transpose A’ are same.

b. The sum of the eigen values of a matrix is same as the sum of the elements on the principle
diagonal.

c.  The product of the eigen values of a matrix A is equal to det. (A) i.e., | A |
d. If A is the eigen value of a non-singular matrix A, then 1/A is an eigen value of A-L.

1
e. If Ais an eigen value of an orthogonal matrix, then X is also its eigen value.

f.  If Ay, Ay, ..., A, are the eigen values of a matrix A, then A™ has the eigen values A{", A}, ..., Ay,
(m being a +ve integer)
g.  The eigen values of idempotent matrix are either zero or unity.

h.  Eigen values of the triangular matrix and diagonal matrix are same as the diagonal elements of
that matrix.

Proof. d. If X be the given eigen vector corresponding to eigen value A of A, then
AX =X
Pre-multiplying both sides by A-!
A1(AX) = A1 (AX)
= (A TA)X = MA-IX = IX=M1X

or %X = A-1X [ IX=X]

= % is the eigen value of A-1,

Proof. f. If X be the eigen vector of the eigen value A of matrix A, then
AX =X
Pre multiplying both sides by ‘A’
AAX) =AMX) = (AA)X=\AX)

= AZX = MAX
= AZX = 2X (As AX =2AX)
Again pre multiplying both sides by ‘A’, we have, in a similar way
A3X =X
Continue in the same manner, we have
Am X=X

which shows that A is the eigen value of A™ (m > 0)
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Thus, we can say that if A, A,, A3, ..., A, be the eigen values of A, then A", 1Y, ... A} will be the eigen
values of A™.

5.2.2 Eigen Space
Let T'be a linear operator on V(F). If A is an eigen value of a linear operator T, then the eigen space with
respect to A is denoted as E, and is defined by
E, ={v:Tlv) =M}
o
For example: If A=
01

Here A = 1, 1 are the eigen values (as the given matrix is in triangular form) and (1, 0) is the
corresponding eigen vector (In coming examples, students will learn, how to find eigen vectors for given
eigen values), then E; _; (Eigen space) = {(1,0)}.

5.2.3 Eigen Bases

Let ‘A’ be a n X n matrix (or linear operator T)
Let S = {v}, v, ..., ,,} be the collection of all eigen vectors of matrix ‘A’
Then, S is said to be an eigen bases of A if S forms a bases of R™.

SOME SOLVED EXAMPLES

2 -1 1
Example 5.1. Find the characteristic polynomial of matrixA=| 1 2 3|.
-2
Solution. Characteristic matrix of A is
[2 -1 1 100
[A-M]=| 1 2 3|-A|0 1 0
2 12 oo 1

2-A -1 1
=/ 1 2-x 3
|2 1 2-2
The characteristic polynomial of matrix A is
2-A -1 1
|[A-AI|=] 1 2-% 3 |=-M3+6A2—12A+15

8§ -6 2
Example 5.2. Find all the eigen values and eigen vectors of matrix A= | -6 7 —4
2 -4 3

Solution. The characteristic equation of the given matrix is,
|[A-AI|=0
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L L I I RV

8—A -6 2
-6 7-A -4 [=0
2 -4  3-A
8=A) ((7=X)(B=A)—16)+6(-6(3—-L)+8)+2(24-2(7-A))=0
(8—A) (M2—=101+5) +6(-=10+6L) +2(10+21) =0
8AZ2—80A +40 — A3+ 10A2 50— 60 + 36A +20+4A =0
A3+ 18A2—45L=0
A3 —18A2+ 450 =10 [Characteristic equation]
AMAZ—18L+45]=0
A=0,A2—18A+45=0
A2—150-31+45=0
AMA—-15)-3(A—-15)=0
A=3=0;A-15=0
A=3A=15A=0

Eigen values are A = 0, 3, 15

To find eigen vector: [A—AI] X =0

8-1 -6 2 |[x]
-6 7-A -4 ||x|=0
2 4 3= (%]
8 -6 2][x]
for A =0, -6 7 —4||x,|=0
2 -4 3||x
= 8x,—6xy +2x3=0 (1)
= —6x, + 7x, —4x3=0 ..(2)
= 2%, —4x,+ 3x3=0 ..(3)
Multiply eqn. (1) by 2 and adding to (2), we have
10x; = 5x,=10
= 10x; = 5x,
= X, = 2 ..(4)
Multiply eqn. (3) by 3 and adding to (2), we have
—5x, +5x3=0
= —5x, = —=5x3
= X, = X3 ...(5)

From (4) and (5), we get

X X X3

2| =X =X3 = —
1 2= X3 1 5 5



330 | Calculus and Linear Algebra

Eigen vector corresponding to A = 0 is
8-3 -6 2 |[x
for A =3, -6 7-3 -4 ||x
2 4 3-3]|x
5 -6 2][x
-6 4 —4||x
2 —4 ES
= 5x;—6x, +2x3=0
= —6x; +4x, —4x3=0
= 2x1—4x,+0x3=0
From (8), 2x; = 4x,
= X1 = 2x,
Put x; = 2x, in eqn. (7), we get
= X3 = —2x,
Thus, X = 2X) = —X3

Eigen vectors are corresponding to A = 3 is

forA=15

2 -4 -12||x

= —7.x1 - 6.x2 + 2X3 =0
—6X1 - 8X2 - 4X3 =0
le - 4XZ - 12x3 =0

Multiply eqn. (11) by 3 and adding in eqn. (10), we have
X, = —2X3
Multiply eqn. (9) by 2 and adding in eqn. (10), we have

X1 = =X

X1 = —X= ZX3

[N ST SR

..(9)
..(10)
..(11)
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or — ===

2
Thus, the eigen vectors corresponding to A = 15is | -2 |.
1

-2 2 -3
Example 5.3. Find all the eigen values, eigen vectors and of eigen basis of | 2 1 —6
-1 -2 0
-2 2 -3
Solution. Let A= 2 1 -6
-1 -2 0

Characteristic equation is, | A—AI | = 0

—-2-A 2 -3 -2-A 2 -3
2 I-» —-6|=0 = 2 1-A —-6] =0
-1 -2 0-A -1 -2 A

(2=2) (=1 =X A—=12) 2(2A-6) -3(-4+1-1)=0
(2= (A +A2-12) 2(-21-6) 3(-3—-A)=0
AMB+A2=21A-45=0
A+3)(A+3)(A=5)=0

A=-3,-3,5

RV

Thus, eigen values are -3, -3, 5.
To find eigen vector
for A = -3, eigen vector is

[A-AIX=0

-2+3 2 =3 || x
2 143 —6 =0

-1 -2 0+3||z
= x+2y-3z=0
2x+4y—-6z=0
—x—-2y+3z=0

From the above set, it can be seen that, x + 2y — 3z = 0 is only one independent equation.
So,letz=0,weget x+2y=0

= x=-2y
X
— = l)z:()
2

Hence eigen vector is (2,-1, 0) for A = -3.
Also, to find another eigen vector for A = 3.
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Let y = 0, we get x—3z=0
= x=3z
x z
= — = —
3 1
= y=0

So (3,0, 1) is another eigen vector for A = -3.
For A = 5, eigen vector is

[A-AIIX=0

-2-5 2 =31 x 0

= 2 1-5 —61(ly| =10

-1 -2 0-5||z 0
-7x+2y-3z=0
= 2x—4y—-6z=10
—x—-2y-5z=0

Multiply eqn. (1) by 2 and adding in eqn. (2), we have

—-12x-12z=0

or —-12x =12z

= xX=-z

Multiply eqn. (3) by 2 and adding in eqn. (2), we have

y=-2z
Hence X y_2
1 2 -1

So, (1, 2,-1) is eigen vector, corresponding to A = 5.
Since all eigen vectors are L.I. and form basis of R3.
Eigen basis is {(2,-1,0), (3,0, 1) (1,2,-1)}.

6 2 2
Example 5.4. Find all the eigen values, eigen vectors and eigen basisof | =2 3 —1].
6 2 o 2 -1 3
Solution. Let A=1-2 3 -1
2 -1 3
and | A=A | = 0 (characteristic equation)
6-A 2 2
= -2 3-A -1]|=0
2 -1 3-A

(6-A) (B3-A)2-1)+2(23-A)+2)+2(2-2(3-1))=0
(6-A) (A2—6A+8)+2(2Ah—4)+2(21-4)=0
A3+ 12A2-36A+32=0

Ul u
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Ul

Eigen values are 2,2, 8
For A = 2, eigen vector is

0
6-2 -2 2| x 0
-2 3-2 -1||y _{0
2 -1 3-2]||z 0
4x-2y+2z=0
= 2x+y-z=0
2x—y+z=0
Here 2x — y + z = 0 is the only one independent equation
So,letz=0

= 2x—-y=0

or 2x=y

Thus, f:Z,Zzo
1 2

Hence (1, 2, 0) is eigen vector for A = 2.
Again for, A = 2 to find another eigen vector,
Let us take, y =0

Here 2x — y + z =0 becomes 2x + z=0

= z=-2x
X z

or —=—,y=0
1 -2 Y

Hence (1, 0,-2) is eigen vector.
for, A = 8, eigen vector is,

0
6-8 —2 2]« 0
-2 3-8 -1y {0
0

2 -1 3-8]||z

= —2x-2y+2z=0
= —2x—-5y—z=0
2x—y—-5z=0

Multiply eqn. (2) by 2 and adding in eqn. (1), we have
—6x—12y=0

= x=-2y

A3 — 1202+ 361 —-32=0
(A=2) (A= 101+ 16)=0
A=2)(A=2) (A—-8)=0

A=2,2,8
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Adding (2) and (3), we have

y=-z
X

= X_Y_Z
2 -1 1

(2,-1, 1) is eigen vector, corresponding to A = 8.
After that since all eigen vectors are L.I. Hence form basis of R3.
Eigen basis is {(1, 2, 0), (1,0,-2), (2,-1, 1)}.

Example 5.5. Find all the eigen values, eigen vectors and eigen basis of A =

Solution. Characteristic equationis | A—AI| =0
1-A 0 -1
1 2-A 1 |=0
2 2 3-A

= (I-2)((2-M)(B-1)-2)-0-1(2-4+21)=0
or A =50 +4-D3+502—4A-21+2=0
or M—6M+11A-6=0
or (A=1)(A2=51+6)=0
or A-1)(A=2)(A-3)=0

Eigen values are 1, 2, 3.
For A = 1, eigen vector is [A —AI]X =0

1-1 0 -1][x 0
1 2-1 1 ||x,|=]0
22 3-1|x | [0

0 0 —1][x] [O]

or 1 1|x,]=10
2 2 2]|lx] |0

—-x=0

= X1tx+x3=0

le + 2.XZ + ZX3 = O
Putting eqn. (1) in (2) and (3), we have
xl+X2:O = x1=—x2

and 2%, +2x%,=0
1 -1 0
1

Thus eigen vector is | —1 | for A = 1.

0

N o~ o~
NN O
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For A =2, eigen vector is, [A —AI]X =0
1-2 0  -11[x] [0

2-2 1 ||x | =g

2 2 3=2[x] o
0
0

-1 0 -1}||x
or 1 0 1|x|=
2 2 1_ | X5 | 0
X1 —-x%=0 = x=-x3
= X1 +x3=0

2x1+2x2+x3=0 = x1+2x2=0

= B = _—1;x3:—x1
2
Eigen vector is | —1
-2
For A = 3, eigen vector is, [A —AI]X =0
1-3 0  -11[x] [0]
1 2-3 1 ||x,]=10
2 2 3-3)|x] |0]
-2 0 -1[x] o7
or L -1 1Thx|=|o0
22 0] x| 0

—le + O.XZ — X3 = 0 = —le = X3
2x1+2x2+0x3:0 = X1 ==X

= X=X +x3=0
Put x; = 1, then, X, =-1
and x3=-2(1)=-2
1
Eigen vector is | —1
-2

Since all the eigen vectors are L.I.

Eigen basis is {(1,-1,0), (2,-1,-2), (1,-1,-2)}.
Example 5.6. Find all the eigen values, eigen vectors and eigen basis of A = {

Solution. Characteristic equation is, | A=Al | =0

—5-A 2
2 -2-A

ie.,

‘ i O

=5

(1)
(2)
..(3)

(from eqn. (1))

2
2 =2
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= (5-2)(2-N)-4=0

or AM+70+10-4=0
= AM+7h+6=0
= A=-6,-1

Eigen values are —6 and —1
For A = -1, eigen vectors is, [A — AI]X =0

P M
- SENEH

= —4x; + 2%, =
2x,—%,=0
Since 2x; — x;, is the only independent equation
Now, 2x1—%,=0
= 2x1 = %,
1 2

1
Eigen vector is { 2}

for A = —6, eigen vector is given by [A — AI]X =
5+6 2 [x 0
el MEH
1 2| x 0
I MEH

X1 + Z.XZ =0
le + 4XZ =0
Since x| + 2x, is the only independent equation.
Now, X +2x,=0
= X1 = —2x,
or - =
2 -1

2

Eigen vector is {

Since all the eigen vectors are L.I.
Eigen basis is {(1, 2), (2,-1)}.
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3 1 4
Example 5.7. Find all the eigen values, eigen vectors and eigen basis of matrix A= |0 2 6 |.
0 0 5
Solution. Characteristic equationis | A—AI | =0
3-A 1 4
0 2-2 6 |=0
0 0 5-A
= (3-2)((2-2)(5-X)-0)-1(0) +4(0)=0
or B=-A)(A=5(A-2)=0
A=2,3,5
Eigen values are 2, 3, 5 for eigen vectors.
For A = 2, eigen vectors are [A — AI]X =0
3-2 1 4 [ ]
0 2-2 6 ||x]|=0
0 0 5-2]]x; |
11 4]|[x ]
or 0 0 6|[x,]=0
0 0 3| x5
= X +x+4x3=0 (1)
6x3=0
3x3=0 = x;3 =0 .(2)
Putting (2) in (1), X +x=0
or ? = _—fz
X1 _ %
F=]
1
Eigen vector is | —1
0
0 1 4][x 0
for A = 3, eigen vectoris, [0 -1 6|/ x, | =0
0 0 2||x 0
Ox; +x, +4x3=0
X, + 6x3=10

2x3:0 = x3:O

x
Thus, we have a_X%_%
1 0 0
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1
Eigen vector is |

0

For A = 5, we have eigen vector is,
3-5 1 4 [ x
0 2-5 6 x| =0

0 0 5-5]|x

-2 1 4][x
0 -3 6||x|=0
0 0 0f x|

2x1 —XZ—4x3 =0
3X2 - 63(.'3 =0 > Xy = 23(.'3

2%, —2x3—4x3=0 [putting x, = 2x3]
or 2x;—6x3=10
= X1 = 3x3
= L% (1)
3
Also, X, = 2x;3
2o 2)
2 1
3
From (1) and (2), % = x2_2 = sz , so the eigen vector is | 2
1

Since all the eigen vectors are L.1.
Eigen basis is {(1,-1,0), (1,0, 0), (3,2, 1)}.

2 2
Example 5.8. Find all the eigen values, eigen vectors and eigen basis of A = {5 J.

Solution. Characteristic equationis | A—AI| =0

2—A 2
= 5 —1-a| 0
=  (2-M)(-1-1)-10=0
or AM—-A-12=0
= A+3)(A=4)=0
= A+3=0, A-4=0
A=-3, Ar=4

Eigen values are —3 and 4.
Eigen vector for A =-3
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2+3 2| x

{ 5 —1+3M‘°
= 5x+2y=0
and 56x+2y=0

Since there is only 1 independent equation
Thus, we have 5x+2y=0

= 5x=-2y
X
= —_— = Z
-4 =2 5

-2
So eigen vector is { 5

For A = 4, eigen vector is
2-4 2 |[x

{5 —1—4_u20
-2 2]«

{ 5 —S_M -

-2x+2y=0
5x-5y=20
Again both are linearly dependent, we have
x—y=0
= xX=y
x _ )
or - ==
1 1

1
So eigen vector is L}

Since all the eigen vectors are L.1.
Eigen basis is {(-2, 5), (1, 1)}.

7 0 -3
Example 5.9. Find all the eigen values, eigen vectors and eigen bases of A= | -9 -2 3
18 0 -8
1 1
Solution. (Students can try this) Eigen values are 1, —2. 2. Eigen vectors are | 0 |,| —1 |. No eigen
3 2
bases.
2 2 1

Example 5.10. Find all the eigen values, eigen vectors and eigen bases of A = | |
1 2 2

SV}
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-2 1 1
Solution. Eigen values are 1, 1, 5. Eigen vectors are | 1 |, | 0], |1|. Eigen basis is {(-2, 1, 0),
0 -1 1

(1) 03 _1)) (1) 13 1)}'
3 0
Example 5.11. Find all the eigen values of s _il Hence find the eigen values of A%%, and A + 21

Solution. Characteristic equationis | A— AI| =0

3-A 0
- 8 —1—%‘ -0
= A2=20-3=0
or (A+1)(A-3)=0
= A=-1,A=3.
Eigen values of A25
ie., (-1 =-1
and (3) =32
Eigen value of A + 21
For A=3A+2[=3+2=5
For A=(-1),A+2I=-1+2=1

Complex Eigen Values

cos® —sinB

Example 5.12. Show that if 0 < 0 < =, then A = { } has no real eigen values and

sin® cos©

consequently no eigen vector.
Solution. The characteristic equation is, | A=Al | =0
cosO—A  —sinB

sin®  cos®—A|

(cosO=A)2+sin20=0

cos20 —2A cos O + A2 +sin20 =0

A2—2A cosO+1=0

2cos(9ir\/4cos2 0-4

= 0

2
3 ZCOSGJ_rZMI—cos2 0
2

=cosO+isinB

Hence the matrix A has no real eigen values and consequently no eigen vector.
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1 1
Example 5.13. For a given matrix A = L) J . Find all the eigen values and eigen vectors of A. Is there

an eigen basis for A?

Solution. Here A= {1 1}
01
Characteristic equation is
1-A 1
|[A-AI|=0 = 0 1-1 =0
=(1-1)2=0

= A =1, 1 (Eigen values)
To find eigen vector corresponding to eigen value A = 1,
AX =X
[A-AIIX=0
[A-D]X=0,(L=1)

0 1]« 0
X
[If X = y be the corresponding eigen vector]
= y=0
Take x = 1, then X = Ll)} is an eigen vector corresponding to A = 1.

Here, we can see that X does not form a basis of R?, so we do not have an eigen basis for the given

matrix A.

Example 5.14. For the linear operator T : R2 — R?, find the eigen values when
T(x, y) = (3x + 5y, 2x + 3y).
Solution. Here, T(x, y) = (3x + 5y, 2x + 3y)
Matrix of T relative to standard basis of R? is
3 5
A =

The corresponding characteristic equation is | A—AI| =0

3-A 5
- 2 3o
- (3-1)2-10=0
= A=3+410

Hence 3 + \/E and 3 — \/B are the eigen values of T.
Example 5.15. For the linear operator T : R2 — R2, find the eigen values, eigen vectors and eigen bases,

when T(x, y) = (¥, x).

Solution. Here T(x,y) = (1, x)
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Matrix of T related to standard basis of R? is

0 1
A=

1 0
The corresponding characteristic equationis | A—AI | =0
- 1

1 A

= AM-1=0
or A = *1 are the eigen values of T

=0

X
ForA=1,letX, = { 1} be the corresponding eigen vector, then
!
A.Xl = }le

[A-1]X,=0,(A=1)

-1 1||x
=0
1 -1||»n
= —x1+)/1=0

-y =0 = X1=)
Taking y; = 1, we have x; = 1

1
X, = [ J is an eigen vector corresponding to eigen value A = 1

x
ForA=-1,let X, = { 2} be the corresponding eigen vector, then
V2
AX2 = 7\.X2
= [A+A]X,=0
[A+I]1X,=0 (Ash=-1)
_ I 1]|x, o
1 1|y,
= XZ + }/2 = 0
X2 = )2
. -1, ) . )
Taking y, = 1,x, =1, then X, = | | 18 an eigen vector corresponding to eigen value A = —1.

Here, we can see that all eigen vectors form a basis of R2.
Eigen bases of T'={(1, 1), (-1, 1)}.
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EXERCISE 5.1

Find the characteristic roots of the following matrices:

Find

10.

11.

12.

A

11.

12.

1
-1 2

0

1

1

1

-9
3

-2
1
-1

-12
4
1

(2 3
0 3
0 0

1 2
0 2
-1 2

10
0 2
2 0

11]
17
_2_

57
1

2_

2
1
1

the eigen values and corresponding eigen vectors for
-3

1

r

S DO O N

S O

0

he

(RS

=g

()}

S N

|
w O

1

— 09

Y

llowing matrices:

N = O

(=]

1
-3

For each of the following operator T : R? — R?, find the eigen values, eigen vectors and eigen bases.
i T y)=(,—x) . T(x,y)=(x+2y,3x+2y)

For each of the following operator T: R? — R3, find the eigen values and bases for each eigen space.
L T, y,2)=Q2x+y,y—22y+4z2) . T(x,p,2)=(x+y,y+2z-2y—2)

. T(x, y,2) = (x— 9, 2x + 3y + 2z,x + y+22)  iv. T(x,y,2) = (3x+y+4z 2y + 62z, 52)

31 4
0 2 6
0 0 5

ordered basis {(1, 2, 3), (1,2, 0), (1,0, 0)}. Determine the eigen values, eigen vectors and eigen bases
for T.

Let T: R3 — R3 be a linear operator such that A = is a matrix of T with respect to

Answers

-1,1,2 2. 2,3,-2 3.
0, (=3,1,0); 1, (12, —4,—1); 0, (=3, 1, 0) 5.
2;(1,0,0) 7. 1;(0,0,1) 8.
2(1,0,0); —2(0, 1, 1); —4(0, 1, 1)

i. No eigen value; No eigen vector; No eigen bases
ii. Eigen values (—1, 4); Eigen vectors (-1, 1) and (2, 3); Eigen bases {(-1, 1), (2, 3)}
i. FEigen values (2, 3); Eigen bases {(1,0,0)}, {(1,1,-2)}

ii. Eigen value (1); Eigen bases {(1, 0, 0)}

iii. Eigen values (1, 2, 3); Eigen bases {(1,0,-1)}, {(2,-2,-1)} and {(1,-2,-1)}

iv. Eigen values (2, 3, 5); Eigen bases {(-1, 1, 0)}, {(1, 0,0)} and {(3, 2, 1)}

Eigen values (2, 3, 5); Eigen vectors (-1, 1, 0), (1,0, 0) and (3, 2, 1) respectively
Eigen bases {(-1, 1,0), (1,0, 0), (3,2, 1)}

a,b, ¢
1,(1,1,-1);2,(2,1,0)
_1(_31_1> 3); 2(0: 1) 0); 3(1: 1) 1)
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Properties Based on Transpose: Here we will write some results of transpose which are very useful in
finding the solutions of Numerical Problems and in the proof of theorems.

If A" and B’ denote the transpose of the matrices A and B respectively, then, following results holds:
i (A=A

ii. (kA)' =kA’, k being a scalar

iii. (A+B)'=A'+ B, A, Bbeing conformable for multiplication.

5.3 THEOREMS BASED ON SYMMETRIC AND SKEW-SYMMETRIC
(Anti-symmetric) MATRICES

In Unit 3, we already discussed the definition of symmetric and skew-symmetric matrices.
Here we will discuss some theorems based on them:
Theorem 1: The necessary and sufficient condition for a matrix A to be symmetric is that A = A'.
Proof: The condition is necessary.
Let A = [a;] be a n-rowed square symmetric matrix.
This means a;; = aj;; and A’ i.e. the transpose of A is also n-rowed square matrix.
Now (4, j)™ element of A’
= (j, i)™ element of A
Als symmetric = a;=a;Vi,j
= (4,j)" element of A
i A=A
The condition is sufficient
Here A=A
To prove: A is symmetric.
If A=A’, A must be n-rowed square matrix.
Also (4, j)th element of A = (4, j)™ element of A’ [ A=A"]
= (j, i)th element of A
A is symmetric.
Theorem 2: The necessary and sufficient condition for a matrix A to be skew-symmetric is that A" = —A.
Proof: Let A = [a;] be a n-rowed square skew-symmetric matrix. Then
a; = —aj;.
Since, ‘A’ is n-rowed square matrix, A’, —A are also n-rowed square matrices.
Now (4, j)th element of A’ = (j, i)™ element of (—-A)
Since ‘A’ is skew-symmetric = a;;=-a; Vi, j
= (4, 7)™ element of (—A)
= A= -A
Conversely; If A" = —A, then A must be a square matrix
Also (4, 7)™ element A = the negative of the (i, /) element of A’ [« -A'=A]
= the negative of (j, 1) element of A.
Hence A is a skew-symmetric matrix.
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Theorem 3: If A is a skew-symmetric and X is a column matrix, then show that X' AX is a null matrix.
Proof: Since A is a skew-symmetric matrix, then A’ = -A

Let A be a square matrix of order n and X be a column matrix of order n X 1. Now X' is a row matrix
of order 1 X n. Hence X' AX is a matrix of order 1 X 1.

Let X'AX=B (1)
Since B is of order 1 X 1, then B’ = B, and hence B is symmetric.

Now consider (X'AX)' =B

XAX)=B = XAX'=B

But X'=X,A'=-Aand B'=B

We have, X (-A)X=B

= —(X"AX)=B
= -B=B (From (1))

= 2B=0

B=0

= X'AX s a null matrix.

Theorem 4: Show that every square matrix can be uniquely expressed as the sum of two matrices, one
symmetric and other anti-symmetric.

Proof: Let A be a given square matrix then ‘A’ can be written as
1 1
=—(A+A)+ - (A-A
5 ( )+ ( )
= P+ Q (say)
1 1
where =3 (A+A"),Q= 5 (A-A")
Now we will show that P is a symmetric matrix and Q is a skew-symmetric matrix.

For this, let P = % (A+A) = % [(A") + (A")]
- Liaria
2
=lia+ar=p
2
. Pis symmetric.
1
Also Q= 3 [A-A"]
. oy
)
1 1
= - (A-A)=- - [A-A]
2 2

I
|
@)

Q is skew-symmetric
Thus, we expressed ‘A’ as the sum of symmetric and skew-symmetric matrix.
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To prove uniqueness:
Let A = R + S, where R is symmetric and S is skew-symmetric be another representation of A.

Now, A= (R+S) =R +8
~R-S {+ R=RS =-5]
l(A+A’):%[(R+S)+(R—S)]:R
R=P
l ,_l —_— — =
and S (A=A)= ~ [(R+9)-(R-9)] =S
5=Q

Hence the representation A = P + Q is unique.

SOME SOLVED EXAMPLES

—~

Example 5.16. If A = | 2
5

S W N

1
4|, then represent it as A = B + C, where B is symmetric and C is
5

skew-symmetric.

-1 7 1
Solution. We have, A= 2 3 4
L 0 5_
(-1 2 5]
On transposing, weget A'=| 7 3 0
| 1 4 5]
On adding A and A’, we get
(-2 9
A+A'=| 9 6 4 (1)
10
On subtracting A’ from A, we g_et
[0 5 —4
A-A'=|-5 0 4 -(2)
| 4 4
On adding (1) and (2), we have
(-2 9 6 0 5 —4
2A=| 9 6 4|+ -5 0 4
| 6 4 10 4 -4 0
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-1 92 3 0 52 -2
or A=192 3 2|+|-52 0 2
3 25 2 =2 0

= Symmetric + skew-symmetric

1 2 0
Example 5.17. Express | 3 7 1| as a sum of symmetric and skew-symmetric matrix.
5 9 3
(1 2 0]
Solution. Let, A=13 7 1
15 9 3]
(1 3 5]
On transposing, we have A'= |2 7 9
0 1 3
2 5 5
AddingAandA’, A+A'=|5 14 10 ..(1)
|5 10 6
On subtracting, A’ from A, we have
[0 -1 -5
A-A'=|1 0 -8 ..(2)
5 8 0
Adding (1) and (2), we get
2 5 5] [0 -1 -5
2A=1|5 14 10(+|1 0 -8
5 10 6] |5 8 0
1 52 52 0 12 -52
or A=|52 7 5|+|12 0 —4
52 5 3] |52 4 0

= Symmetric + skew-symmetric

Example 5.18. If ‘A’ is a skew-symmetric matrix of odd order, or even order, then by taking an example

prove that the determinant of ‘A’ is always ‘0’ or real number respectively:

0 2 3
Solution. (1) Let, A= | -2 0 4|,‘A’is odd order and skew-symmetric matrix, then
-3 4 0

|A|=0(0+16)-2(0+12) +3(8+0)
=0-24+24=0
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0 1

) O} i.e., ‘A’ is even order matrix and skew-symmetric, then

(2)IfA= {

|A|=0+1=11ie.,areal number.

HISTORY

Inner product had its genesis in notions of orthogonal function expansions, such as the Fourier Series.
Orthogonality of functions was observed first in connection with the classical Fourier Series.

So, inner product was a form on a single space. The notion of duality came decades later, only once
people found that they were forced to separate the dual from the space. In 1878, Forbenius introduced
the rank of matrix and used it in his definition of orthogonal matrices. Since that development, these
matrices have become the backbone of the leading fields such as, cryptography, computer science,
engineering, etc.

5.4 ORTHOGONAL MATRIX
A real square matrix A is called orthogonal if AA’'= A’A = 1.

5.4.1 Properties of Orthogonal Matrix
a.  IfAisan Orthogonal Matrix, then | A | = £ 1.

Proof: Since determinant remains unchanged by interchanging of rows and columns, | A" | =| A |.
Further by definition, if A is orthogonal, then AA’ =1

|AA" | =|1|

- |AJ[A"| =T

= |A]2=1

= |[Al=+1

Remark: If A is an orthogonal square matrix of order n, since | A | = * 1, then rank of A = n.

b. If A is an orthogonal matrix, then A~! exists and is equal to A'.
Proof: We know that if A and B are two matrices such that AB = BA = I, then B is called the inverse
of A and the necessary and the sufficient condition for A to have inverseis | A | #0

Asseenin (a) if A is orthogonal, then |A |=£ 10, .. A-lexists.
Further AA'=1, .. A1(AA)=A1.1
(A1 A) . A = A}
S IA"= A1
= A=Al

c.  IfA and B are two orthogonal square matrices of order n, then AB and BA are also orthogonal.
Proof: Since A and B are square matrices of order n. AB and BA are defined and are square matrices
of order n.
Since A, B are orthogonal,
|A|#0,|B|#0(=%1)and A-!, B! exists
Further, |AB|=|A||B|#0
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(AB)! exists.

Now (AB)'=PB'A’
Further (AB)' (AB) = B'A’ AB
=B'(A'A) B
=B IB=B'B=1
Hence (AB)' is the inverse of AB
AB is orthogonal.

Note: If A is an orthogonal matrix, then |A | =+ 1
If | A| =1, then A is called proper orthogonal matrix.

Remark: Numerical analysis takes advantage of many of the properties of orthogonal matrices
for numerical linear algebra. For example, it is often desirable to compute an orthonormal basis for
an inner product space, or an orthogonal change of bases; both take the form of orthogonal matrices.

SOME SOLVED EXAMPLES

1 2 2
Example 5.19. Verify thatAzé 2 1 =2 isorthogonal.
|2 2 -1
12 2]
Solution. Here A= 1 2 1 =2
3_—2 2 -1
1 2 2]
=2 1 2
3
L _2 _1_
(12 2][1 2 -2
and Aar=1 2 1 2|2 1 2
|2 2 1|2 2 1
9 0 0 1 00
_ 1 09 0|=/0 1 0|=1I
? 00 9 0 0 1
Hence ‘A’ is an orthogonal matrix.
0 2B vy
Example 5.20. Determine the values of o, B, y when | oo~ B —7 | is orthogonal.
a B v
0 2B vy
Solution. Let A=|la B -y

a -B v
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On transposing A, we have

0 a «o
A=128 B -B
LY Y v
If A is orthogonal, then AA" =T
[0 28 v][ 0 o al [1 0 O
AA=|a B —y[l2B B -Bl=[0 1 0
Lo B vjLy -y v] [0 01
f0+4p2+y2 0+28—y* 0-28+y*| 1 0 o
=10+2B°—y* o +Pr+y A -PP-v*|=[0 1 0
0-22+7% ol —BF—7> ol +pE 4y’ 0 0 1
= B2+ y2=1 (1)
v
and 2p2+y2=0 = [32:7 (2)
2 2
(1) = 4. 77 +12=1 (Puttingﬁz =Y7J
1
or 22 +y2=1 = 32=1 = y=+f —
NG
Al Br= - (from(2) = p=t
SO == (from = pf=t+t—=
6 J6
Also, we have or=1-p2-v2 [ o2+ B2+y2=1]
6 3
wr= 6-1-2_1
6 2
= oc—+L
2
-8 1 4
1
Example 5.21. IfA = 5 4 4 7|, provethat Al = A, A" being the transpose of A.
-8 4
-8 1 4 -8 4 1
Solution.Wehave,AZ% 4 4 7 ,andA'Zé 1 4 -8]|,then
1 -8 4 4 7 4
-8 411-8 4 1
AA'—i 4 7 1 -8
81
-8 4 4
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[ 64+1+16
= —|-32+4+28
| 8-8+16
81 0 0

=—|0 81 0|=

81

0 0 8l

AA'=] = A =A"l
2 -3 1

Example 5.22. Is the matrix A= | 4 3
-3 19

2 4 -3

Solution. Transpose of AisA'=|-3 3 1

1 1 9

Consider

[ 4+16+9
=|-6+12-3
| 2+4-27
(29 3
= 319
21 9

=21

I 83
So, matrix A is not orthogonal.

cos® 0

Example 5.23. Is the matrix A= | 0 1 0

—sin® 0

cos® 0

Solution. The transpose matrix A'=| 0 1

sin® 0
(cos® 0 —sin®

SO, A'A= 0 1 0

—-6+12-3
9+9+1
-3+3+4+9

—-32+4+28
16 +16 +49
4-32+28
1 00
01 0
0 0 1

1| orthogonal?

2 =3 1
-3 3 1|x| 4 3 1
-3 19

9| #1

sin 0
orthogonal?

cos 6

—sin 6
0

cos 0

cosO 0

X 0

-8-8+16
4-32+28
1+64+16

2+4-27
-3+3+9
1+1+81

sin O
0

[sin® 0 cosO —sin® 0 cosO

0+0+0
0+1+0

cos>0+0+sin’0
0+0+0

cos 0sin 6 —cos Bsin O
0+0+0

sin? 0+ 0+ cos? 0

[cosOsinO—cosOsin® 0+0+0
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1 00
=101 0|71
0 01
Hence the given matrix is orthogonal.
EXERCISE 5.2
21 3 L
1. IfA= L ) O} and B= |0 2|, then find (AB)'. Hence verify also (AB)' = B'A’.
5 0
31 -
2. IfA= L) ) 2} , then show that AA" and A’A are both symmetric matrices.

3. If A and B are symmetric matrices, then show that AB — BA is a skew-symmetric matrix.
4. Express the matrix ‘A’ given below as the sum of a symmetric and a skew-symmetric matrix.

1 2 4
A=1]-2 5 3
-1 6 3
5. Prove that the following matrix is orthogonal and hence find A-1.
-2 1 2
A= 1 2 21
3
1 -2 2
13 23 a
6. IfA=|23 13 b isorthogonal, finda,bandc.
23 =213 ¢
7. Check the given matrix is orthogonal or not?
(-8 1 4]
A=1| 4 4 7
| 1 -8 4]
8. Is the following matrix orthogonal?
[ 2 2 1]
A=|-2 1 2
|1 2 2
9. Prove that the following matrices are orthogonal and hence find A-! also.
1 V21 s o B3 3 1 NI
. —=[V2 2 0 i L, 4 i, — 3
J6 5 N3 2
2 1 3 NN NG 0 0
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a b ¢
10. If3A=|=2 1 2| andif A is orthogonal, find g, b, c.
1 -2 2
3 -2 6
11. Expressthe matrix A=|2 7 —1| asthe sum of a symmetric and a skew symmetric matrix.
5 4 0
12. Check whether the following matrices are proper orthogonal or improper orthogonal:
35 45 ~[1213 513 35
i ii. il.
4/5 =315 -5/13 1213 1 2
Answers

[17 4}
1.
0 =2

1 0 32 0 2 52
4. Symmetricmatrix=| 0 5 9/2 |; Skew-symmetric matrix=| -2 0 -3/2
32 92 3 —52 32 0
o 2 2 1
5. A'is the inverse of A 6. g=*+="b=t= c=%+—
3 3 3
7. No 8. No
NN 0 2 2 310
1 1 1
9. 1. ﬁ 1 -2 1 ii. T \/5 1 —\E 111 5 -1 \/5
6
NERE N V31 W2 0 0
10. a=2,b=2,c=1
30 112 0 -2 12
11. Symmetric Matrix=| ¢ 7 312 | ; skew-symmetric Matrix = 2 0 52
112 32 0 -12 52 0
12. i. Improper ii. Proper iii. Not Orthogonal

5.5 DIAGONALIZATION OF LINEAR OPERATOR

Consider a linear operator T: V — V. Then T is said to be diagonalizable if it can be represented by a
diagonal matrix D. Thus, T is diagonalizable if and only if there exists a basis B of V such that matrix of
T with respect to B is a diagonal matrix D.
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5.5.1 Diagonalization of Matrices

Let xy, x,, ..., X,, be the eigen vectors of a square matrix A, corresponding to the eigen values A, A, ..., A,
respectively, then
Ax; = Aix;,
Denote by ‘B’ the square matrix whose columns are x;, x, ..., x,,. For bravity, we shall write P as [x;,
X3, .or X,), then
AP = Alx; x5 ... x,]
= [Ax| Ax; ... Ax,,]
=[x Aoy o Apx,]

=PD
[This step can be verified by writing P and D as full and multiplying]
A 0 .00
0 A . O
where D=
0 0 .. A,
This gives P1AP=D

This method fails when ‘%’ linearly independent eigen vectors do not exist for A. Such matrices are
not diagonalizable.

When # linearly independent eigen vectors exist, P is non-singular and P-! AP is a diagonal matrix
with eigen values as its diagonal elements.

The matrix P which is used to diagonalize the matrix A is called the modal matrix of A and the
diagonal matrix thus obtained is known as spectral matrix of A.

Two matrices A and C are said to be similar if there is a non-singular matrix B such that
C=B1AB

Evidently, a diagonalizable matrix A is similar to a diagonal matrix D.

Note: Similar matrices have the same eigen values.

INTERESTING FACTS

1. It simplifies significantly certain computations. However, the first use of diagonalization can
be seen in Markov processes, where the power of some square matrix are used extensively and
Markov processes are really rich in applications, such as
e Market

e Weather forecasting

e Genetics
e Diffusion of gasses
e The most famous one is probably Google’s page ranking algorithm.

2. It is also use in Mechanics, for example, a way to find principal axes of inertia (with tensor of
inertia being the diagonalized matrix).

3. One other thing is finding normal modes of an oscillating system (which requires simultaneous
diagonalization of two matrices of kinetic and potential energy
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VIDEO REFERENCES

Eigenvalues & Method to Find
Eigenvectors Eigenvalues and
Eigenvectors,
Diagonalization
of Matrices

APPLICATIONS TO REAL LIFE

e One important use of diagonalisation is for computing higher powers of matrix efficiently.
If A= M! DM, then A" = M~ D" M
The above property makes it easy to compute higher powers of matrix A, since computing D" is
much more easy as compared with computing A"

SOME SOLVED EXAMPLES

-1 2 =2
Example 5.24. Diagonalize A=| 1 2 1| and obtain the modal matrix.
-1 -1 0
Solution. The characteristic equation of the given matrixis | A—AI| =0
-1-A 2 -2
1 2-A 1 1]=0

-1 -1 A
(-1-A) [-A2-X) + 1] =2[-A+ 1] -2[-1+2-A] =0
(-1=A) [A2=2A+ 1] =2[-A+ 1] 2[-A+1] =0
(-1-2) (1-1)2-4(1-A)=0
0
0
1

[

—

(1-2)[(-1-2) (1-2)-4] =
(1-2) A*=5)=

U e udl

Now, we find the eigenvectors corresponding to these eigen values.
X

For A =1,let X; = | 1 | be an eigen vector such that

21
AX1:7\.X1
- (A=ADX, = 0
-2 2 2% To
1 1 1{nl=lo
-1 -1 -1z ]| o
—le + 2}/1 —221 =0 = —X3 +y1 —-Z1= 0 (1)
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xl +)/1 + Zl = O ...(2)
—xl—yl—zlzo = x1+y1+2120
M+Q@2)= 2)=0 = »n=0
From (2) x-21=0 = —x =2
Take z1=-1, = x =1
X1: 0
-1
X

For A = \/5,let X, = | ¥, | be an eigenvector such that

)
[A=+/51] X,=0
-1-6 2 -2 |[x, 0
1o2-v5 1 flyn|=o
-1 -1 0-5|L% 0
(_1_\/5) XZ+2y2—222: 0 ...(3)
x2+ (2—\/§)y2+22: 0 ...(4)
-y, /52,=0 ...(5)
(4)+(5)= (1—-5)y, +1-5)z, =0 ..(6)
= V2= "%
Take z; = 1, then y,=-1
From (5) X, =y, + \/gzz =-1+45
= Xy = 1- \/g
1-5
X,=| -1
1
X3

For A = — /5, let X3 = | y; | be an eigenvector such that

Z3
—1+5 2 =2 [, 0
1 2+45 1 ||lpsl=1o
-1 -1 0+5 (L% 0

(~14~/5) x3 + 23— 22, = 0 A7)
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X3 + (2+\/§)y3 +Z3 =0 (8)
—x3—y3+ 52;=0 ...(9)
®)+ )= (1+\/§))’3+(1+\/§)Z3:0
= V3= 23
Take z3 = 1,y3 =_1
From (9) —X3=}/3—\/§Z3
= —x;=-1-4/5
1++/5
X3: _1
1
1 1—\/5 1+\/§
Modal matrix P= | 0 -1 -1
11 1
|P|=-2{5
0 1 7 0 25 25
p—l:(;\/g) W5 245 —2+45 =(21\/§) 1 2+45 1
245 1 -1 -1 —2+45 -1
0 -1 -1 ]
-l -1 1 -1
=125 V5 2 25
11 11
[12v5 5 2 245
P1AP=D
o -1 -1
I e O U N A 1-v5 1++5
jnd = - ——— —
25 5 2 20501 2 1ljo -1 -1
11 1 1 |[-1 -1 off-1 1 1
125 5 2 245

1 —5-25 —1|| 1 1-5 1445 1 0 0
=12 25 20 -1 -1 |=]o0 5 ol
-1 5-25 1|71 1 1 0 0 —5
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2 1
Example 5.25. Show that the matrix A = [ 0 2} is not diagonalizable over the field C.
21
Solution. Given A=
0 2
Corresponding characteristic equationis | A—AI | =0
2-% 1
- 0 2-2 "
= A=2,2

Thus the only distinct eigen value is 2

x
IfX= L’} be the corresponding eigen vector, then

AX =X
or [A-A]X=0
For A =2, [A-2I1X=0
0 1]||x 0
ool

= Ox+y=0 = y=0

1
0

Thus the given square matrix A has only one linearly independent eigen vector.

Takingx=1,y=0,X = { } is the only eigen vector corresponding to A = 2.

So the given square matrix A is not diagonalizable.
[For the given matrix A to be diagonalizable, it must have 2 linearly independent eigen vectors]

6 -2 2
Example 5.26. Show that the matrix A= | —2 3 —1| is diagonalizable.
2 -1 3

Solution. First we will find the eigen values and eigen vectors in the same manner as we have done
in Example 5.4 on page no. 332.
After that, to check for diagonalizability.
Since, the given matrix A has 3 linearly independent eigen vectors.
So the given matrix is diagonalizable.
1 0 -1
Example 5.27. Check the diagonalizability of the given matrix A= |1 2 1],
2 2 3
Solution. Proceeding in a similar way as in Example 5.5 on page no. 334.
Then, to check for diagonalization
Since the given matrix A has 3 linearly independent eigen vectors.
So the given matrix is diagonalizable,
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Example 5.28. For the linear operator T : R? — R? given by T(x, y) = (=5x + 2y, 2x — 2y). Check the
diagonalizability of T?
Solution. Given T(x, y) = (-5x + 2y, 2x — 2y)
-5 2
Matrix associated with standard basis of R2is A = [ ) _2}
Now proceed in a similar way as in Example 5.6 on page no. 335.
After that, since T has 2 linearly independent eigen vectors.
So T'is diagonalizable.
[Inasimilar way,students can practice many more questions based on the concept of diagonalizability]

EXERCISE 5.3
1.  Show that the given matrices are diagonalizable:
31 4 2 21
L. A=|0 2 6 i. A=|1 3 1
0 0 5 1 2 2
7 0 -3
2. Show that the given matrix A= | -9 -2 3| is not diagonalizable.
18 0 -8
2 2
3. Check the diagonalizability of A = 5 1|
-2 2 3
4. Whether the given matrix A = | 2 1 =6 is diagonalizable or not? Support your answer by
. -1 =2 0
giving proper reason.
Answers

3. Diagonalizable
4. Yes, Diagonalisable, as A.M. of each eigen value = G.M. of each eigen value.

5.6 INNER PRODUCT SPACE

A vector space together with an inner product defined on it is called an inner product space.
— -
The inner product of two vectors # and v is denoted as <u, v> or (u, v)
- -
We know that scalar product of two vector # and v in R”. In a similar way, we can define an inner
- -
product of two-column vectors # and v as

<u,v>=ul.v
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- -
This definition can be extended to general real vector spaces by taking basic property of u , v
Let u and v be two column vectors over the real field R

X N

u=|x, | andv=|y,

Xn Yn

uly

then <u, v>

¥4
= (X1, X35 s %) | ¥,

yn
= (X1 +x202 + o F X0)
It is called the standard inner product for R".
Definition: Let V be a vector space over the field F. Let a, b € F be arbitrary scalars and u, v,w € V
are arbitrary vectors. The vector space V'is called an inner product space if there exist a function.

<, > V x V— F satisfying the following axioms
l.<u,v>=< v,_u >, i.e., complex conjugate of (v, u)
2.<u,u>>0and <u,u>=01iff u=0.
3.<autbv,w>=a<u,w>+b<v,w>
The function <, > satisfying properties (1), (2), (3) is called an inner product on V.

Remarks: 1. A real inner product space is called Euclidean space and a complex inner product
space is called unitary space.
2. If F = R (Field becomes Real), then axiom. (1) simply states that
_<u, v>= <v, u> (symmetric property)
3. Since <u, v>= <V, u>

L <u,u>= <uU,U>
which shows that <u, > is a real number and so axiom (2) makes sense.

5.6.1 Properties of Inner Product Space
Let V' be an inner product space. Show that if a, b, c € F are arbitrary scalars and u, v, w € V are arbitrary
vectors, then following are true:

L. <au,v>=a<u,v>

. <u,av>=a <u,v>

1ii. <u,bv+cw>=5<u,v>+?<u,w>

v. <o,v>=0

V. <u,v>=0VveV=u=0

Solution: i. We know that for an inner product space,

<au + bv, w>=a <u, w> + b <v, w>
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Puttingb=01in (1)

We get,
<au, w> = a <u, w> + 0 <y, w>
=a<u,w>
<au, v> = a <u, v>
il. <y au> = <au,v >
= la<u,v>]
=a<u,v>
= a<v,u>
Interchanging u and v, we get
<u,av>= a<u, v>
1il. <u, bv+cw> = <bv+cw,u>
=[b<v,u>+c<w,u>|
=b<v,u>+c<w,u>
=b <u,v>+ ¢ <u,w>
iv. <0,v>=0
(Students can try it)
V. <u,v>=0VveV
or <u,u>=0
= u=0

5.6.2 Length (Norm) of a Vector
Let V be an inner product space. For any vector v € V, the norm of v is defined as ,/<v,v> and is

denoted as || v ||

ie., [|[v]||= J<vsv>

...(1) [by axiom (3)]

(By axiom (1))

(By axiom (1))

(By taking v = u)
(using axiom (2))

Remark: 1. A vector of norm 1 is called a unit vector
2. The distance between the vectors u and v is denoted by d(u, v) and is defined as
d(u,v) =||u—v||

SOME SOLVED EXAMPLES

1 2
Example 5.29. Let u= | 2 | and v = | —1| be two column vectors. Find their inner product and length
3 1

of each vector.
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1 2
Solution. Given u=1|2|andv=|-1],
3 1
then <u, v> = uly
2
=[123]|-1
1

=1 @) +(2) -1 +03) (1)
= 3 (inner product of © and v)
and lull= J<uwu>
= [| 2= <u, u>
=ul. u
1
=[123]]|2
3
=M@ +(2)(2)+3)3)
—1+449=14
then lull= Vi
and [|v]| = J<v,v>
or [|v]]2=<v,v>
=Ty
2
=[2-11]|-1
1
=2)2Q)+ =) )+ (D) (1)=4+1+1=6
= Ivil= 6
Example 5.30. Suppose V(R) is a vector space of all polynomials over the unit interval 0 <t < 1. If f(1),
g(t) € Vand inner product on V is defined by <f(t), g(t)> = Iol f(t) gt)dt, then find <f, g> and || g ||, if

flt) =2 +t—4andg(t) =t- 1.
Solution. Given

<fi,g0>= [ f©)g)dt

L)
then, IO t"+t—-4)(t-1)dt

1 3
-[o(t — 5t +4)dt
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Also, lgll>=<g &>
1
jo g(t). g(t) dt

1
- Io(t—l)zdt

-1 [

3

0

1

3
1

V3

Example 5.31. Let V be a vector space over C of all complex valued continuous functions on the interval

Thus, llgll=

[a, B]. Define the inner product on V as <f(t), g(t)> = Iff(t) . @dt . Prove that V is an inner product

space.
Solution.i. Given,

<0, 50> = |1 f0). gy e

We can write it as,
00> = | [l 0]
= Ingt)~f(t)dt

=[50y g0 de

Thus, <flr) . g(r)>= <g(t). f(t)>
ii. Also <f0), flt)> = jj £0). F@ dt

= [irop a

and <f(0), fli)> = 0iff | A2 =0
iff| fit) [ =0
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iii. Now, <a f(t) + bg(t), h(t)>
[ taf()+ bg()) o)

j fO)h dt+bj g(t) h(t) dt

= a <f(t), h(t)> + b <g(t), h(t)>
Thus, Vis an inner product space

Remark: If V'is the vector space of all continuous real valued functions, then the above definition

takes the form <f(¢), g(#)> = Is () g(t)dt.

Some important theorems whose results are used in many places and students must know these
when they are studying the topic Inner Product space.

1. Cauchy’s Schwarz’s Inequality
Statement: Let V be an inner product space. Then | <u, v> [ < || u || || v||V u,v €V
Proof. If u=0,then <u,v>=<0,y>=0

and [|u]|= <u,u>=<0,0> =0

Similarly, the inequality is valid, when v = 0.
Let u#0,then || u || #0, as

[[u][=0 = <0,0>=0

= <u,u>=0 = u=0
Let w=v- <v,—uju (1)
|| ]
<v,u>u
Then <wyu>=<| V-————,u |>
[[]]
<v,u>u
=<ru>-< o ,u>
( [[]] j
<v,u>
=<y, u>— — <u, u> [« <au,v>=a<u,v>]
[[ul]
= <vu>— 2By
|| ul
=<y, u>—-<v,u>
<w,u>=0 ..(2)
< >
Also [|w?= <W,W>=<(V—W,WJ>
u
<V, US<UW >
= <V,Ww>—-——

[l
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<v,u>
= <v,w>— [l <w,u>
u
<vu> —
S [By (2)]
[l
=<, w>—-0=<v,w>
<v,u>
= <vy- 2R [By (1)]
[l
VU
= <v,v> Tl <v,u>
u
<v,u>
= Jlvjp - L= e Za=|ef)
[l
Now [|wl]>>0
||V||2||u||2—|2<1’»u>|220
[lu]]
= [[ulPlvIP-]<uv>}=0
= | ullllv]=]<uv>] [By taking square root an both sides]
or | <w,v>|<[lull][v]

Remark: Let u = (a;, a,) and v = (by, b,) be arbitrary members of C2.

Define <u,v>=u.v= a;b, + a,b,
It is an inner product space on C2.

2. Triangle Inequality
Statement: Let V be an inner product space. Then || u+ v || < || u ]| +]|| v]].
Proof: We know,
|u+v|P=<u+v,u+v>
=<u,ut+tv>+<v,u+v>
= <u, u>+ <u, v> + <v, u>+ <v, v>
= | u|]+<u,v>+ <u,v> + || v|]?
=||u||2+ || v||* + 2Re <u, v> where Re <u, v> = real part of <u, v>
SulP+vIE+2ullllv]] [ Re<u,v><|<u,v>|
and | <u,v> | <[l ][] ]I
<lull+ v
or lutviP<0lull+]vI]}
Thus lu+vil<|lull+[[v]
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5.6.3 Orthogonal Vectors (Perpendicular Vector)
Let V be an inner product space. A vector u € V is said to be orthogonal to v € V'if
<u,v>=0

5.6.4 Orthonormal Vectors

Two vectors u and v of an inner product space V are said to be orthonormal if
. <u,v>=0
ii. The norm of each vector u and v is 1.

Remarks:i. 0L uVueV
. uluiffu=0,whereueV
. ulv = vliuforu,veV

iv. ulv = owulvforanyscalaro € Fandu,v e V.

SOME SOLVED EXAMPLES

Example 5.32. If the vectors u; = (1, 24, i), u, = (0, 1 + 14, 1), u3 = (2, 1 —i, 1) € C, then
i.  find the norm (length) of each vector u;.

ii. show that the vector v = (1 —i, -1, 1 —1i) is orthogonal to both u; and u,.

iii. obtain a vector which is orthogonal to both u; and u;.

Solution. i. The norm of vector u; is given by

|y || = J<up, > =) () + i) (=20) + (i) (i)
- V6

|1 || = <ty > =JO+ (1 +i) (1—1)+ (1) (1)
-5

| us || = <tz 5> =/2) )+ A=) 1 +1) + () (i)
=7

[+ 1. InCifu=(a,b,c),then <u,u>= aa+bb+cc ]
ii. The vector vis orthogonal to u, and u, if <v, u;> = 0 and <v, u,> = 0.

Now, <y, up> = (1-1) (1) + (=1) (=21) + (1 —1) (—i)
=1-i+2i-i-1=0
Also < u>=0 (Student can check)
iii. Let u=(a, b, c) be a vector which is orthogonal to both u; and u;.
= <u, u;>=0,<u,u3>=0

=  a(l)+b(=2i)+c(-i)=0
and a(2) +b(1 +1) +c(-1) =0
or a-2ib—ic=0 (1)
and 2a+ (1+i)b—ic=0 ..(2)
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Solving (1) and (2), we get
a b c

3+i - 145
Thus, the vector orthogonal to both u; and w3 is u = (=3 + i, —i, 1 + 5i).]
Example 5.33. Let u = (1,2, -1),v= (2, 1,4) and w = (3, =2, —1) in R3, then
i.  show that they form an orthogonal set under the standard Euclidean inner product space for R3 but
not an orthonormal set.

ii. convert them into a set of vectors that will form an orthonormal set of vectors under the standard
Euclidean inner product space for R3.

Solution.i. Givenu=(1,2,-1),v=(2,1,4),w=(3,-2,-1), then
<u,v>= (1) (2) +(2) (1) + (-1) (4)

0

(2) (3)+ (1) (=2) + (4) (=1)

0

Also, | = Ji+4+1=6=1

Hence the given vectors does not form an othonormal set.

LN u 1,2,-1) (1 2 —1j
11. ow, = = —=,—=,—
Nul|  Ji+4+1 \J6 V6 6

and <y, w> =

and v _ (214 _[ 2 1 4 j
vl Ja+1+16 \N21 V21 V21
W (3,—2,—1)_( 3 2

-1
V147 V14 x/ﬁj

and

lwl  Jo+a+1

Therefore, the set of orthonormal vectors are
(L 2 —_lj (L e ij and (i 2 —_lj.
NN AN A TN TN V147147 V14

5.7 GRAM-SCHMIDT ORTHOGONALIZATION PROCESS

Statement: Every finite dimensional inner product space has an orthonormal basis.
Proof: Let V(F) be an inner product space of dimension #.
Let S = {u,, uy, ... u,} be a basis of V.

Since every orthonormal set is linearly independent and dim V' = n, it is enough to construct an
orthogonal basis of V.

Now, S being a basis is linearly independent.
u;#0fori=1,2,..,n
<y, v, >V,

[EAly

Now v, =0

Let v, = uy. Define v, = u, —
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[~ v=u]

{ vi=ul

[ <u1, u1>:||u1 ||2]

<y, V>V )
= U, = Lzl = scalar multiple of v,
[, ]
or u, = scalar multiple of u,
= (uy, u,) is linearly dependent
which is a contradiction, as {u,, u,} being a subset of a linearly independent set S is linearly
independent.
Thus v, # 0
<y, V>V
Then <V2, V1> = <M2— — 2177 5 1 ,V1>
vl
<y, U > U
ST L KL SN
[l ]
<y, uy >
= <u2, u1> - 2 <M1, M1>
[l |
= <V2, V1> - <M2, M1>—<1/l2, u1>
=0

= v, is orthogonal to v; and so (v, v,) is an orthogonal set.
<y, V>V <y, V>V,

Define V3= Uz —
2 2
vl V2 I
2
= Us— Z 2
o il
Again v3#0asv;=0 = {uy, uy, u3) is linearly dependent.
But {u;, u,, u3} being a subset of linearly independent set S is linearly independent.
< >
Then <v3, V1> = <z — <u3’V1§V1 - ”3"’221/2 » V1>
vl V2l
SUz V> <V, V> <Uz, V> <Vy, V>
= <uy vy> — 2N pY1> SUs Y 2"

[EAly

= <us, V> —<uz, 1>—-0=0 [~

In a similar way, we note that

<V3, V2> =0= <V3, V1>

Thus <vp V> #0 wherei#jandi,j=1,2,3
In this way, we can construct an orthogonal set {v;, v, ...
V.
Take, wy= —1
[lvi

Then {w;, w,, ..., w,} is an orthonormal set of vectors in V.

v, 1P

<v,vi> = || v ||? and <v,, v;> = 0]

v,} of n vectors.

Since an orthonormal set of vectors in an inner product space is a linearly independent set, so {w;,
Wy, ..., W} is linearly independent. Also dim V = n, thus {wy, w,, ..., w,,} forms an orthonormal basis of V.
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SOME SOLVED EXAMPLES

Example 5.34. Use the Gram-Schmidt orthogonalization process to transform the basis of R? generated
byu,=(1,1,1),u,=(-1,1,0) andus = (1,2, 1)
i into an orthogonal basis (v, v,, v3).
il. into an orthonormal basis (w;, w,, W3).
Solution. Let u; = (1,1, 1), u, = (-1,1,0) and u3 = (1, 2, 1), then
2= 3, s [P =2, s [P = 6

and <uy, V> = 0, <uz, ;> =4 and <usz, u,> =1
Define vi=u =(1,1,1)
<Uy, V>V
AL L
vl

Vz = uz = (—1, 1, 0)

<Usy Vo>V
Also, vy =y - —2 o 12 1 _—<u3,vzjv2
vl v |l
4 U,
T3
- ann-Liuno
- bl b 3 b b 2 b b

Hence the orthogonal basis is {(1, L1),(-1,1,0), (l l,—lj}

66 3
ii. v ll=lwmll=3

Ivall=llull= 2

| vsll = <V3»V3

Thus orthonormal basis {w,, w,, ws}

111
{ 2] , Va , V3 }: (1,1,1) (-1,1,0) \6’ 6" 3
v [l v [l [ vs 5 R e

Example 5.35. Let V be a vector space over R of polynomials in R[x] of degree < 2. Define an inner

product on V as <f(x), g(x)> = Jolf(x) g(x) dx.

If {1, x, x2} is a basis of 'V, find an orthonormal basis of V over R.
Solution. Here {1, x, x2} is a basis of V.

Let up =1, uy = x, Uz = x?
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We apply Gram-Schmidt orthogonalization process to obtain an orthonormal basis of V over R.

Now,

Similarly,

and

Take

Similarly,

Thus,

1
|y |2 = <uy, uy> = Iol.ldx

= [x]p =1

1
|| uy ||? = <ug, uy> = on.xdx

|| us |2 = <us, uz>

1 5 ! 1
I x* . xPdx= X2
0 5 5

Vi=1u
V)= uz_—<u2,u1>Vl
[l P
1
IO x.ldx}l
= x_
1
r 1
x? 1
= X—|— =xX——
L 2} 2
||V2||2: <V2,V2>

Il
—
[SI—

VO
=

|

N | =

N—

VR
=

|

l\)lr—ﬂ

N—
INW
=

Il
—
(SR

7~ N\
x
)
|
*
+
\alloy
&

_1
12
V3 = M3—<u3’u1>vl_<u3’u2>vz
2 2
vl v, |l
L > L) 1 1
x“ | x——|dx || x——
) Dox.ldx]l DO ( 2) }( 2]
= x" - _
1 112
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5 4 33 3 2 36 180
4 V3
Putw, = —1— w, =—2 ws =
[[vy ] [, |l Ilvs ]

Hence, the required orthonormal basis is

i i sl

EXERCISE 5.4

Obtain an orthonormal basis with respect to standard inner product for the subspace of R3 generated
by (1,0, 1), (1,0,-1) and (0, 3, 4).

2 5
Show that the vectors | 4 | and | —4 | are orthogonal.
3 2

Let V be a vector space over R of polynomials in R[x] of degree < 2. Define an inner product on V

as <f(x), g(x)> = J-_ll f(x) g(x)dx

Where f(x), g(x) € V. Find an orthogonal basis of V by using Gram-Schmidt orthogonalization
process.
Construct an orthonormal set of vectors from the set u; = (1,2, 1), u, = (2, 1,4) and u3= (4, 5, 6)
Find the value of k so that the following expression form an inner product.
(4, v) = uyvy = 3uyvy — 3uyv + ku,v,
where u = (uy,v) and v = (u,, 1,) in R?
Obtain a vector V = (x, y, z) € R3 so that V is perpendicular to (1, 0, 0) as well as (-1, 2, 0) with
respect to the standard inner product.
Letu=(1+1414-1),v=(1+2i,1—1,2i), find <u, v> and <v, u>.
Is <u, v> equal to <v, u>? Also verify:
L. <u,v>= <v,_u> . <u, v>+ <v, u> = 2Re <u, v>
i <u, v>—<v,u>=2Im <u, v>

Answers

,(%,0, %} (010)} {ﬁ,\gx,\/gaxz—l)}
3

1
2
# % Ee s TR

>9 6. (0,0,2),ze R 7. <u,v>=242iL,<v,u>=2-2i
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INTERESTING FACTS

e Deriving Special Relativity is more natural in the language of linear algebra. In fact, Einstein’s
second postulate really states that “Light is an eigenvector of the Lorentz transform.” This document
goes over the full derivation in detail. https://people.math.rochester.edu/faculty/chaessig/students/
Adams(S10).pdf

o Spectral Clustering. Whether it’s in plants and biology, medical imaging, business and marketing,
understanding the connections between fields on Facebook, or even criminology, clustering is an
extremely important part of modern data analysis. It allows people to find important subsystems
or patterns inside noisy data sets. One such method is spectral clustering which uses the eigenvalues
of a the graph of a network. Even the eigenvector of the second smallest eigenvalue of the Laplacian
matrix allows us to find the two largest clusters in a network.

¢ Dimensionality Reduction/PCA. The principal components correspond the largest eigenvalues of
A’ A and this yields the least squared projection onto a smaller dimensional hyperplane, and the
eigenvectors become the axes of the hyperplane. Dimensionality reduction is extremely useful in
machine learning and data analysis as it allows one to understand where most of the variation in
the data comes from.

e Low rank factorization for collaborative prediction. Netflix does the prediction what rating
you’ll have for a movie you have not yet watched. It uses the SVD, and throws away the smallest
eigenvalues of A'A.

o The Google Page Rank algorithm. The largest eigenvector of the graph of the internet shows how
the pages are ranked.

VIDEO REFERENCES

Inner Product and Gram Schmidt
Orthogonality Orthogonalization

APPLICATIONS TO REAL LIFE

o Thebasicreproduction number (R) is a fundamental number in the study of how infectious diseases
spread. If one infectious person is put into a population of completely susceptible people, then R,
is the average number of people that one typical infectious person will infect. The generation time
of an infection is the time, G, from one person becoming infected to the next person becoming
infected. In a heterogeneous population, the next generation matrix defines how many people in
the population will become infected after timetGhas passed. R, is then the largest eigenvalue of the
next generation matrix. That is how transmissibility of corona virus is being calculated.

e In image processing, processed images of faces can be seen as vectors whose components are
the brightnesses of each pixel. The dimension of this vector space is the number of pixels. The
eigenvectors of the covariance matrix associated with a large set of normalized pictures of faces
are called eigenfaces; this is an example of principal component analysis. They are very useful for
expressing any face image as a linear combination of some of them. In the facial recognition branch
of biometrics, eigenfaces provide a means of applying data compression to faces for identification
purposes. Research related to eigen vision systems determining hand gestures has also been made.
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Fig. 5.1

e Similar to this concept, eigenvoices represent the general direction of variability in human
pronunciations of a particular utterance, such as a word in a language. Based on a linear combination
of such eigenvoices, a new voice pronunciation of the word can be constructed. These concepts have
been found useful in automatic speech recognition systems for speaker adaptation.

SUBJECTIVE SOLVED QUESTIONS

Example 1. Consider 5 X 5 matrix A =

(HOTS)

(1 2 3 4 5
5 1 2 3 4
4 5 1 2 3.
3 45 1 2
2 3 4 5 1

It is given that A has only one real eigen value, then find that real eigen value of A.

Solution. Characteristic equation is

N W U
w ul
—
I
>
[\

|[A-AI]|=0
5
4
3 0
2
1-A
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Operating Ry > Ry + Ry + R3 + Ry + R;

15-% 15-4 15-4 15— 15-2
5 1-& 2 3 4
4 5 1-:x 2 3 | =0
3 4 5 1-2 2
2 3 4 5 1-A

Now, taking common
1 1 1 1

4 5 1-A
3 4 5 1-A
(15-2) .| Matrix | = 0
= 15-2=0
= A=15
15 is real eigen value of A.

1
5 4
(I15-2) 4 5 1-A 2 31=0
3 2
2

Another approach
If sum of all rows or columns are same then that sum will be the eigen value of matrix.
In matrix A, Sum of all rows = 15
15 is a real eigen value of A.

-5 -3 10
Example 2. Given that A = { 5 0} and I = L) J then what is the value of A3,

-5 -3 1 0
Solution. Given, A = 20 and [ =

Characteristic equation is

-5-L 3
|A-AI|= 0—%‘:0
= (-5=A) (M) +6=0
= 5A+A2+6=0
= AM+5L+6=0

Since, every matrix satisfies its characteristic equation (Cayley-Hamilton Theorem)
. A2+5A+6I=0
= A?=-5A-6I (1)

Multiply by A on both sides, we have,
A3 = -5A2-6AI

A3 = —5(=5A —6I) — 6AI (from (1))
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A3 =25A+30] - 6AI
A3=19 + 301
Example 3. A real 4 X 4 matrix A satisfies the equation A2 = I, where I is 4 X 4 identity matrix. Find
the positive eigen value of A.
Solution. Since A satisfies the equation A2 =1
A is involutary matrix and eigen values of involutary matrix are + 1
So, positive eigen value of A = 1.

a -b
Example 4. Consider the matrix A = L’ a} , where a and b are real number and b # 0

a.  Find all eigen values of A

b.  For each eigen value of A, determine the eigenspace E,.

c. Diagonalize the matrix A by finding a non-singular matrix S and a diagonal matrix D such that
STAS = D.

Solution.a. Characteristic equation of matrix A is

a-\A b
|A-AIl= I =0
= (a=A)2+b2=0
= (a—A)2=-b2
= a-A==bi
= A=azxbi

Thus, eigen values of A are a + bi.
b. Eigen vectors w.r.t. eigen value a + bi
[A-(a+b)IIX=0

a—(a+bi) -b x| [o
= b a—(a+bi)||x, | {0}
{—bi ~b } {xl } {0}
= =
b —bil||x, 0

= - bix1 - be =0 = Xy = —ix1

bx1 - biX2 =0 = X1 = ixz
General solution of system is

X1 = ixz
_l
So, Eoviv=|,

Eigen space w.r.t eigen value a — ib
[A-(a-ib)I]1X=0

a—(a—ib) -b _xl 0
- b a—(a—ib)||x | M
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bi —b|| x 0
- L’ biM"j B {0}
= bix,—bx, =0 = x,=1ix;
and bx, + bix,=0 = x, =-ix,

General solution of system is x, = ix;

E,_; i.e., eigen space w.r.t. eigen value a — ib = { }
i

i 1
c. Now, L} and {} are LI and spans C?, so, form eigenbasis for C2.
i

-1 ai=b -bi-alli 1
2 |-a+bi b+ai||1 i
1{ai2—bi—bi—a ai—b—biz—az] _1{_z(a+bi) 0 }

2

2| —ai+bi* +b+ai —a+bi+bi+ai® 0 —2(a —bi)

~ a+bi 0
- 0 a—ib

which is a diagonal matrix with eigen value a + bi and a — bi.
Example 5. Let A and B be n X n matrices. Suppose that A and B have the same eigenvalues Aj, ..., A,
with the same corresponding eigen vectors X, X, ..., X,, are linearly independent, then A = B.
Solution. Suppose A and B have n L.I. eigen vectors X;, X, ..., X,,, they are diagonalisable.
If we put S=[x15 00 X,
Then S is invertible and we have
S1TAS=Dand S'BS=D
Where D is diagonal matrix whose diagonal entries are eigenvalue as
A 0 - 0
O
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It follows that STAS=D=§"1BS
and hence A=B.
Example6.a. Letuandv bethe eigen vectors of A corresponding to the eigen values I and 3 respectively.

Prove that u + v is not an eigenvector of A.

b. Let A and B be real matrices such that the sum of each row of A is 1 and the sum of each row of B is

2. Then show that 2 is an eigenvalue of AB.

Solution. a. Given u and v are eigenvectors of A corresponding to the eigenvalues 1 and 3

respectively
So, Au=1lu
Av=3v
Now, Alu+v)=Au+ Av
=1lu+3v

AN S

So, (1 + v) is not an eigenvector of A.

b. Try yourself.

Example 7. Let A be a 3 X 3 real non-diagonal matrix with A-! = A. Show that tr(A) = —det (A) = £ 1.
Solution. Given, Al=A = A2=1

So, all the eigenvalues of A% are 1

Also, A2-1=0

or, A-DA+D=0

So, two eigenvalues of A are +1 and -1

Since, eigenvalues of A2 are square of eigenvalues of A.

So, eigenvalues of A will either +1 or -1

So, the third eigenvalue can be +1 or -1

Determinant of matrix is equal to product of its eigenvalues
So, determinant can be *1

If third eigenvalue is +1, tr (A) =1,det (A) =-1

If third eigenvalue is -1, tr (A)=-1,det(A)=1

So, tr (A) = —det (A) =% 1.

SUMMARY

Let A be a square matrix of order n over a field F, if 3 a non-zero column vector X € F" such that
AX = AX for some A € F, then X is called the Eigen vector of A corresponding to A and A is called an
eigen value of A corresponding to X.

Sum of eigen values = Trace (A)

Product of eigen values = det. (A)

A n X n matrix is diagonalizable iff it has # linearly independent eigen vectors.

Every finite dimensional inner product space has an orthonormal basis.

A vector u € Vis said to be orthogonal to v € Vif <u, v> =0

Two vectors u, v is said to be orthonormal if (i) <u, v> = 0 (ii) norm of each vector u and v should
be one.
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OBJECTIVE QUESTIONS

20
1. LetA= {3 5} be expressed as P + Q, where P is symmetric matrix and Q is skew-symmetric

matrix, which one of the following is correct?

112 3 12 =312 110 -3 |0 32
- Q_E{o 5} {3/2 o} - Q_2{3 0} d'Q_{” 0}

2. The columns of an orthogonal matrix form
a. an orthogonal set of vectors b. an orthonormal set of vectors
c. alinearly independent set d. All of the above
3. IfT:V— Visalinear operator for dim V =n and T has n distinct eigen values, then
a. T must be invertible b. T must be diagonalizable
¢. T must be invertible as well as diagonalizable d. T is not diagonalizable
4. Let T be a vector space on R2 and let T be the linear transformation on V defined by T(x, y) = (x +
¥, ¥). Then, the characteristic polynomial of T is
a. 1-3x+x2 b. 2-2x c. 1-2x+x2 d. 1+x2
5. LetT:(C3>— C3bedefined by T(x, y,z) = (x + y + z,—x — ¥, —x — z) and M be its matrix with respect
to the standard ordered basis. The eigen values of M are
a. —1,4,—i b. 1,i,—i c 1,41 d. -1,-4,—i
6. A matrix M has eigen values 1 and 4 with corresponding eigen vectors (1, —1)T and (2, 1)7,

respectively, then, M is
9 -8 2 2 3 2
c. d.
5 —4 1 3 1 2
1 1
1-1 1+1

-4 -8
a.
5 9
-1 1 1 -1 -1 -1
a. o S d. o
147 1—i I+1 1-1 I—-1 1+1

1 -1
7. IfA= { 5 J , then the modal matrix P is
3 7 5 =7
8. If the characteristic roots of - are A, and A, then the characteristic roots of | are

2 3
1
a. 7\.1 + 7\.2, 7\.1 — 7\.2 b 2}\41 and 27\42 C. L and ~ d 7\.1 + 7\.2 and | 7\.1 — 7\,2 |
2 1 1 0] M b
9. IfA= L _J and [ = { o 11’ which of the following is zero matrix?

a. A2—A-5] b. A2+ A-5I c. AZ+A-1 d. A2-3A+5I

2 1
a. 1,4 b. -1,2 ¢ 0,5 d. 2,-5

4 -2
10. The eigen values of the matrix } are
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11.

12.

13.

14.

15.

16.

17.

18.

19.

Which one of the following is an eigen vector of the matrix

5000
0500
00 50
0 0 05

a. [1 =2 0 o0]T b. [0 0 1 0]T ¢ [1 00 =2]T d[1 -1 2 1]T

1 2 1 1
The eigen vector of the matrix [O 2} are written in the form { } and L} .Whatis a + b?
a

a. 0 b. 1/2 c 1 d. 4
1 10
An eigen vector of A= | 0 2 is
0 0 3
a. [-1 1 1]7 b. [1 2 1]T . [1-12]T d[21-1]7T
2 3
Consider the following matrix A = { } . If the eigen values of A are 4 and 8, then
Xy
a. x=4,y=10 b. x=5,y=8 c. x=-3,y=9 dx=-4,y=10
2 -2 3
For the matrix A= | -2 -1 6 |, one of the eigen value is 3. The other two eigen values are
1 20
a. 2,-5 b. 3,-5 c. 2,5 d. 3,5

011
LetA=|1 0 1|,then the eigen values of A are
1 10

a. 2,1,0 b. 2,(1+1),(1-1) c. 2,-1,-1 d. 1,-1,0
Which of the following matrix is not diagonalizable?
11
d.

1 1 1 0 0 -1
a. b. C.

1 2 3 2 1 0
What is the norm of vector (-2, 3,7)?

a. J60 b. 62 c. 7 d. 78

Let u = (ay, a,) and v = (b, b,) be arbitrary members of R2, then which of the following is not an
inner product space on R%(R)

a. <u, V> = albl - a2b1 — albz + 4azb2 b. <u, V> = albl + azbz
c. <u,v>=a,+a,+b +0b, d. <u,v>=ab, —2a,b,-2a,b, + 5a,b,
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13.
17.

10.

Answers
c 2. d 3. b 4. ¢
a 6. d 7. b 8. ¢
C 10.c 11. b 12. b
b 14.d 15. b 16. ¢
C 18.b 19. ¢

SUBJECTIVE UNSOLVED QUESTIONS

(HOTS)
Determine the values of a, b and ¢ so that (1,0,-1) and (0, 1, —1) are eigen vectors of the matrix
2 1 1
a 3 2
3 b ¢

Let P, D and A be real square matrices of same order such that P is invertible, D is diagonal and D =
PAP-1.If A» = 0 for some n € N, then show that A = 0.

Let A be an n X n real symmetric matrix with » distinct eigen values. Prove that there exists an
orthogonal matrix P such that AP = PD where D is a real diagonal matrix.

13 x
Find the number and exhibit all 2 X 2 orthogonal matrices of the form { y z} .

Find a 3 X 3 orthogonal matrix P whose first two rows are multiples of:

a. (1,2,3)and (0,-2,3) b. (1,3,1)and (1,0,-1)

Let A be a real skew-symmetric matrix, that is, AT = —A. Then prove the following statements.

a. Each eigenvalue of the real skew-symmetric matrix A is either 0 or a purely imaginary number.
b. The rank of A is even.

Prove that if A € M,, ., (F) has n distinct eigenvalues, then A is diagonalisable.

Prove that two distinct eigenvectors corresponding to the same eigenvalues are always linearly
dependent.

For the given 2 X 2 matrix

a b-a
A:
o

Find the eigen values of A:
For each eigenvalue of A, determine the eigenvector.
Diagonalise the matrix A.

oo o

Using the result of the diagonalisation, compute and simplify A for each positive integer k.
Let the set {v}, v,, ..., v,,} be L.D. What happens when the Gram-Schmidt process of orthogonalisation
is applied to it?
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11. Let W= (1,-2,-1, 3) be a vector in R%. Find:
a. an orthogonal basis for W-. b. an ortho-normal basis for W<,

12. Let M = M, , with inner product <A, B> = tr (BTA). Find an orthogonal basis for the orthogonal
complement of:

a. diagonal matrices b. symmetric matrices

Answers

3
5 a[l 2 3 2 3 12 -3 —2}
V147147 a7 37137157 " V157 157
1 3 1 1 -1 3 =2 3
b {_7_)_;_70’_)_)_)_
11 V11 V11 V2 V2 V22 V22 V22
9. Whena=#b
Ll [a © L
a. a, b b. > C. d. Ak=
0 1 _0 b 0 bk
Whena=5
_x
a. a,a b. },xiO,yiO,x,yeC
Ly

k
C. {a 0} d. Akz{a 0}
0 a 0 b

10. If V, is the first vector in the span of the earlier ones, then the corresponding vector in the process
of orthogonalisation will be zero.

11. a. u;=(0,0,3,1), 4, = (0,5,-1,3), u3 = (~14,-2, -1, 3)

o |1 )

PROJECT/ ACTIVITIES/PRACTICAL

U U, Us
V107435 V210

0 1[{0 O
12. a. R
o o/l o)

PROJECT

“Diagonalisation helps in determining powers of A i.e. A to the power n, where n is a general integer.”
Explain mathematically as well as with the help of an example.
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ACTIVITY

Explain how a linear system of differential equations (dx/dt) = X, where X is a m X m diagonal matrix
with constant entries, can be solved using the diagonalisation concept.

PRACTICAL

Implement the power method (with normalization), for computing eigen values and eigenvectors of a
matrix A € R,,y,, in MATLAB.

KNOW MORE

1. IfAisa (2 X 2) matrix over R with Det (A + I) = 1 + Det (A), then we can conclude that
a. Det (A)=0 b A=0 c. Tr(A)=0 d. A is non-singular

-3 2
2. IfA= { 0} , then calculate A°.

a. 511A + 5101 b 309A + 104! c. 154A + 1551 d. exp. (9A)
3. Let V'be a vector space of real polynomials of degree atmost 2. Define a linear operator

T:V—>VbyT(x)= Y x/,i=0,1,2
j=0

The dimension of the eigen space of T-! corresponding to the eigen value 1 is,

a. 4 b. 3 c. 2. d. 1
1 00
4, IfA=1|1 0 1],thenA3is
01 0
1 00 1 00 1 00 1 00
a. |50 1 O b. |48 1 0 C. 25 1 0 d |24 1 0
50 0 1 48 0 1 25 0 1 24 0 1
Answers
1. ¢ 2. a 3. d 4. c
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Absolute convergence, 54
Addition of matrices, 179
Addition of vector, 183

Adjoint of a matrix, 200

Area of triangle, 195

Basis of a vector space, 284

Beta function, 60
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Cauchy’s Mean Value theorem, 111
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Critical point, 150
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Eigen space, 328

Eigen values, 325, 326

Eigen vectors, 325, 326

Elementary matrix, 185

Envelope, 17

Evolute, 15

First Fundamental theorem of calculus, 35
Gamma function, 55

Gauss elimination method, 239, 248
Gauss Jordan method, 243, 251

Gram-Schmidt orthogonalization
process, 367

Homogeneous equations, 232
Identity transformation, 290
Improper integral, 42
Indeterminate form, 126

Inner product space, 359

Inner product, 183

Inverse of a matrix, 202

Inverse of linear transformation, 302
Involute, 15

Kernel of L.T., 304

L’Hospital’s rule, 126
Lagrange’s Mean value theorem, 106
Linear combination, 277

Linear dependence, 274

Linear functional, 290

Linear independence, 274
Linear map, 295

Linear span, 281

Linear system of equations, 222
Linear transformations, 290
Maclaurin’s theorem, 118
Matrix, 173

Maxima, 148

Minima, 148

Minors, 198

Multiplication of matrices, 180
Non-homogeneous system, 223
Norm of a vector, 361

Null space, 304

Orthogonal matrix, 348
Orthogonal vector, 366

Orthonormal vector, 366
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Product of linear transformation, 300
Radius of curvature, 3

Range of L.T., 304

Rank and nullity of L.T., 304

Rank of a matrix, 206

Rolle’s theorem, 99

Row-echeleon form, 185

Second Fundamental theorem of
calculus, 36

Skew-symmetric matrix, 344

Subtraction of matrices, 179

Subtraction of vector, 183

Surface area of solid of revolution, 76
Sylvester’s law, 305

Symmetric matrix, 344

Taylor’s theorem, 116

Types of matrix, 173

Vector, 182

Vector space, 268

Vectors in matrices, 269

Volume of solid of revolution, 76

Zero transformation, 290



CO AND PO ATTAINMENT TABLE

Course outcomes (COs) for this course can be mapped with the programme outcomes (POs)
after the completion of the course and a correlation can be made for the attainment of POs to
analyze the gap. After proper analysis of the gap in the attainment of POs necessary measures

can be taken to overcome the gaps.

Table for CO and PO attainment

Attainment of Programme Outcomes
Course

Outcomes

(1- Weak Correlation; 2- Medium correlation; 3- Strong Correlation)

PO-1 | PO-2 | PO-3 | PO-4 | PO-5 | PO-6 | PO-7 | PO-8 | PO-9

PO-10

PO-11

PO-12

CO-1

CO-2

CO-3

CO-4

CO-5

CO-6

The data filled in the above table can be used for gap analysis.
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